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1 Preface

In Finance, simulation methods have become standard methods for pricing various, but
especially exotic financial contracts under various model assumptions. This work focuses
on the estimation of sensitivities of option prices w.r.t. changes of distributional param-
eters, the so called “Greeks”, when the underlying stochastic model follows some Markov
process of exponential Lévy-type. Price sensitivities are used in measuring and managing
risk and find also application in hedging-strategies.
Lévy processes are widely used and analyzed as models of asset prices, interest rates,
exchange rates, commodities and other financial variables. In the classical Black-Scholes
framework, there exist closed formulas for the Greeks of plain Vanilla Call or Put Options.
But if we turn to more complicated payoff functions (e.g. Exotic Options) or if we con-
sider other driving Lévy processes than Brownian motion, numerical approaches relying
on Monte Carlo methods are needed to estimate both, the values and their sensitivities.
Suppose that Sy(t) describes the random price process of the underlying and H is the
payoff function of an option on this underlying with maturity 7. € is some parameter
governing the distribution of S. The fair option price is

Eqle™""H(Sy(T))],
where @ is a probability law which makes the discounted process
Sp(t) = e " Sy(t) (1.0.1)

a martingale. Our goal is to calculate

;EQ [e " H(Sy(T))]. (1.0.2)
Since closed form expressions do not exist (except for very special cases), estimations of
(1.0.2) with high accuracy are needed.

There exist several Monte Carlo techniques for estimating the Greeks. Fach of those
methods have their individual advantages and disadvantages, depending on the model of
the stock price and the structure of the payoff function.

The most simple is the finite difference (FD) approzimation: The price is estimated
under 6 + h and under 6 and the difference of the estimates is divided by h. Even if the
variance of the FD estimate is reduced by taking highly correlated estimates, there is still
the bias issue: FD estimates are biased. The more sophisticated methods are subdivided
into methods which assume parameterized integrands

0 — /H(G,w)du(w)



and methods with parametrized integrators
0 — /H(w)dug(w),

see [33]. The pathwise method (Infinitesimal Pertubation Analysis IPA) is a method of
the first sort, see [12]. Other direct methods belong to the second group, as the Likelihood
ratio method or Score Function method, [12], the Malliavin calculus, [37, 26, 39], and the
Measure valued differentiation, (3, 4, 5, 18, 41].

The main contribution of this work is to demonstrate how the MVD method may by ap-
plied for a variety of different stock-price models and different, notably nondifferentiable
payoff functions.

The work is organized as follows. In section 2 we give a general introduction to op-
tions, their sensitivities (Greeks) and stochastic processes in financial context. Section 3
introduces Lévy processes which we use to model the evolution of stock prices. Accord-
ing to that, different Lévy-type models are presented, beside the well known Geometric
Brownian Motion model. In Section 4 we discuss different types of simulation methods to
estimate the Greeks, first and foremost we introduce the measure valued differentiation
method and its extension for Markov processes. This section also demonstrates how the
method can be applied to the sensitivity estimation for path-dependent payoffs, such as
Lookback and Asian Options. The last section is dedicated to the implementation of
MVD for exponential Lévy processes and comprised some numerical examples about the
performance of the estimation method for path-independent and path-dependent payoffs.

At that point i want to thank Prof. Pflug who initiated me to this subject and was
always there for fundamental discussions and helpful suggestions. During my period as
a PhD student i got to know him not only as an ambitious advisor, but also as a person
who knows how to create a pleasant working atmosphere among our little research group,
which was invigorated during a multitude of activities outside the institute. I also want
to thank Prof. Heidergott, who generously gave valuable remarks on an earlier version
of this work.

Philipp Thoma

Vienna, 18.August 2011



2 Derivative contracts and underlying
stochastic processes

This section provides the fundamental background of this work. It is dedicated to deriva-
tive contracts and their sensitivities, as well as to stochastic differential equations which
play an important role in mathematical finance. Further we discuss Lévy processes,
which build the basis for modelling the underlying.

Derivative contracts are instruments that derive their values from other underlying vari-
ables, e.g. stocks ! and shares. The most common derivatives are futures, options and
swaps. This work focuses on options, especially on the determination of sensitivities of
option prices with respect to small perturbations of the dynamics of the underlying asset.
Those sensitivities are called “Greeks” in finance world. For further information of the
mechanics of option markets see [7].

2.1 Options

While underlying stocks as shares, bonds, currencies or commodities give the holder the
direct posession of a good, an option gives the holder the right, but not the obligation,
to buy or to sell a specified amount of a stock (asset) on or before the options expiration
time (maturity) for a price specified in advance, the strike price.

Options that give the holder the right to buy the underlying security at the strike price
are called call options whereas put options give the holder the right to sell. If the buyer
of an option choose to exercise his right to buy/sell, the seller is obliged to sell/buy the
asset at the agreed price.

There exist many different types of options. For example an Furopean Option gives the
holder the right to buy/sell the underlying asset only at maturity while an American Op-
tion allows this at any trading day on or before maturity. But this are just the standard
option styles. Beside of this, there exist options with more complicated payoff functions,
the socalled “Ezotic” Options. Exotic Options have a payoff function which is different
from the usual Call or Put Option, e.g. Digital Options or Lookback Options. Special
Exotic Options are one of the rainbow type. Rainbow Options are linked to several un-
derlyings.

Here are some examples of Rainbow Options, see [22], where S;(T") describes the price of
stock ¢ at maturity time 7.

! A stock (also known as a share or as an equity) represents ownership interests in a company.



2.2 Greeks

’ Type Payoff
Margrabe Option max(S1(T) — S2(T),0)
Better-off Option maz(S1(T), ..., Sn(T))
Worse-off Option min(S1(T), ..., Sn(T))
Maximum Option mazx(max(S1(T), ..., (1)) — K, 0)
Minimum Option max(min(S1(T), ..., S, (T)) — K, 0)
Spread Option max(S2(T) — S1(T) — K, 0)
Basket average Option mazx (w - K, O)
Multi-strike Option max(S1(T) — K1, ..., Sp(T) — K,,0)
Pyramid rainbow Option max(|S1(T) — K1| + ... + |Sp(T) — K| — K)
Madonna rainbow Option | maz+/(S1(T) — K1)2 + ... + (Sp(T) — Ky)? — K, 0

Table 2.1: List of Rainbow Options.

Options can be used as insurance against price hikes, or for speculations on increasing

or decreasing stock prices. Hedgers for example, use put options to limit potential loss
if the underlying stock is assumed to decline. Speculators hope to anticipate the price
movement of the underlying to make large profits.
The pricing of options plays a very important role in the financial sector. Let g(S(T)) =
C(T) be the options cashflow. The fair price of an option today (Ilp(Cr)), is the minimal
initial capital needed to replicate the cashflow of the option by trading with the riskless
bond and the underlying. That is equivalent to the assumption of No Arbitrage or the
existence of a risk neutral measure, which will be explained later in section 3.1.

2.2 Greeks

A specifically important problem in finance is the estimation of sensitivities of option
prices, the socalled “Greeks”. These sensitivities are used in measuring and managing
risk and find also application in hedging-strategies. In a complete market, any payoff
can be synthesized through a trading strategy. The risk in a short call position in an
option, for example, is offset by a delta-hedging strategy of holding delta units of each
underlying asset. Thereby is delta the partial derivative of the options price with respect
to the current price of that underlying asset, see 7] for further hedging strategies.

Due to the fact that those sensitivites cannot be observed directly in the market, they
need to be calculated. In the classical Black-Scholes framework, where the stock price
follows a log-normal distribution, there exist closed formulas for the Greeks of plain
Vanilla Call or Put Options. But if we consider other driving processes or more compli-
cated payoff functions like the Rainbow Options, numerical approaches relying on Monte
Carlo methods are needed to estimate both, the values and their the sensitivities. There
exist several simulation methods based on Monte Carlo techniques for estimating those
sensitivities, which will be discussed in section 4.

10



2 Derivative contracts and underlying stochastic processes

Type of Greeks

Some classical sensitivites are
e A: The (first) derivative of the options price w.r.t. the price of the underlying
e [': The second derivative of the options price w.r.t. the price of the underlying

O: The derivative of the options price w.r.t. the time of maturity

e v: The derivative of the options price w.r.t. the volatility
e p: The derivative of the options price w.r.t. the risk-free interest rate

see [7]. However this list is not complete, because it orients itself on the Geometric
Brownian motion model with non-stochastic risk free interest rate (which is only in a
large class of models). Additional parameters will appear e.g. in stochastic interest rate
models or in Lévy-type models.

2.3 Stochastic differential equations

Stochastic differential equations are used to describe the dynamics of random phenomena
in a wide range of natural sciences, as so they do in finance.

A stochastic differential equation (SDE) is a differential equation in which one ore more
terms follow a stochastic process. The solution of such a SDE is therefore also a stochastic
process. In mathematical finance such an SDE is often of the form

dX (t) = f(X(t),t)dt + o(X (), )dW (1) (2.3.1)

which is short for
X(t) - X(0) = /f(X(s), 5)ds + /U(X(s),s)dW(s)
0 0

2. Under certain regularity conditions, see [31],

where W (s) denotes a Wiener Process
there exists a solution of 2.3.1.
In the homogeneous, autonomous case (f, o independent of time), the SDE is described
by

dX(t) = f(X(t))dt + o(X(t))dW (t)

Famous Examples for SDE’s in mathematical finance are

e Vasicek model, Ornstein-Uhlenbeck model: dX (t) = a(p — X (t))dt + cdW ()

> A Wiener process is also often called a standard Brownian motion described by B(s). For the definition
of a Wiener process see [12] page 79.

11



2.3 Stochastic differential equations

e Black-Scholes-model?: dX (t) = uX (t)dt + o X (t)dW (t)

e Cox-Ingersoll-Ross model: dX (t) = a(pu — X (t))dt + /X (t)odW ()

e Mean reverting geometric Brownian motion: dX (¢) = a(p— X (t))dt +oX (t)dW (t)
Sensitivities Let uns consider a homogeneous, autonomous SDE. Let us further assume
we are interested in the sensitivity of the SDE with respect to the starting point. In addi-
tion X (0) = x and f, o are smooth and continuous functions. Then we can approximate
by

X(h)=z+ f(x)h+ o(x)Z(h)
where Z(h) ~ N (0, h). Therefore we get for time ¢t + h
X({t+h)=X(@t)+ f(X(@E)h+a(X(t)Z(h).

Let Dg(t) = 8)8(9515) and D;(0) = 1. Then we get for the derivative w.r.t =

0X(t)
Oz

aX (t)

Dy (t+h) = Da(t) + f'(X(t)) 9

h+ o (X(t))

Z(h).

For the SDE’s this yields
dX(t) = f(X(t)dt + o(X(t))dW(t)
dD,(t) = f/(X(£) Dalt)dt + o' (X (£)) Da(H)AW (1)

To get the derivative w.r.t. x we first simulate X (¢), which is then used in the simulation
of Dy(t).

If the SDE is additionally dependent on some other parameter ¢
dXy(t) = fo(Xu(t))dt + a9(Xy(t))dW ()

we can of course also look for the sensitivity of the SDE w.r.t. ¥. Let
0
! = —
fo(@) 527"

. 0
T) = =
fo(2) 59 fo
2 Xg(t) = Do)
oY
3The model was first established by Fischer Black and Myron Scholes. Robert C. Merton was also
involved in the elaboration. Merton and Scholes received 1997 the Nobel Prize in Economics. Cause
of the death of Black in 1995, he was mentioned as a contributor by the Swedish academy

12



2 Derivative contracts and underlying stochastic processes

and
Xyt +h) = Xy(t) + fo(Xg(t)h + o9(Xy(t))Z(h).

Then
Dy(t+h) = Dy(t)+ { Fo(Xo(t)) + f{g(Xﬁ(t))Dﬂ(t)} h+[o9(Xy(t)) + oy(Xg(t))Dy(t)] Z(h)
and for the differentiated SDE we get

dDy(t) = [fﬂ(Xﬁ(t)) + fqg(Xﬁ(t))Dﬁ(t)} dt + [d9(Xy(t)) + o5(X(t))Dy(t)] dW (t)
(2.3.2)

Example (Geometric Brownian motion).

dX(t) = (,1, — ;&) X(t)dt + o X (t)dW (t)

Fo(X (1))
where the differentiated GBM with D, (0) = 0 is

dD,(t) = {Xu(t) + (u - ;a2> Du(t)} dt + oD, (t)dW (t)

with solution D, (t) =t - X (t).

2.4 Processes with stationary independent increments (Lévy
processes)

In Finance, the evolution of stock prices are usually modelled by processes with stationary
independent increments, socalled Lévy processes. Before we observe these processes we
have to do some relevant basics which can be found in more detail in [32, 38, 35].

2.4.1 Basics
Let X(t) : © — R be a stochastic Process.

Definition. A stochastic process has independent increments if

X(t+h)—X(t) independent of F;
with the sigma-algebra F; = (X5 :0 < s <1).
Definition. A stochastic process has stationary increments if
X(t+h) - Xt EX(s+h)—X(s) Vs

L . . . .
where = means equal in distribution.

13



2.4 Processes with stationary independent increments (Lévy processes)

Examples for such processes are

e Wiener process:

e Poisson process:

N(t+ h) — N(t) ~ Poisson(Ah)

e Gamma, process:

G(0) =0
G(t+h) — G(t) ~ T'(ah,b)

All Lévy processes are Markovian, in addition they are martingales if
E(X(t+h)— X(t)) =0.

A Lévy process has independent and stationary increments. It is fully characterized by
the characteristic function ¢ of its (infinitely divisible?) increment distribution

Elexp (iu(X(t+1) = X(1))] = »(u).

By the property of infinite divisibility, the characteristic function of the increment in
time interval A is just the A-th power of ¢

E [exp (iu (X(t+8) = X(1)] = (p()>.

With the following theorem we can characterize Lévy processes via their characteristic
function. The theorem can be found in |30, 38|.

Theorem 1 (Lévy-Chinchin representation ). ¢x(u) is the characteristic function of a
random variable X with infinitely divisible distribution iff it is of the form

1 .
ox(u) =exp | atu — 502u2 + / (e™® =1 —duxlyy<1y) dv(x) (2.4.1)
R\{0}

with the Lévy triplet (a,0?,dv(z)) with a € R,0% > 0 .Usually a is denoted as the
shift, 02 as the diffusion and v as the socalled jump measure or Lévy measure. The
representation by 2.4.1 is unique and conversely, for any choice of a,0? and dv(z) there
exists an infintely divisible distribution u having characteristic function 2.4.1.

“see 6 in Appendix

14



2 Derivative contracts and underlying stochastic processes

The cumulant characteristic function ¥ x (u) = log px (u) is sometimes called the char-
acteristic exponent of X.

Definition. X (¢) is a Lévy process, iff
e X(t) is a process with stationary, independent increments or

e X(t) is a process with infinitely divisible distribution where X (¢t + A) — X (¢) has
a distribution with characteristic function [¢(u)]*

2.4.2 Brownian Motion with drift 1 and diffusion o

Definition. A process X(t) is called a Brownian motion with drift 4 and diffusion o if
X(t)—pt

~—— is a Brownian motion with constant p, o > 0. Then it is of the form

X(t) = pt+oW(t)
and we write X (t) ~ BM (ut, 0t).
X (t) can also be defined through an SDE of the form
dX(t) = pdt + ocdW (t)
and in the not autonomous case
dX(t) = p(t)dt + o(t)dW(t).
The increment distribution is:

X(t+1) = X(t) ~ N(p,0?)

1 (z — p)?
o 27Tea:p< 202

N(u,0?) has density

f;L,O’2 ((13) -
and characteristic function

o2
o(u) = exp [iu,u — 2U2:| .

Distribution of increment in time interval A:
X(t+A) — X(t) ~ N(Ap, Ac?)

with characteristic function

15



2.4 Processes with stationary independent increments (Lévy processes)

Lévy triplet:
la = p, 0% 0]

Additional facts: The paths of the Brownian motion are nowhere differentiable and of
infinite variation within each interval. The paths are Hoelder continuous® with exponent
B < 1/2. All moments of X (t) exists. The Brownian motion is the only continuous Lévy
process, i.e. it is the only process without the jump component dv(z) in the character-
istic function.

Moments:
E [(X(t +A) - X(t))l] = i 1Y(0) = % <iAu — Ac?u)exp (iuA,u - U;Au2>> lu=0
— Au
E [(X(t FA) - X(t))Q] = i7207(0) = Ao + A2

Simulation of Brownian Motion with drift u and diffusion o:
For the construction of a Brownian motion with drift and diffusion, we use the classical
Euler scheme approximation (see [12]). For a fixed set of points 0 =tg < t; < ... < ty

X(ti+1) = X(tl) + M(ti+1 - ti) +ov/tiv1 —t;Ziyq fori=0,....,.n—1

with Z;...Z, ~ N(0,1) independent.
If we choose equidistant points for simulation we get

1 1
X(ti+1) = X(tl) + ,u; + O’\/;ZH_1 fori=0,....,.n— 1.

Figure 2.4.1 shows 5 different paths of a Brownian motion, where X (1) — X (0) ~
BM(0.1,0.5), constructed with Euler scheme approximation simulated at a set of 100
points with X (0) = 100.

2.4.3 Poisson process

Increment distribution:

X(t+1)— X(t) ~ Poisson(\)

with distribution
)\k

P {Poisson(\) = k} = exp(—/\)g

5A function f : U — R is Hoelder continuous wirh exponent {3 iff there exists a positive real C' such
that for all z,y € U : |f(x) — f(y)] < Clz — y|°.

16



2 Derivative contracts and underlying stochastic processes

10016
Increment distribution

10014 F
——— ~BM(0.10.5)

10012 F

100.1 b
100.08 b
100.06 F
100.04 F
100.02 F

100 &

99.98

9996 1 1 1 1 1 1 1 1 1 ]
] 0.1 0z 03 04 05 0B 0F 08 09 1

Figure 2.4.1: Brownian Motion with drift ;4 = 0.1 and diffusion o = 0.5.

and characteristic function
p(u) = exp(A(e™ - 1)).
Distribution of increment in time interval A:
X(t+ A)— X(t) ~ Poisson(AN)
with characteristic function
[p(u)]® = exp(AX(e™ — 1))

Lévy triplet:
[O> Oa A 51]

where 91 is the point mass at 1.

Additional facts: The paths of the Poisson process are nondecreasing and take only
integer values. All moments of X () exist.

Moments:

E [(X(t +A) - X(t))l} = i1 (0) = i L (iANe exp(AA (€™ — 1))|u—o
= AX
E [(X(t FA) - X(t)ﬂ = i7207(0) = AA + A2A?

Simulation of a Poisson Process: Euler approximation yields

17



2.4 Processes with stationary independent increments (Lévy processes)

1251

Increment distribution

120

ME+

1Mo F

106+

1o UL

Figure 2.4.2: Poisson process with A = 20.

X(ti+1) = X(tl) + Py fori=0,...,n—1

with independent Py, ..., P, ~ Poisson(\(t;+1—t;)) respectively Py, ..., P, ~ Poisson ()\%)
if we simulate at equidistant points.

Figure 2.4.2 shows 5 paths of a Poisson process where X (1) — X (0) ~ Poisson(20),
constructed with Euler scheme approximation simulated at a set of 100 points and X (0) =
100.

2.4.4 Compound Poisson process

The Compound Poisson process is defined as
N(t)
X(t)=> Zp t>0.
k

where N(t) is a Poisson process with intensity A and (Zj) are i.i.d. jump sizes, which
are independent from N (t). The increment distribution is

N(1)

X(t+1)-X(t)~ > Z

k

18



2 Derivative contracts and underlying stochastic processes

with characteristic function

N()
ou) = E(exp(isX(t))) =E | exp [ iu Z Zj
j=1

o k

= ZE exp iuZZj - P{N; =k}
k=0 J=1

= )

= Sleatule

= exp (M (pz(u) —1))
where ¢z is the characteristic function of the jump distribution.
Distribtution of increment with time interval A:
N(A)

X(t+A)=X(t)~ > Z
k=1

where N(A) is Poisson(AM) distributed.
We consider in particular jump distributions which are mixtures of Gamma distributions
on the positive resp. negative half line, i.e.

7 _ V,:r with probability p
k= 7% with probability 1 — p

with

V.t~ Gamma(ay,by)

V.. ~ Gamma(ag, bo).

independent of each other. This jump distribution has characteristic function pz(u) =
p(1 —duby) ™™ + (1 — p)(1 + iubg) 2. For this process we write

X() ~ CP(A7 at, bla az, b27p)'

Lévy triplet:

exp (At (pz(u) —1)) = exp | At / (exp(iuz) — 1) du(z)
= exp |t / (exp(iuz) — 1 — iuxlyycry + iurlyy<1y) dv(z)
= exp | tiu / Tlyjp<ydv(z) +t / (exp(iux) — 1 — il |y <1y) dv(z)

19



2.4 Processes with stationary independent increments (Lévy processes)

where we consider v(A) = A\ P{Z; € A}.
—_———

n(A)
Therefore we get for the Lévy triplet:

1
[/ xdv(z),0,dv(x)]
-1
with u(A) = P{Z; € A}.

Additonal facts: The paths of the compound Poisson process are of bounded variation
. The m-th moment of X; exists, iff the m-th moment of Z; exists.

Moments:

E[(X(t+8) - XW)'] = 2/(0) = AAG(0) - exp (Ap2(0) — 1)) = NAE(Z)

E [(X(t +A) - X(t))Q] = AAE(Z2) + N2AX(E(Z)))?

Simulation of a Compound Poisson process:

For the simulation of a Compound Poisson process we again discretize time. Further
we use the fact that for Poisson distributed random variables N (1) ~ Poisson(A), the
time between two consecutive events is exponential distributed with parameter A, e.g.
the time between two events has a cdf of the form F(z) =1 —e™**. So with the inverse
method® we can simulate the number of jumps k and the time when the jumps will occur,
0 <s1 <...<sp <1 For a fixed set of equidistant points 0 < t1 < ... < t,, , we therefore
have just to multiply s1, ..., s with n and round it to the next integer to get the points
in the process, where jumps will occur, ty, ) for i = 1,..k. For each of those points,
independent jump-sizes Z1, ..., Z; are simulated.

The compound poisson process can be simulated for example in the following way:

X(t;) +p- Gamma(ay, b)) — (1 — p) - Gamma(ag, by)  if a jump occurs at t;
X(tis1) =
X (t;) else
(2.4.2
Figure 2.4.3 shows 5 paths of a Compound Poisson process with X (1) — X (0)
CP(30,1,1,1,1,0.5) simulated at a set 100 points with X (0) = 100.

~

2.4.5 Gamma process

Basic distribution:
X(t+1)— X(t) ~ Gamma(a,b)

Swhich yields _Z%W) =z

20



2 Derivative contracts and underlying stochastic processes

Mor

~CP(30111,105) |

Increrment distribution ’JTI——J_J
) b

Figure 2.4.3: Compound Poisson process with A = 30,a; = 1,a2 = 1,b1 = 1,bp = 1 and
p = 0.5.

with density

1 a1 T
fap(x) = e exp( b) z,a,b>0

and characteristic function
o(u) = (1 —dub)™*.

Distribtution of increment with time interval A:
X(t+A) — X(t) ~ Gamma(Aa, b)
Lévy triplet:
[a(l —exp(—1/0))b,0,a - exp(—m/b)x_ll{w>0)dx]

Moments:

E(Y®) = /F(;)bam‘”rkl exp (—%) dx

_ T(a+k)bF 1 b T
B ['(a) /F(a+k)ba+kx e (_E> de
B ['(a+ k)b* — trala " B
- “Tw " (@+1)..(a+k—1)
EyF — I(ta + k)b*
['(ta)
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2.4 Processes with stationary independent increments (Lévy processes)

therefore” E(Y;) = tab, E(Y;?) = t?a?b? — tab?
Additional facts: In a Gamma process, every path is monotonic.
Simulation of a Gamma process: Euler approximation yields

X(ti+1) = X(tz) 4+ Gijyq fori=0,...n—1
with Gy, ..., G, ~ Gammal(a(t;+1—t;),b) independent resp. Gy, ..., G, ~ Gamma (a%, b)
if we simulate at equidistant points.
The following figure shows 5 paths of a Gamma process where
X(1) — X(0) ~ Gamma(10, 1)

constructed with Euler scheme approximation simulated at a set of 100 points and
X (0) = 100.

118
Increment distribution

——~Gamma(10,1) |

Figure 2.4.4: Gamma process with a = 10 and b = 1.

2.4.6 Variance Gamma process

If X;(-) is a Gamma(a, by)-process and Xo(+) is an independent Gamma(a, be) process,

then the difference
X(t) = Xa(t) — Xa(t)

"Notice that T'(n) = (n — 1)!
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2 Derivative contracts and underlying stochastic processes

is a Variance Gamma process (see [38]) for which we write VG(a, b, c) with b = by — by
and ¢ = b1 . b2.

Increment distribution:
X(t+1)— X(t) ~ Gamma(a, b;) — Gamma(a, b2)
The increment distribution of VG(a, b, ¢) has characteristic function®
o(u) = (1 —duby) ™ - (1 4 dubg) ™% = (1 — iub + uc) ™
Distribution of increment with time interval A:
X({t+A)—X(t) ~VG(Aa,b,c)

with mean® Aa(b; — b2) = Aab = Aa(G — M)/(MG) and variance Aa(b? + b3) =
Aa(b? + 2¢) = Aa(G? + M?)(MG)2with

-1
1 1
pr— 72 -
M (,/41) +c+2b>
1 1\
= iy _ =
G < 4b +c 2b>

Lévy triplet:

[v. 0, dv()]
with
a-exp(Gr) tdr x <0
dv(z) = !
a-exp(—Mz)idr x>0
and

y= a(G(exp(—M) — 1) — M(exp(—G) — 1))
MG

The VG-process can also be written as a Brownian motion with a drift subjected to a
random time, see [38, 10]
X(t) =v9Y(t)+ oW (Y(t))

where Y'(t) is a Gamma(a, b) process with a = % >0,b= % > 0,0 >0,v>0,0€R.
Simulation of a Variance Gamma process:

X(ti+1) = X(tz) 4+ Ziy1 — Wipa fori=0,....,n—1

¥Notice that wx_y (t) = px(t) - p_y(t) if X,Y are independent and p_y (t) = py (—t)
Notice that E[X (t + k) — X ()] =i~ " [¢(w)"] (0)
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2.4 Processes with stationary independent increments (Lévy processes)

with Z1,..., Z, ~ Gamma(a(ti+1 — t;),b1), Wi, ..., W, ~ Gammal(a(t;y1 — t;),b2) in-
dependent respectively 21, ..., Z, ~ Gamma(a%,bl), Wi, ., Wy, ~ Gamma(a%, by) if we
simulate at equidistant points.

The following figure shows 5 paths of a Variance-Gamma process where X (1) — X (0) ~
Variance-Gamma(10, 2, 3), simulated at a set of 100 points and X (0) = 100.

145 -

Increrment distribution
140+

~VG(10,2.3)

13}
130}
125}
| N
s}
1o}

106 +

100 £

95 1 1 1 1 1 1 1 1 1 1

Figure 2.4.5: Variance-Gamma process with a = 10,b = 2 and ¢ = 3.

2.4.7 Construction of Lévy processes

For details on the construction of Lévy processes see [30, 32]. Considering the Lévy-
Chinchin representation, let us look at the characteristic exponent of X(-), Yx@ =

log px (1) (u) with

1 :

Uxuy(u) = aiut — 502u2t +t / (e —1— iuxl{md}) dv(x)

R\{0}
1 X )
= aiut — —c2ult +t e —1)dv(z)+t e — 1 —juxlyyqy) dv(x
2 {lel<1}
S z|>1 x|<1,27#£0
Yy (@) =2 - jal<1a# -
Yy )@ (@) Vxy® (@)

while splitting up the “jumps” into two parts: one part with small jumps |z| < 1 and one
part with large jumps |z| > 1.
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2 Derivative contracts and underlying stochastic processes

As we can see, the first part coincides with a Brownian motion with drift and diffu-
sion X (t)(l) = at + ocW;. The second part corresponds to a compound Poisson process

X(1)® =N 7, with N(t) ~ Poisson(t) and v(A) = AP {Z; € A}.

For the third part we use arguments from Martingale theory to show that it con-
verges to a compensated compound Poisson process. Xt(d) = Xt(2) — M fll‘\<1 xdu(zr) =

Xt(z) — XE(Z)) = Xt(2) - IE(Xt(Q)). Therefore ]E(Xt(g)) = 0 and so Xt(?’) is a martingale.

Remark. Every Lévy process is a semi-martingale [32]

Xp=oWi+ XV + xP +at
—_——— —_——

martingales finite variation

Remark. The paths of a Lévy process with triplet [a, o, dv(z)] have finite variation if
o =0 and flx|<1 |z|dv(z) < oo

Remark. The Lévy process with triplet [a, o, dv(z)] has finite n-th moments iff

/ lz|"dv(z) < co.

|z|>1
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3 Lévy processes in finance

In this work, we assume that the price process of the underlying is Markovian. While
our methodology applies to any Markov processes, we restrict the presentation and the
examples to exponentials of Lévy processes, since these processes are widely used models
for stocks prices in Finance.

3.1 Market model

Let us assume that our market consists of two assets. One riskless asset (the bond) with
a price B(t) = B(0)e", and one risky asset (the stock), see [38]. The price process of the
underlying risky asset is an ezponential of o Lévy process, i.e. is modeled as

S(t) = 5(0) - exp(X (1))

with X = {X(¢),t > 0} being a Lévy process with X (0) = 0 and S(0) is the today’s price.
Notice that both processes X (¢) and S(t) are Markovian. Further log(S(t+A)—log(S(t))
follows the distribution of an increment of length A of the Lévy process X.

Suppose that a m-dimensional integrable stochastic price vector process

is given, defined on some probability space (2,4, P) . Each component of S(t) describes
the price of one specific asset (stock,bonds etc.). It is assumed that each asset may be
traded without transaction costs and with negative holdings (short selling). Typically
S(t) = (S(t),e™).

Trading days

The number of trading days in a year is usually assumed to be 252 for stocks. So the
life of an option is measured by trading days rather than calendar days and is
calculated as T years

T_ Number of trading day until option maturity
B 252

see |7, S.271].
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3.2 Change of measure

3.2 Change of measure

Let P be the 'real world’” measure, which models the price of the underlying S(t) =
S(0)exp(X(t)). The fundamental theorem of asset pricing states that the absence of ar-
bitrage opportunity is equivalent to the existence of a (not necessarily unique) equivalent
measure Q under which S(t) = e " S(t) is a martingale.

Consider any payoff function, f.e. the Vanilla Call Option g(S(T)) = [S(T) — K]*. The
fair price Ip(g(S(T))) can be stated in two ways, which are dual to each other:

e IIy(g(S(T))) =minimal initial capital needed to replicate the cashflow g(Sr) by
trading S(¢) and B(t)

e To(g(S(T))) = mazg {Eq (7" Tg(S(T))) }

d
s.t. d% >0, e "S(t) 0 <t <T is amartingale under Q (3.2.1)

The condition that e~ S(t) is a martingale under Q implies for all 0 < s < ¢ that
Eq [e7"*S(t)|5(0), e "*S(1),...,e "*S(s)] = e "*S(s).

In applications, one usually is satisfied to find one martingale measure Q and set
Io(g(S(T))) = Eq (e7""g(S(T))). Two important cases have to be distinguished:

e If there exists just one measure Q which satisifies condition (3.2.1), then the prob-
lem reduces to Ip(g(S(T))) = Eg(e "g(S(T))) . This case is called the complete
market case and Q is called the risk-neutral measure.

e If there exist more than one measure Q which satisifies
{% > 0,e"S(t) 0 <t < T is a martingale under Q}, there exist infinitely many
@Q’s because it is a convex set. This case is referred to incomplete market.

With this risk-neutral probabilities, every asset can be priced by simply taking its ex-
pected payoff (i.e. assets are priced as if investors were risk neutral). If we used the
physical probabilities, every asset would require a different adjustment, because they
differ in riskiness. Under the assumption of No Arbitrage one can first adjust the proba-
bilities such that they incorporate the effects of risk, and then take the expectation under
this new probability distribution.

So our model assumptions are:

e No Arbitrage: There is no opportunity to get a risk-free profit. The no-arbitrage
condition is equal to requiring the existence of the risk neutral measure Q under
which

Mo(g(S(T))) = Eg(e " g(S(T)))

e Every possible derivative can be hedged. We can construct a portfolio consisting
of a risk free cash bond and underlying stocks which has exactly the value of the
derivative at maturity.
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3 Lévy processes in finance

In applications, one usually is satisfied to find just one martingale measure Q. For
exponentials of Lévy processes an equivalent martingale measure can be obtained for
example by the Esscher transform or mean-correction, which just changes the parameter
values of the original Lévy process, see [38].

The Esscher Transform Let P be the 'real world’ measure, which models the price of
the underlying S(t) = S(0)exp(X (t)). Assume S(0) = 1. Our aim is to find a Q under
which S(t) = e "*S(t) is a martingale. Via an exponential transform, we can define a
new density

1Q' _ cop(dX(T))

&P~ Epleap(0X(T)))

Now we try to find a ¥*such that e~"*S(¢) is a martingale under Q. From

E” (e’T(tJ“h)S(t + h)|S(t)> —E” | et S (Heap(X (t+ h) — X(£)|S®) | = e S(t)
S(t+h)/S(t)

we see that a necessary condition is
1=e""EY (exp(X (h))) Vh.
To derive ¥9*out of that, we do some calculations.

exp(X (1)) - exp(V* X (1))

E(exp(0*X(t)))
En»(ea?p(ﬂ“rl) (1))
Ep(exp(0* X (1)))

Let u = —i9* and therefore p(—it*) = Ep(ezp(¥* X (1))).
Consider also that [¢o(u)]! = Ep(exp(iuX (t))). So we get

P (=i(9° + 1))

1 = exp(—rt)Ep

1 = exp(—rt)

1= —
exp(—rt) (=07
Sett=1
p(=i(v" +1))
1 = exp(—r)—F——7—-
o)
p(—i(v* +1))
exp(r) = ——————= 3.2.2
(r) En (322)
Via equation 3.2.2 we calculate ¥*. Then e "S(t) is a martingale under QV" with
dQ?" _ _exp(9X(T))
dP - Ep(exp(9*X(1)))"

If we have found 9%, another question arises: How does the Lévy triplet change if we use
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3.2 Change of measure

the “equivalent measure”?
The answer is you have to correct the triplet using following transformation:

P (w) = Ego (exp(iuX(1)))

B ‘ exp(¥* X (1))
= Ep (exp(qu(l))E(exp(ﬁ*X(l))))
_ plu= )

p(=i0”)

loggpw*) = logp(u — 10") — logp(—iv™)
1
iv(u — ") — 502(u2 — 2iud* — 19*2)

oo

/ (e(iquﬁ*):E 1 (zu + 79*)371{|x|<1}> dl/(x)
R 7 Iz *
(’yv“ +50 v+ / (e —1-9 x1{|x‘<1}> du(m))
1 T [ gwrs
. * 2 2,2 Pz tux .
iu(y + 9% 0%) — 50 u + / (e (e —1)— 2ua:1{|x‘<1}> dv(z)

The Lévy triplet under the Esscher transform is

with

hw*), o) ) (x)}

1
7(19*) = 7+ o29* + / (exp(ﬂ*x) — 1) le(SU)
-1
0'(19*)2 _ 02

) (z) = exp(*z)dv(z)

Example (X; ~ Poisson(\)). :

The characteristic function ¢(u) = Elexp(uiXi] is given by

30
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3 Lévy processes in finance

So for ¥*do
p(—i(v" +1))

=
~exp(A(e? T - 1))
 eap(A(e?" —1))
= exp (x\(eﬂ“rl - eﬁ*)>
r = )\(6‘9*+1 - eﬁ*)
log(r/A) = log(e” (e' — 1))
log(r/\) = loge” +log(e! —1)
log(r/\) —logle —1) = o*

So under Q”", X has the Lévy triplet:

1
7 = o (log(r/\) — log(e — 1)) —|—/ (e(log(T/)‘)_log(E_l))m - 1) A1 =0
~1

=0
=0
0-,19*2 _ 02 _ 0
dv? (z) = ellog(r/N-logle=D)z )5,
This leads to

Y(u) = /(em —-1- ium1{|z|<1})e(log(r/A)flog(eﬂ))a:/\él
— A= 1) (/N —
B ¢ " e—1

r o

e—1 (e 1)

The Poisson process under equivalent martingale measure is given by:
S(t) = S(0)e (1)

The Mean-Correcting Martingale measure Usually the Esscher Transform is very easy
to apply. But for some cases (if the market is incomplete), the equivalent martingale
measure has to be obtained in a different way, for example by mean correcting the
exponential of a Lévy process, see [38]. For this, an additional drift parameter m will be
introduced, which play a special role in risk neutral modelling. The stock price is then
described by

S(t) = S(0) exp(mt + X(t)).

For the Mean-Correcting Martingale measure we proceed as follows. After estimating all

31



3.3 Exponential Lévy processes

the parameters that are involved in the process, we change the paramter m such that
the discounted stock price becomes a martingale. The change of paramter m is done in
the following way

Mpew = Mold + 7 — log 90(_2)

where ¢(x) is the characteristic function of X(t) including the parameter mgq. The
discounted stock price S(t) = e "S(t)"Y with S(¢)"¥ = S(0) exp(Mpewt + X (t)) is
then a martingale.

Example. Black-Scholes model

S(t) = S(0) exp(mt + X (t))
with X () ~ N (0,02t) and m = p — 302 Therfore

L o L o
mnew:,u—ia —1—7‘—,u:7“—§a

and S(t) = e*”S(O)e(r_%"QHX(t) is a martingale.

3.3 Exponential Lévy processes

We now turn to some relevant examples of Lévy-driven stock models which are typically
used in finance.

3.3.1 Geometric Brownian Motion model

The Geometric Brownian motion model (GBM model) -or Black-Scholes model- is the
most commonly used model and can be found in detail in [12]|. A stochastic process S(t)
is a Geometric Brownian motion if logS(t) follows a Brownian motion with inital value
logS(0). It was basically the work of Paul Samuelson in the 1960s to use GBM as a
model in finance.

The driving process is a Brownian motion with constant drift p and constant diffusion
o2

X(t) = pt+oW(t)

where W(t) is a standard Brownian motion. According to Ito’s formula, the stock
prices follows the process

S(t) = S(0) exp K“ - ;&) t+ UdW(t)]

and more general for u < t:
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3 Lévy processes in finance

Simulation of Geometric Brownian motion For a fixed set of equidistant points 0 <
t < ... <tpl:

1
S(ti—i-l) = S(ti)ea:p <[M - 502](ti+1 - ti) +o ti+1 - tiZi—i-l)

1 1 1
= S(t;)exp ([,u - 502] <n) + U\/;ZZ-H) i=0,1,...n—1

with Z1, Zs, ..., Z,, are indenpendent standard normals [12].

Risk neutral measure:

With the help of the Esscher transform (see paragraph 3.2) we want to find Q”" under
which e™"S(t) is a martingale. The characteristic function p(u) = Elexp(uiX(1)] is
given by ¢(u) = exp (iu(p — 302) — 30°u?). So for ¥* we have to calculate

p(=i(0" +1))

exp(r) = _
) p(—i*)
. o? o?(0* 4 1)2 . o2 o2
explr) = exp<<19 TR FRAL. B
2 2
_ _9 2
—exp<u 2+a19+2>
ro= p+o**
and therefore
* =W
9 = =

Therefore
1 1
Y(u) = iu(r — 502) - 502u2

and S(t) = e*”S(O)e(T_%‘#H"W(t) is a martingale.

1we set ti+1 — ti = %
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3.3 Exponential Lévy processes

3.3.2 Variance Gamma model

The driving process is a Variance Gamma process with increment distribution
X(t+1)— X(t) ~VG(a,b,c).
The stock prices follow the process

S(t) = S(0) exp(VG(at, b, c))

Simulaton of exponential Variance Gamma process

S<t1+1) _ S(ti>e(Gamma((ti+1—ti)a,bl)—Gamma((ti+1—ti)a,bg))

— S(ti)e((}amma(%a,In)—Gamma(%a,bQ)) Vi = 07 - 1

Risk neutral measure Under all exponential Lévy processes, only those who are mul-
tiples of a Brownian motion with drift or a multiple of the Poisson process with drift
result in a complete Lévy market, see [43]. The market modeled on the exponential VG
process is an incomplete market. Therefore the risk-neutral measure is not unique and a
choice of measure has to be done. Recall that the characteristic function of a VG-process
is of the form ¢(u) = (1 — iub + u?c) ~“. According to the mean-correcting martingale
measure, the drift term m such that S(t) = S(0) exp(m + X (¢)) is a martingale has to
be?

m = Mg +r —logp(—1i)
0
= r+alog(l—0b—c¢)

or

m =1+ Clog((M — 1)(G + 1)/(MG))

see [38], so e " S(t) = e "S(0) exp(m + X (¢)) is a martingale.
The parameters of the model can be estimated through market data. In |38] this happens
by minimizing the root-mean-square error between the markets and model’s price.

3.3.3 Compound Poisson model

The model for the risky asset S(¢t) = S(0)exp(X(t)) is said to be a Compound Poisson
model, if X (¢) follows a compound Poisson process

N(t)
X(t)=> Z t=>0.
k

2Notice: First of all estimate the parameters of the process under m = 0. Then introduce m as a
function of the estimated parameters.

34



3 Lévy processes in finance

In that case we write

X() ~ CP(\al,bl,a2,b2,p)

Simulation of the exponential Compound Poisson process For simulating the Com-
pound Poisson process, we derive the points where jump occurs as described in subsec-
tion 2.4.4 on page 18. In a simulation we have

S(t;)epGamma(ar,br)—(1=p)-Gamma(az,b2) if 5 jump occurs at t;

Slti) = {S(ti) else

Risk neutral measure: For the risk neutral measure of a Compound Poisson process
model let us first consider the case with p = 1. Then the characteristic function of the
Compound Poisson process is

p(u) = exp (A (pz(u) = 1))

with pz(u) = (1 —iub)~®. The discounted stock e " S(t) = e "'S(0) exp(m + X(t)) is
a martingale, if the drift term m is of the form

m = Mg +r —logp(—i)
0
= r=A((1-b7"-1).

For the case 0 < p < 1 consider the characteristic function

vz(u) =p(1 —duby) ™™ + (1 — p)(1 + dubg) 2.
So for e7"S(t) = e7"S(0) exp(m + X (¢)) to be a martingale, m has to be

= mgg+r—1 —i
m mold r —log p(—1i)
= r=A(pA=b)" "+ 1 =p)(1+by) " —1).

35






4 Sensitivity (Gradient) estimation
methods

In this section, the basic ideas of gradient estimation techniques are introduced. The
focus is on Measure valued differentiation.

4.1 Basic Problem

Let Sp(t) be a stochastic process on (2, F,1vy), where 6 is a real parameter. Furthermore
let Sp(t) be a Markovian process, with a transition law dependent on the parameter 6.
For any functional A[Syp(.)] we are interested in the sensitivity w.r.t. the parameter 6,

i.e. the gradient
0

—SELA(Ss()]

The functional A (Sp(.)) may be

o A(Sy(.)) = H(S(T))

o A(Syp(.)) = H(Sp(c0))

o« A(Sy(.) = Jy H(So(t))dt

o A(Sy(.)) = [y H(Sp(t))dt, where T is some stopping time.
EXAMPLES:

e Markov Systems (queueing, service, manufacturing)
Suppose that € denotes the parameters of a Markov System (queueing, inventory,
renewal). Let Sp(t) be the state of the system at time ¢ and Sp(oc0) the steady state
(if exists). Then

— E[H(Sg(T))lis the performance of the system at time 7'
— E[f H(Sp(t))]dt is the expected integrated transient behavior
— E[H(Sg(0))] is the expected stationary behavior.

e Finance
Let Sy(t) describe the evolution of an underlying asset, for a parameter vector 6.
Let H be the payoff function of a contingent contract. Then E[H(Syp(T))] is the
value of the contingent contract (European type). If 7 is a stopping time, then
E[H (Sp(7))] is the value of the American type contingent contract. One wants to
estimate the sensitivity of the price w.r.t. the parameter 6.
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4.2 Finite difference (FD) method

We are interested in finding the value of

0
S E A Sa()]

and -more generally-
8k
—E[A(Sy(.
in a way to estimate it based on sampling. Our attention further will be on Finance
applications. So our aim is to calculate

QEQ e " T H(Sy(T))]. (4.1.1)
00

Since closed form expressions do not exist (except for very special cases), estimations
of (4.1.1) with high accuracy are needed. There exist several Monte Carlo techniques for
estimating the Greeks.
The simpliest form is the finite difference (FD) approzimation, which is in general bi-
ased and its use requires balancing bias against variance. More sophisticated unbiased
methods are subdvided in methods which assume parametrized integrands

QH/H&@WW)

and methods with parametrized integrators

GH/H@MMM

see [33]. The pathwise method (Infinitesimal Pertubation Analysis IPA) is a method of
the first sort assuming functional dependence of S on 6. To ensure unbiasedness, the
IPA method requires the payoff function to be Lipschitz continuous among several other
conditions which are required, see [12|. Other direct methods belong to the second group
as the Likelihood ratio method or Score Function method, [12], the Malliavin calculus,

[37, 26, 39], and the Measure valued differentiation, |3, 4, 5, 18, 41].

4.2 Finite difference (FD) method

An obvious (and easy to implement) approach to estimate derivatives, is the finite dif-
ference (FD) approzimation, see [12].

Let us use F' to denote the discounted payoff of an option depending on 8, the parameter
of interest. In the case of a Call Option we have F(0) = e [Sy(T) — K]*. Notice that
in applications, F'(6) is the discounted payoff of an option at time 7, and E[F(0)] is its
price.f can be for example the initial price, the volatility, the maturity time, the risk-free
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4 Sensitivity (Gradient) estimation methods

interest rate... . Further let us assume that we can simulate F'(0) for every value of 6.
The question is how to estimate

d

—E[F(6)].

SEF(0)]

Let 5(0) = E[F(0)], then the problem is to estimate '(9).
According to the forward FD method, see[12, 20|, the first order Greek is approximated
by

. F (0 +h) — E,(0)
Afpp = Y

for some h > 0 where F,,(0 + h) and F, () denote the average of n replications of the
model at parameter (6 + h) respectively 6. A more accurate but more costly method
would be the centred FD method, see [12].

If 8 is twice differentiable at 6 one can see that the bias is

1

SO+ o(h?)
If F(0) is differentiable, the FD approximation converge to the true value if h is small
enough but numerically this is not the case. Because the variance of the FD estimator is

Var[App] = h™2Var[E,(6 + h) — F,(0)]

BiasApp = E[App — ()] =

one can see that if h is very small, the esitmate will get unstable. Even with variance re-
duction techniques the problem still remains and especially higher-order Greek estimates
are in most cases numerically unstable. Although the FD method is easy to understand
and implement, the weakness is to decide on the right h. An additional problem lies in
the compuational effort, because of the extra simulation of n additional replicants, [22].

4.3 Pathwise method

The pathwise method, or infinitesimal perturbation analysis (IPA) is a direct method,
and therefore unbiased. It extracts, if possible, the parameter of interest out of the dis-
tribution and push it into the functional H. Let H be a payoff function. The pathwise
method assumes a functional dependence of H on 6.

If there exists a process representation (defined later) of vy, the pathwise method trans-
forms 0 — [ H(w)dvg(w) to the form 6 — [ H(0,w)dv(w).

Example. vy : 0 — N(0,1) familiy of distributions

Eo[H(S)] = / H(w)dv(w)

Under Transformation, vy can be represented as: Sp = 0+ Z with Z ~ N(0,1) = v. The
distribution we have to sample from, is no longer dependent on the parameter § and we
have

E[H (Sp)] = / H(6,w)dv(w).
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4.3 Pathwise method

To get the derivative %, the IPA differentiates the payoff function w.r.t. Sy, and

multiplies this with the inner derivative %.

The following definitions can be found in [33].

Definition. Let (1) be some family of probability measures. A collection of random
variables Sy is called a process representation for (vp), if Sy has distribution vy.

The process representation Sy can be computed for example with the inverse transfor-
mation method.

Definition. The family (vg) of probability measures is called process p-differentiable at
point 6, if there it has (in a neighbourhood of 6y) a process representation (Sy) for (vg),
such that 0 — Sy is LP-differentiable at 6.

That means that if vy is LP-differentiable at point 6, there is a random variable Zy such
that
15| ~11S01s — So — sZp|l, — 0 as s — 0.

The random variable Zj is the process derivative of (vp) at point 6 and (Sp, Zp) is called
the process derivative pair .

Lemma (Fundamental property of process derivatives). Suppose that H(s) is Lipschitz
continuous, and its derivative exists with probability 1. Suppose further that 0 — vy is
process 2-differentiable with derivative pair(Sy, Zy). Then

Vo [ H@)inw) = E(ZaH'(S0)
see [33].
In the following we restrict our attention to payoff functions of the form
F(0) = H(S1(0), ..., Sm()),

where F' depends on the underlying assets at a finite number of fixed dates. We assume
functional dependence of S (and therefore H) on a parameter 6. In the following we
consider the one-dimensional case, where H is a real valued mapping such that E[H (Sp)]
is defined for any 6 € (0,00). The goal is to calculate

d
@E[H(Se)]

If H(Sp) is differentiable and the interchange of expectation and differentiation is justi-
fied, the derivative can be estimated in a straightforward way by

d%IE[H(Se)] =E [jHH(Se)] =E [(C;i@&) H,(*%)}

where H'(Sp) denotes the derivative of H(Sp) with respect to Sy, see [24, 40, 21, 28|.
The derivative d%S’g is called the process derivative of Sy.
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4 Sensitivity (Gradient) estimation methods

Example (Black-Scholes model). Our aim is to compute the A of a Vanilla Call Option!.
The process representation of the stock price in the Black-Scholes case is

S(T) = S(0)e(r=2oT+oVTZ 7 N(0,1).

Let F' describe the discounted payoff of a Vanilla Call Option at time T, so

F(6) = H(So(T)) = ¢ "7 [Sy(T) — K]

To calculate the options delta, we have to differentiate E[F(6)] with respect to S(0).
Recall

GEIFO) = SEIHSD)] =5 | SHE(D)] =B | (5500)) #(50D)]
So for the A of a Vanilla Call Option we have to calculate
dF _ dH(Ss)(T))  dSs0)(T)
dsS(0) dSs0)(T) dS(0)
—_—

H'(Sg(0)(T)) Process derivative

from which we get
dF _pS(T)
— = —=1{S(T) > K},
50~ ¢ S @ > K
which can be easily computed in simulation and the expected value of this estimator is
the Black Scholes Delta.

At this point we have to mention the weaknesses of the pathwise method. It is not always
possible to differentiate sample paths or to interchange expectation and differentiation
without of loss of unbiasedness of the estimator. Counsider for example the options gamma
of the previous example or a Digital Option with F' = e "1{S(T) > K}. It follows that

dF d
= | 5w =0 # a )

The payoff function here is not continuous as S(T') crosses the strike. To guarantee
the unbiasedness of the TPA estimator a necessary and sufficient condition is uniform
integrability of the difference quotients h=1[F(6 + h) — F(0)], see [12], but in praxis this
condition is very bulky.

More practicable conditions are that the process representation has to exist, the process
derivative Sy has to exist with probability one at each 6. Further

OH

F(0) = 5a

Sp)S;(6)

!The delta of an option is its derivative with respect to the initial value S(0)
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4.3 Pathwise method

has to exist with probability one. The payoff function H(Sy) has to be Lipschitz contin-
uous with probability one , and its Lipschitz constant should have finite first moments.
For further details see [12, 40].
We summarize: if a process representation exist, and if its derivative, the process deriva-
tive exist with probability 1 and if the payoff function is lipschitz continuous, than the in-
terchange of expectation and differentitation is justified and we may compute the deriva-
tive in a straightforward way via the [PA method. We see there are many requirements
for the applicability of the pathwise method. Anyhow this method produces an unbi-
ased, low variance estimator. The requirement of Lipschitz continuity is a very strong
restriction and typically fails to hold especially for Rainbow Options, Digital Options or
when calculating the gamma of ordinary Call Options.

The following example shows how IPA applies to stochastic differential equation mod-
els.

Example (SDE: BS-model). Let us consider a SDE of the form
dSr(t) = fT‘(ST(t))dt + UT(ST‘(t))dW(t)

with 0 < t1 < ... < t,. In the Black Scholes framework we have

dS, (t) = <r _ ;&) S, (t)dt + oS, (£)dW (1)

S, (t)

dr

For estimating? the p, we can proceed as described in 2.3. Let
have

= D,(t), then we

Dy(t+ h) % Do(t) + [F,(S1(1)) + FLS(0)Do(0)] Bt [00(S,(0)) + 01 (S,(1) D (1)] V2

and therefore

1
D,(t+h) = D,.(t) + [Sr(t) + (r— 202)DT(t)} h+ oD, ()| VhZ.
Considering the p for a Vanilla Call Option, recall the payoff function H(S(T)) =

e "S(T) — K]t
mE(Ha(f(T))) = E(-Te "[S(T) - K]" + H'(S(T))D,(T))

= E(-Te "[S(T) = K" + e 1555y Dr(T)) .
In the classical BS-framework there exists a exact solution, D,(T") =t-S(T"). So we do

not have to simulate the process D, (t) which takes additional time. But in the case of
more complicated functions f(.) and o(.), this is the way how to proceed.

%p is the sensitivity of the payoff function with respect to the interest rate r
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4 Sensitivity (Gradient) estimation methods

4.4 Score-Function method

The Score Function method or Likelihood ratio method (LRM) , see [12, 24, 28|, is another
direct method. Different to the pathwise method, the score function method regards
the parameter 6 as a distributional parameter. The interchange of expectation and
differentiation is here not such a big deal because probabilities are typically smooth
functions of their parameters whereas option payoffs are not.

Suppose S has a probability density f with distribution parameter 6. For the expec-

tation we therefore write
— [ B fuls)is

Assuming that the interchange of expecation and differentiation is justified and that fy
is differentiable. Therefore

@EG /H daf@

The problem is that d% fo(s) is not a density and therefore we cannot sample from it. To
come up with this problem we multiply and divide the integrand by fy. This yields

Note that |

fo(S) d

fo(S) @bg(fe(s)).
Let

SF(6,s) = d% log(fo(s))

then SF(60,x) is the socalled Score Function and the derivative can be written as

C%IE(;[H(S)] = By[H(S)SF (0, 5)].

The Likelihood ratio method leads to an unbiased estimator. Different to the TPA
method, the payoff function here is not required to be Lipschitz continuous. One prob-
lem of the Score function method is the need of knowledge of the explicit density and its
differentiability. Another disadvantage is that the LRM often produces high variance,
especially if we want to estimate sensitivites of a path dependent payoff function w.r.t.

a parameter that occurs at every step of the path. Summing a large number of terms in
the score produces high variance, for further details see [12].
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4.5 Malliavin Calculus

4.5 Malliavin Calculus

This section gives a brief informal introduction to Malliavin calculus and its appliance
to the estimation of the Greeks. We therefore introduce two basic operators on which
Malliavin calculus relies, the Malliavin Derivative and its adjoint operator (Skorohod
integral), see [37, 9, 11]. Further we will discuss how to derive Greeks with the help of
Malliavin calculus via an integration by parts procedure, wich can be found in detail in
[26].

4.5.1 Introduction

Malliavin calculus is a stochastic calculus of variations of stochastic processes and can
be applied for example to random variables which depend on trajectories of Brownian
motion. Such random variables we call from now on Brownian Funclionals.
Let (t1,...,t,) be a partition of [0,7], 0 < t; < ... <t, <T and let W = (Wy,,...,Wy,)
be a sample of a Brownian motion at those points. We than can construct a random
variable

F(W) = F(W(H), s W (t))

whereas f is a function which is infintely differentiable with derivatives of polynomial
growth, so f € Cp°(R™). F(W) is called a Smooth Brownian Functional,i.e. F' € Sp°(R")
Example (Brownian Functionals).

e Quadratic function: F(W) =37, W(t;)*

e Polynomials: F(W) = 2521 apW (T)*

e Stock price in Black Scholes model: S(T') = f(W(T)) = S(O)e("_%"Q)T+”W(T)

4.5.2 Malliavin Derivative

The Malliavin Derivative measures the effect of a small change in the trajectory of the
Brownian motion on the value of F(W).

Definition (Malliavin Derivative). The Malliavin Derivative of F' at t is defined by

DIF(W)=>_ o (W (t1)s oees W () ey W () L1 oo ()
i=1

where % is the derivative of F w.r.t. the i*" argument of F.

Example (Black Scholes model). In the Black-Scholes framwork, the Stock price is
modelled by a Smooth Brownian functional sampled at one point W (7).

F(W(T)) = S(T) = S(0)er=27)T+eW(T)
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4 Sensitivity (Gradient) estimation methods

A direct application of the definition before yields to the Malliavin Derivative

DS(T) = wl[t,m[(T)

— 5S(0)exp ((r - ;&) T+ aW(T)> 1, oo((T) = 0S(T) 1}y (T).

4.5.3 The Skorohod Integral

The Skorohod integral is the adjoint operator of the Malliavin Derivative and is also often
called divergence operator. For the existence of this operator see [37].

The Domain of Malliavin Derivatives is the Banach space D1 2, which is the completion
of the set of smooth Brownian Functionals with respect to the Operator norm

|||

T
12= | E[F?+E /|DtF\2dt
0
Furthermore the derivative operator D is a closed, linear operator on a dense domain,
and therefore one can define its adjoint.

Definition (Skorohod Integral). The Skorohod integral D* : D12 — L2(2) has domain
DY = {uel*(O)F,P)®@H: E(DF,u)y) =E /DtFu(t)dt < c(u)||F||2
0

for a stochastic process u, and any F' € Dy . It is the adjoint operator of the Malliavin
derivative and is characterized by the identity

T
E / (DyF)uydt| = E[FD*(u)]. (4.5.1)
0

If u € D2, then to stochastic process u is said to be Skorohod integrable.

Corollary. If u; is Fi-adapted, then the Skorohod integral coincides with the Ité integral,
i.e. D*(u) = fOT uedWy and it holds

T

T
E O/ (DyF)udt| = E[F 0/ u dWy). (4.5.2)
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4.5 Malliavin Calculus

4.5.4 Integration by parts procedure

The use of Malliavin calculus for calculating derivatives of options relies on formula
4.5.2, which gives you a relationship between the Malliavin derivative D and its adjoint
operator D*. This formula allows us to exchange the stochastic derivative acting on F,
by a stochastic integral that does no longer affect F'. The following procedure can be
applied for calculating the Greeks with Malliavin calculus and can be found in detail in
[26].

Let us consider two random variables X, Y and our objective is to calculate E[H'(X)Y].
Further we assume that the derivative of the function H is not obtainable. Therefore we
want to remove the derivative from H in exchange for a new random variable G

E[H'(X)Y] = E[H(X)G].
Let us define Z = H(X) and therfore D;Z = H'(X)D; X and YD, Z = YH'(X)D;X. So
/ YD Zdt = / Y H (XD Xdt = H (X)Y / Dy Xdt

and therefore

YD, Z
X)Y = / t
fo D, de

For the objective we therefore have
T
E[H’ = F / (D Z Yugdt
0

with
Y

" T DyXdv

U

Now we can apply the adjoint operator according to equation 4.5.1, and therefore remove
the derivative from f in order to get a new random variable G

/ _ . Y
E[H'(X)Y]=FE H(ZX)D (fOTDdeU>

fo D, Xdv

Example (Black Scholes Delta, see [26]).

46



4 Sensitivity (Gradient) estimation methods

S(T) = S(0)eHT+oW(T)

efrT
A=_———FE[e""H(S(T))] =e"E [H/(S(T))i((g))] = WE [H'(S(T))S(T)]

—rT
A= Z—E [H(S(T))D* (TS(T)”
(0) [y DyS(T)dv
Recall that D, S(T) = 0.S(T) 1}, «((T) and therefore fOT D,S(T)du = oTS(T). Apply-
ing formula 4.5.2, we get

\ S(T) e (L) WD)
P (fOTDUS(T)chJ) b <0T> ol

W(T) ]
S(0)eT |

and therefore

A=c¢TE {H(S(T))

In [26] it is shown, that if we consider European Style Options and if there is a closed
formula for the probability density function of S(7"), then the Malliavin calculus reduces
to the Score Function method, otherwise the score is replaced by the Skorohod integral.
Advantages of the Malliavin calculus are that the payoff function may be discontinuous
and the density has not to be known.

The disadvantages are one the one hand that it could be computational very demanding
to compute the Skorohod integral, see [12]. On the other hand the Malliavin calculus
produces often high variance, [26].

4.6 Measure valued differentiation

4.6.1 Introduction

The Measure valued Differentiation method (MVD) is based on a weak notion of dif-
ferentiability of probability measures. Let 6 be the parameter of interest. We want to
estimate

E[H(Sy) = / () ().

where vy is the distribution of Sy under 6.

Definition. Let H be a set of mappings H : R — R which are absolutely integrable with
respect to vy for any § € © € R,H C L'(1vp,0). A function 6 — 1y mapping an open
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4.6 Measure valued differentiation

subset of R into the family of all probability measures is called H-differentiable (weakly
differentiable w.r.t. H), if a finite signed measure v exists, such that

VHeH:  lim ;( [ Gntas - [ H(S)V@(d8)> = [ Hwitas)

Let cy be a constant and V;r and v, two probability measures such that

[ #ewitas) e [ g - [ @)

for all H € H, then the triplet (cg, 1/;, vy ) is called a weak derivative triplet of vg.

The probability measures Vg_ and v, can be obtained by decomposing dvy/df into
a difference between two densities. Such a decomposition can always be found by the
Jordan-Hahn decomposition of signed measures, see [41], but any other decomposition
may also do the job. A H-derivative refers to an unbiased gradient estimator.

Let us summarize the method: Suppose that Sy is distributed according to vy and
that H € H. Let us further assume that 8 — vy is weakly differentiable with triplet
(co, y(;" ;v ). Then the fundamental equation

O Bl (S) = ol (57) ~ H(S; ) (461

holds, provided that the random variables realize the weak derivative, i.e. they satisfy
Sy ~ yj and Sp ~ v, . In our terminology, we call the random variables S; resp. Sy
the positive resp. negative realization of the MVD.

There are numerous of papers, where the theory of MVD has been established, [3, 41,
17, 4]. The interchange of expectation and differentiation is widely justified, because
probability densities tend to be smooth functions of their parameters. The condition
for unbiasedness - the integrability condition- is a simple growth condition on the payoff
function H, see [3]. Further discussions on H are made in subsection 4.6.4. MVD is
independent of the choice of the payoff function H.

If we include the indicator mappings into H, then weak differentiability and strong
differentiability coincide. So, MVD is applicable when the score function is and vice
versa. The advantage of MVD compared to the SF method is in terms of variance, see
[5].

There are also cases where MVD can be applied while SF cannot. This is the instance
if we consider a uniform distributed random variable and H out of the set of continuous
functions, which is in praxis usually not the case.

Example. Let Xy be uniformly distributed on [0,0] and let Uy denote the uniform
distribution on the interval [0, 6]. By CJ0, 8] denote the set of continuous mappings from
[0, 6] to R. The density of Xj is

o) = 514 (2)

48



4 Sensitivity (Gradient) estimation methods

which is not differentiable with respect to 6, and therefore the Score Function method
doesn’t apply. For MVD note that for any mapping H € Cjg g

5 [H@Uegan) = 5 [ H(w)ff)(x)dx:j(,(; /Oeﬂmdx)

_ / H(x dx+1H(9)

_ < / H(z d:n> _! <H(9) _ / Hi(x) fg(:g)d:p)
- 2 ( / H ()8(dz) — / H@)u[o,g}(dx)).

Hence (1/6,89,Uj 9)) is a weak C[0, 0]-derivative and we get

d

SCELH(Xo)] = ZE[H(0) — H(Xo).

4.6.2 Examples for weak derivatives

Example. Poisson distribution
k
Let Xy be Poisson(#) distributed, therefore P (Xy = k) = %e*k. Let H € H, then

> k e k—1
d% (ZH(’@@G?{;) -y <—H(k) *92 + H(k)e™ ek' k)
k=0 k=0

k—1 k
=Y (H(k)e‘9 (:_ e H(k:)e_99k!>

k=0

Hence (1, Poisson(6)+1,Poisson(#)) is a weak H-derivative and we have

d%E"[H(X)] =E[H(X +1) — H(X)].

Example (Normal distributionX ~ N (ug, 02)).

Let 19 = 6. The Normal(6, 02) distribution has density

@) = ——eap (—(“’“9)2).

2 202

For the weak derivative we differentiate the densitiy function

d%f(”“’): : 1 :U—Gexp<_(x—9)2>'

o o2 202
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4.6 Measure valued differentiation

For § = 0 (for other values of # we just have to shift) we get

1 =z x? 1 T x? -z x?
ovar 2P\ 202 ) T o am 2P\ T202 ) T2 T Gz P T ) Hec |-
This yields for X ~ N(ug,0?) and H € H

SGEHCO] = 2 (B [11(X)] - Eal (X))
——

Co

with

X1 ~up + Rayleigh(o)
X~ ~pp — Rayleigh(o).

Note that Rayleigh(c) is /Gamma(1,202).

Example (X ~ N(u,03)). Let o = 6. If we consider the parameter of interest § to be
in the diffusion, we have to differentiate in the following way:

1 (z — p)? 1 ((z—p? (z — p)?
a6 = " ( 26 >+9m< G )emp ()

262
So for p = 0 we obtain

1 2 + 1 z2 2
———cap | —==5 ———exp | — =5
02var P\ 202 ) T gar 37\ 202

L IR o W S G o
RN P\ "ag2 o021 P\ 722 ) |"
This yields for X ~ N(u,0%) and H € H

@f(l') =

%EQ[H(X)] — Zi [Eo[H(X )] —Eo[H(X)]]
with

Xt~ p+ ds-Maxwell(0,07)
X~ ~ p+ Normal(0,03) = Normal(u, 03)
Example (X ~ N(ug,09)).

Now let us assume that the parameter 6 occurs in the drift and in the diffusion part,
and py > 0 and oy > 0. Then

%Mm@ﬂqﬂmmum—mWMﬂ]
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4 Sensitivity (Gradient) estimation methods

where we have with probability p that

X" ~up + Rayleigh (o)
X~ ~up — Rayleigh(oy)

and with probability 1 —p

Xt ~  pg+ ds-Maxwell(203)
X~ ~ Normal(ug,03).

The probability p we therefore calculated by

Mg '

p= o9V 2T _ Hg
o % b+ o2

oV 2T + g6 ,LLQ 0

and hence

opV2m

P [y + o2
For ¢y we have

cp =yt 4 %0 _ Mot V2T
opV2m 09 oV 2T

4.6.3 MVD via the characteristic function

(4.6.2)

Alternatively to the differentiation of measures, one may also differentiate the character-
istic functions: Suppose that @y is the characteristic function of 1y and suppose further
that its derivative w.r.t. 6 can be written as

9
where 4,0; and ¢, are characteristic functions as well. Then we have found the H-

weak derivative triplet. Before listing some examples, we review important relationships
between some probability distributions.

(u) = copy (u) — @y (u))

e If X ~ Gamma(1/2,20?) (i.e. a multiple of a x? distribution with one degree of
freedom), then v/ X is distributed as the absolute value of a N(0,¢?) distribution.

o If X ~ Gamma(1,20?), (i.e. a multiple of a x? distribution with two degrees of
freedom), then v/X is distributed according to a Raleigh(o?) distribution, which is
a Weibull distribution with exponent 2. The Raleigh(o?) distribution has density
= exp(—%) 1{;>0y and characteristic function
u?o?

o(u) =14 iuoV2mexp <—2> ®(iuo),

where @ is the analytic continuation of the normal Gaussian distribution function.

ol



4.6 Measure valued differentiation

Distribution ‘ Characteristic function ¢(u) ‘
Exponential(\) o(u) = /\_)‘iu

Erlang(\, n) o(u) = (Affu)"

Normal(u, 02) o(u) = exp |iup — U—;uQ
ds-Maxwell(c0?) o(u) = (1 - o?u?) exp —“7202
Gamma/(k, 0) o(u) = (1 —iub) "

Poisson(\) o(u) = exp(A(e™ — 1))

Raleigh(o?) o(u) = 1+ juo/2m exp (— ”2202> O (1uo)

Table 4.1: Distributions and their characteristic functions.

e If X ~ Gamma(3/2,202), (i.e. a multiple of a x? distribution with three degrees
of freedom), then v/X is distributed according to a Maxwell(0?) distribution. The

Maxwell(0?) distribution has density \/%%25 exp (—%) 14,>0y and characteristic

function p(u) = \/giua + 2exp (—“22‘72) ®(iuc)(1 — u?0?). The symmetrized and
shifted version of it is called double sided Maxwell distribution (ds-Maxwell(j, 0?)).
It has density 03\1/%(1' — )2 exp (—(xf“)Q) and characteristic function ¢(u) =

202
2.2 - g2
(1 —wuo )exp(zuu—“; )

We are now ready to derive some weak derivative triplets.

e Normal distribution N(u,o?).
Differentiating the characteristic function of the Normal N (u, o) distribution w.r.t.
1 yields

0 o . 0'2 2 e . 0'2 2
— X muu — —u = 172U €X muu — —u
T G p | iup — 5

= 2 L epliup) [1+¢ua\/%exp <—“22”2> @(iua)}

oV 2T

p+Raleigh(o2)

— exp(iug) [1 — iuov/2m exp (“2202> @(iua)]

p—Raleigh(o2)

Differentiating the characteristic function of the Normal N (u, 02) distribution w.r.t.

92



4 Sensitivity (Gradient) estimation methods

o yields
o2

9 o : 2 (—uo)e : a* 5
— X mup — —u = (—u o)ex mup — —u
oo P "M S B

1 o? o?
— g2 S 2 I o072
. (1 —o“u®)exp [zu,u 5 U exp |iup — —-u

ds-Maxwell(p,02) Normal(u,02)

e Poisson()\) distribution.
Differentiating the characteristic function of the Poisson(\) distribution w.r.t. A
yields

T~ 1)) = (e~ 1expAe ~ 1)

= e™exp[A(e™ —1)] —exp[A(e™ —1)]

Poisson(A)+1 Poisson(A)

where e™ exp[\(e® — 1] is the characteristic function of a Poisson(\) random vari-
able shifted by 1, since E(e®X+1)) = ¢ exp[A(e™ — 1] with X ~ Poisson(\).

e Gamma(a,b) distribution.
Differentiating the characteristic function of the Gamma (a,b) distribution w.r.t.
the scale parameter b gives

0

— (1 —iub)™® = dua(l — iub) "' =

- (z’ub(l - z’ub)—<a+1>)

(Sl

= (1 — iub)~ @) — (1 — jub)~®

Gamma(a+1,b) Gamma(a,b)

SRS

e Exponential distribution. Differentiating the Exponential(A) with density A exp(—Ax)
and characteristic function ¢(u) = A/(A —iu) w.r.t. A yields

O

A —iu B A B

A —iu (A—w)? A A —iu (A —iu)?
——

Exponential(A)  Erlang(},2)

E)(A)_l A1 A \2

The Erlang(A, 2) distribution is the same as the Gamma(2, 1/)) distribution.

We summarize the results in Table 4.2 . We can see that one of the realizations is often
distributed as the nominal part, which reduces the compuational effort.

93



4.6 Measure valued differentiation

Distribution vy (6 varies) ‘ o ‘ Positive Part v, ‘ Negative Part v, ‘
Poisson(6) 1 Poisson(6)+1 Poisson(6)
Normal(6, 0?) 1/ov2m | 6-+Rayleigh(o) 6—Rayleigh(o)
Normal(p, 62) 1/6 ds-Maxwell (1, 0%) Normal(y, %)
Gamma(a, 0) a/f Gamma(a + 1, 6) Gamma(a, 6)
Exponential(6) 1/6 Exponential(6) Erlang(6,2)

Table 4.2: Examples of Weak derivatives

Remark 2. For a given continuous transform T, the image measure (push-forward mea-
sure) v of measure v is defined as

If 6 — vy is differentiable in the measure valued sense with derivative triplet (cg, y; Vg ),
then also 6 — v is differentiable and has triplet (cg, ()", (v, )). To put this into the
level of realizations, if the triplet (cg, X;', X, ) realizes (cg, y;', v, ), then (cg, T(X;‘), T(X,))
realizes (cp, ()", (v;)7).

This fact is especially important when one considers the transformation of a Lévy
process to an exponential Lévy process using the transform T(w) = Sp exp(w). If the two
random variables X T resp. X~ realize the two parts of the MVD of vy, then Sy exp(X™)
resp. Spexp(X ) realize the two parts of the MVD of Vg, i.e. of the exponential model.

4.6.4 The function set H

The concept of weak derivative states that 0 — 1y is weakly differentiable with respect
to #, if a finite signed measure v exists, such that

% / H(s)vp(ds) = / H(s)vj(ds)

for H € H. In contrast to strong differentiability, the weak concept is dependent on
the two partners H and vy.

One way to impose some structure on the set A is explained in [3]. Defining a
supremums-norm

H
|1EH]J, = sup (E)
sES U(S)

with v a measurable mapping v : § — R with infsegv(s) > 1. For a (signed) measure
u, the asscociated measure norm is

|ullo = sup |puH|.
l|H|l,<1

Let v, be a polynomial of degree p and H a set of measurable mappings. Then (H,p)
is the set of measurable mappings that are bounded by a polynomial of degree p

(H.p) & {H € H: |[H]|,, < o0}
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4 Sensitivity (Gradient) estimation methods

Let vy be (H,p)-differentiable at 6§ with (#,p) Banach. In any neighborhood U =
[0 — A,0 4+ Al it then holds that

MR < A: [ Ol - valds < v = 1l 0(5)

and [|vg4n — vgllw, < |h|M for a finite constant M, for all measurable H such that
|[H]], < 0o. So a classical example for (#,p) would be (B(s),p) which is the set of all
measurable mappings bounded by a polynomial of degree p. As already mentioned: If
we include the indicator mappings into H, then weak differentiability and strong differ-
entiability coincide. So, MVD is applicable when the score function is and vice versa.
This is no problem as the real advantage of MVD over the score function is in terms of
variance (and WNV).

In this work we deal with concrete models. For our purposes, a practical way to de-
fine the function set H proceeds as follows. Let vy : 0 € © C R be a family of probability
measures, say on R™ and let C, the family of bounded continuous functions on R™.
Introduce the notation

(H,vg)

for

/ H(u) dvg(u).

We say that 0 — vy is weakly differentiable at g, if there is a signed measure uéo with
g, |(R) < oo such that for all

§9<H’ )|, = (k). (4.6.3)

H € Cp. This ensures the uniquenenss of the weak derivative®. Now, let H be a family
of functions with C, C H. One may define a notion like H-differentiability, if (4.6.3) holds
true for all H € #H. But this is not necessary. Notice that the derivative element v does
not depend on H. In fact, if H-differentiability holds, then also Cp differentiability holds
and the derivatives are the same.

Thus we define the differentiability only with respect to the smallest function family,
which is Cp (as a property of the family vp) and ask then whether the derivative is such
that also larger families than Cp, qualify for (4.6.3).

There is no problem to extend the notion to all functions which are bounded and |vj|
a.e. continuous. Here is an example, why one cannot get rid of this condition: Let
vg = 069 + (1 — 0)d1. Then the weak derivative at § = 0 is 09 — ;. However, (4.6.3) does
not hold for functions which are discontinuous at 0.

The extension to unbounded H is more involved: Lets say that the derivatives v have
locally uniform p-th moments at O, if there is an open neighborhood ©q of 6y such that

3Notice however that the decomoposition into the difference of two probability measures is not unique
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4.6 Measure valued differentiation

for every € > 0 there is a K, such that

sup (|[ufP 1y >k, [vgl) < e. (4.6.4)
[UASISH)

If H is some continuous function which is bounded by C(1 + |u|P), then under the
condition (4.6.4) the relation (4.6.3) holds for H. Here is the proof: Write H as H(u) =
Hi(u) + Ha(u) with Hj is bounded and continuous and [Hz(u)| < Clu[P1},>k,.. Then
0 — (Hy,vp) is differentiable. As to the second part, notice that

Oo-+h
<H27V90+h_]/90 —h'Vé0> = <H2’/9 (V,;_Véo)d8>
0

IN

6o+h
/ /
(ClulPL k.. /9 (sl + [, |) ds)
0

< 2e-h

Since € is arbitrary, the result follows.

The Lemma below gives a sufficient condition, which guarantees the condition (4.6.4):
Let ¢g be the family of characteristic functions pertaining to the family vy. Then 6 — vy
is weakly differentiable if and only if ¢j(u) = %d)g(u) exists, such that ¢} is the difference
of two positive definite functions (in the sense of Bochner):

¢y = co(bg — bp).

Here the normalization is such that ¢g(0) = ¢g(0) = 1.

Let vy resp. iy be the probability measures pertaining to by and ¢y, respectively.
Notice that [ exp(iut)d|v)|(u) = co(da(t) + dg(t)). We require the weak differentiability
in a neighborhood ©g of 6.

Lemma. Let g =p+ 1if pisodd and ¢ =p+ 2 if p is even. Suppose that

e (1) (0,u) — ¢p(u) is ¢ times differentiable w.r.t. v and once differentiable w.r.t. 0
such that for a neighborhood ©¢ of g

o1 . -
SUP g 90(0) T do(Wl] < o0

e (ii) supgyeg,co < 00.

Then (4.6.4) is fulfilled.
Proof. Condition (i) implies that the ¢-th moments of 7 and iy are uniformly
bounded. Hence, if g =p+ 1

. 1 .
sup (Jul"Lpuys . 7p() < — sup / u dirg () < ¢
9cOy € 0€eOq

if K. is large enough. The same argument for i and condition (ii) implies the result.
The case ¢ = p + 2 is analogous.
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4 Sensitivity (Gradient) estimation methods

Fact 3. Suppose X ~ vy has characteristic function pg(u).
If we assume that (0,u) — @g(u) is jointly differentiable in both variables, but at least
p+ 1-times w.r.t. u, and if (4.6.4) is fulfilled, then vy is weakly differentiable w.r.t. H,.
M, is the space of all vy-a.e. continuous functions V0 € Og, which do not grow faster
than 1+ |z|P.

This is not a real restriction on the payoff functions H. Whereas for example the
Vanilla Call or Put Option, the Lookback Option and the Asian Option do not grow
faster than linear (i.e. p = 1) and are continuous, the Digital Option is bounded by a
constant and its points of discontinuity have in all relevant applications mass 0.

4.6.5 The Measure Valued Derivative for Markov processes and its
estimation

As was already said, we consider only discrete time homogeneous Markov processes with
infinitely divisible increment distribution in this work. Suppose that A is the time
increment. With a slight abuse of notation, we write now

Sy(7) for Sp(iA)

bearing in mind that the maturity time T corresponds to the step n with T'=n - A.
To the process Sy(i),i = 0,...,n we associate the transition operator

Po(w, A) = P{Ss(i + 1) € A[Sy(i) = w),
the starting distribution* v and the payoff function H.

Introduce the following notations:

Py for the measure (7Py)(A) = [Pp(w, A) dy(w),

PyH for the function (PyH)(u fH VPy(u, dw),

P2(w, A) for the two-step t1an81t10n P2 (w, A) f]Pg (v, A)Py(w, dv),

Py (w, A) for the n-step transition as the concatenation of n — 1 two-step transitions.

Using this notation, we write for the expected payoff at maturity time T'=n- A
E[H(S(n))] =y Py H.

Definition. The Markov transition Py(-,-) is called weakly H-differentiable, C, C H, if
there is a signed transition P, such that for all functions H € H and every point mass
0w (i.e. the probability distribution concentrated on the point w)

1
~|6uPo H — 5u,PoH — s 5,FyH| = 0

as s — 0.

*While v is in most cases just the point mass s, at So, we allow here some slight generalization
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4.6 Measure valued differentiation

The finite signed transition Pj, may be decomposed as
Pl(w, A) = co(w)[B] (w, 4) — By (w, A)], (4.6.5)
where IP’; and P, are regular Markov transitions.

Remark 4. Tt is assumed that the Markov transition Py(-, -) is regular, i.e. w — Py(w, A)
is measurable VA € F and the mapping A — Py(w, A) is a probability measure Vw.
Notice that

w — Py(w, A) is measurable VA

implies that

w /H(y)]P’g(w, dy) is measurable for continuous H
implies that
w /H(y)[%(w,dy) is measurable

implies that
w — P)(w, A) is measurable VA € Baire o-algebra’.

Remark 5. For exponentials of processes with independent increments, the situation
simplifies considerably. Since Sp(t + A) = Sp(t) - exp(Xo(t + A) — Xg(t)), by weakly
differentiating the increment distribution Xy(t+ A) — Xy(t), giving a positive realization,
a negative realization and a constant cy, these can be transformed by the exponential
transform (see Remark 2) and this triplet does not depend on the previous state Sy(t).
Thus due to the independent increment property of Lévy processes, the measure valued
differentiation of increments can be done very efficiently.

Recall now the Leibnitz rule for the derivation of a power of operators
n . .
(Pp) => Py PPy (4.6.6)
i=1
Using the decomposition (4.6.5) this can be written in terms of MVD

n

%E [H(So(n)]] =~ |> Py les (Py —Py) Py " | H (4.6.7)
=1

see [3].
Formula (4.6.7) can be used in different ways to construct unbiased estimates of

%’y Py H as we introduce them below: the exact estimate MVDe, the randomized esti-
mate MVDr and the compromise estimate MVDc(k).

®The Baire o-algebra is generated by the level sets of all continuous functions
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4 Sensitivity (Gradient) estimation methods

4.6.6 Algorithms MVD
The following section introduce the algorithm of Measure valued differentiation. We
become acquainted with three different forms of the algorithm, which differs in the end
in the efficiency of the estimator (computational time and variance).
4.6.6.1 The exact estimator (MVDe)
he exact method uses estimates for every summand in (4.6.7).

1. Sample Sp(0) from the starting distribution .

2. Sample n steps with transition Py, giving Sp(1),...,Sp(n).

3. For all i = 1, ..., n sample one transition step from Sp(i — 1) with transition IP’; and
one with transition P, , giving S, (i) resp.S,, ,(i). Store the values cy(i).

4. Continue these processes Sy, | (I) resp.S,, ,(I) for { =14+ 1,...,n using transition
Py and a coupling technique (see below).

5. The unbiassed estimate is

n

S eoli) [H(SF 1 (m) — H(S5_y(n) (4.6.8)

i=1

6. The final estimate is the arithmetic mean of N independent replications of estimate
(4.6.8).

The processes (S;i_l(-), Sp,i—1(-)) are called positive phantoms, resp. negative phantoms,
together they are the phantom pairs. The exact method uses n phantom pairs, which
results in a high computational effort.

4.6.6.2 The randomized estimator (MVDr)

One may avoid to evaluate large sums by using the identity

Zn: a; = Elna,]
i=1

for a random 7, which is uniformly distributed on the integers 1,...,n. In our context,
the following identity is used

869}4: [H(Ss(n))]] = nE [y [(Py 'co (B — B, )Py~ 7)] H] (4.6.9)

where the expectation is over the random 7. The randomized method simulates only one
single phantom pair, which is started at a random point in time.
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4.6 Measure valued differentiation

Simulation of Stock (MYWDe)

Mominal Path

. _

125

Stock Price in §

95 1
90 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 08 1
Time
Figure 4.6.1: MVDe, n =10, t = 1.
1. Sample a random uniform time 7 in {1,...,n}.

2. Sample Sy(0) from the starting distribution ~.
3. Sample 7 — 1 steps with transition Py, giving Sp(1),...,Se(7 — 1).

4. Sample one transition step from Sp(7—1) with transition P and one with transition
P, , giving S, (1) resp. S, (7). Store cy.

5. Continue the processes Sy (i) resp. S, (i), for i = 7 +1,...,n using transition Py
and a coupling technique.

6. The unbiased estimate is

n-coH (S} (n) ~ H(S; (n))]. (46.10)

7. The final estimate is the arithmetic mean of N independent replications of estimate
(4.6.10).

MVDr tends to have a higher variance, because of introducing an additional random
variable 7. In comparison to the randomized estimator, the MVDe algorithm has smaller
variance but because of summing up n elements, the computational effort is much higher
than those of the MVDr algorithm. The MVDc(k) algorithm is a compromise between
the randomized estimator and the exact estimator.
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Simulation of Stock (MYD)

Maminal path

115+ |

120

2
=}

Stock Price in §

[}
m
T

100

95 1 1 1 1 1 1 1 1 1
] 0.1 02 03 04 05 06 0OF 08 09 1

Time

Figure 4.6.2: MVD (random point), n =10, ¢t =1, 7 = 4.

4.6.6.3 The compromise estimate (MVDc(k))

This algorithm is a compromise between MVDe and MVDr. It generates exactly k
phantom pairs, for 1 < k < n. Suppose that n = k- m.

1.

Sample k random uniform times 7, ..., 7 in (1,...,m),...,(m(i — 1) + 1, ..., mi),...,
(k=1)m+1,....km =n)

. Sample Sp(0) from the starting distribution .

Sample n steps with transition Py, giving Sp(0), ..., Se(n)

For all i = 11, ..., 7, sample one transition step from Sp(i — 1) with transition IP;
and one with transition Py, giving Sy, (i) resp.S,, (i). Store co(i).

Continue these processes S, | (I) resp.S,, |(I), I =i+1,...,n using transition Py
and a coupling technique.
The unbiased estimate is

k
m -3 cali) [HSf () = H(Sy,, (m)] (46.11)

i=1

The final estimate is the arithmetic mean of N independent replications of estimate
4.6.11.

Notice that the MVDc(k) algorithms includes the extreme cases MVDr equal MVDc(1)
and MVDe equals MVDc(n).
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Simulation of Stock (MYDc(2))

118

1Mo F

]
m

Stock Price in §

]}
[

g5 - _

Marinal Path

90 1 1 1 1 1 1 1 1 1
] 0.1 02 03 04 05 06 0OF 08 09 1

Time

Figure 4.6.3: MVDc(2), n=10,t =1, k=2, m = 5.

The MVDec(k) algorithm is a compromise between the randomized estimator and the
exact estimator.

4.6.7 Variance reduction via coupling

The variance of a MVD estimator of the form ¢ - (H(ST) — H(S7)) is given by
- (Var [H(ST)] + Var [H(S™)] —2Cov [H(ST),H(S)] )

An appropriate choice of the positive and negative phantoms may cause positive cor-
relation and therefore lead to a reduced variance of the estimator.

Example. Sensitivity estimation w.r.t. g in the Gaussian case:

Consider a normal distributed random variable X ~ N(u,0?). When calculating
the sensitivity w.r.t. pu, the variable splits up into X ~ pu + Rayleigh(c) and X~ ~
u — Rayleigh(o) according to the weak derivative triplet, see Table 4.2. For coupling we
have just to use the same Rayleigh(c) for the positive and negative part, see [3, 5].

Example. Sensitivity w.r.t. ¢ in the Gaussian case:

Consider X ~ N(p,0?) and we are interested in the sensitivity w.r.t. the volatility o.
According to Table 4.2 we have that X ~ p+ds-Maxwell(0, 0?) and X~ ~ pu+N(0,02).
According to [5], we use following coupling method: First simulate V' ~ ds-Maxwell(0, o2)
and set XT = p+ V. Then sample an independent uniform random variable U on (0,1)
and set X~ =+ UV. Then X~ is normally distributed with parameters p and o and
is positively correlated with X .
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4 Sensitivity (Gradient) estimation methods

Example. Sensitivity w.r.t. A in the Poisson case:
As it was already shown, a pair realizing the weak derivative in the Poisson case can
be chosen as X~ ~ Poisson(A\) and XT = X~ + 1.

Example. Sensitivity w.r.t. b in the Gamma case:

If X~ is generated according to Gammal(a,b), then X+ ~ Gamma(a + 1,b) may be
generated as XT = X~ + V, where V ~ Exponential(1/b).
4.6.8 MVD for path dependent payoff functions

In this section, we demonstrate how the MVD method can be modified to allow the
sensitivity estimation of Lookback and Asian options. These options are path dependent,
i.e. the payoff depends on the whole history of the underlying and not just at its value
at maturity.

4.6.8.1 Estimation via joint transition densities

In the following we use the notation
E[H(Sy(T))] = E [H(X(T))]

with
H(w) = H (5(0) - e*) (4.6.12)

Homogeneous case

Suppose now we want to differentiate an expectation of the form

Eg[H(S(1),...,S(T))] = Eg[H(X(1),..., X(T))],

where X is a homogeneous Markov process on a measure space (R,v) with transition
density fp(u|w) and starting value wug, i.e.

Py(X(t) e AIX(t—1) = /fg ulw) dv(u a.s.

The parameter 0 varies in an open set ©.
For a measurable function (u,w) — g(u|lw): R x R — R introduce

1901 llpeo = esssup, [ / rg<uw>pdu<u>} " (46.13)

Notice that

T
]/.../tl_[lv(ut)-gt(utlut_l)dl/(ul).. dv(ur)| < ([oll,)” HHgt Moo (4.6.14)

Assumptions.
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4.6 Measure valued differentiation

e (i) The transition densities satisfy
sup |[ fo(-[-)llp,c0 < 00
0cO

e (ii) The transition densities are differentiable in the following sense: There are
functions fp(+|-) such that

1 Fo () Ip.oe < 00

1 .
5 Lo (1) = foC1)] = fo()llpoe — 0
for h — 0.
e (iii) There is a function v € Ly(dv) (1/p + 1/q = 1), such that

|H (uy,...,ur ]<CHfuut
Lemma. Under the given assumptions,
o = d
89// (uq, ... ,uT)Hfg(ut]ut_l)dl/(ul) ...dv(ur) (4.6.15)
T
Z/.../H(ul,..., er welui—r) - oz 1) H Foluln1) dv(uy) ... di(ur).
j=1 t=j+1

Proof. Notice that
T

1 - T
— | ... | H(uy,...,ur) forn(uglug—1) — | | fo(ut|ur—1)| dv(uq)...dv(ur)
h/ / 1 T Ll:[l 0+h 1 tljl 0 1 1 T

j—1

T
= ;/.../H(u1,...,UT)tl;[lfG—s—h(ut’ut1) . %[f9+h(uj|uj,1) —fe(u‘j|uj71)] %

T
x [T folweluer)dv(u). .. dv(ur).

t=j+1

The difference of this expression and the limiting expression (4.6.15) is given by Zle Ii(h)
with

j—1
Ij(h) = /-‘-/H(Uh-wUT) {H fe+h(Ut\Ut—1)‘%[fwh(ujluj—l)—fe(ujluj—l)] X

T
< [T foluelur) - Hnmmlﬁwmlllﬁwmo dv(uy) ..
t=j+1 t=j+1
J
= > Lk
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with
k—1
L) = [ [ B un) T] fosntuuen) - on (i) = folunfinn)] %
t=1
j—1 T
x I foluslw) - folujlusa) - TT foluelue) dv(ur) ... dv(ur)

t=k+1 t=j+1

for k < j, and
j—1
IjJ(h) = .../H(ul,...7uT)Hf9+h(ut|ut_1) X
t=1
T
< asntatugn) = foCuslus) = fotulugn) | TT Sl dotun) .. dour).
t=j+1
Notice that
I fosn — follpoo < | fosn — fo — R+ follp.oo + 2]l follp.co = o(R) + O(h) = O(h). (4.6.16)

Now, by (4.6.14), for k < j

k—1

T
[k(h)| < /---/CHU(Ut) T foenCuelue—s) - | fosn(unlun—s) = folurlug—1)| x
t=1 t=1

j=1 )
II foturlu) - 1foCujluj—)l- TT folurlurm)dv(ur)...dv(ur)

X
t=k+1 t=j+1
< (lolg)™ - UfornC1)looo)™ - UfoC1Mpoo) ™ fosn = follpooll follp.oo
= O(h)
and for k= j

T j—1
1wl < [ [ eTlotw) T fosntudu)
t=1 t=1

X ‘}11(f9+h(uj‘uj—1) — folujluj—1) — folu;luj—1)

< (lollg)™ - Uforn Gl poo) ™ - (oGl lpoe) - H%(f%—h — fo) = follp.ooll
= o(h).

Putting all pieces together, we have shown that I;(h) — 0 as h — 0 for all j, i.e. the
Lemma is shown.
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4.6 Measure valued differentiation

Suppose that the derivative has a representation

Jo(ulw) = co[go(ulw) — go(ulw)]
then the following method leads to an unbiased estimate for

%EG[F(X(D, L X(D).

e Sample a stopping time 7 uniformly in {1,...,7T}.

e Simulate the process X (¢) under 6 until time 7 — 1. For the ease of notation set
X(t)=X(t)=X(t) fort <.

e Make one step from X(7) with transition density gy to give X (7+1) and continue
then with fp giving X (7 + k).
(

e Make one step from X (7) with transition density gg to give X (74 1) and continue
then with fp giving X (7 + k).

e The unbiased estimate is

T (H(Xu), LX) —HX(Q), .. .,X(T))) .

Inhomogeneous case

For the inhomogeneous case, we have to replace the density fy(u|w) by fe(t)(u]w) for each
individual time ¢. Hence

Py(X(t) e AIX(t—1)=w) = /Afg(t)(u]w) dv(u) a.s.

The Lemma then reads
Lemma.

;/.../H(Ulw-qu)

fg(t) (ut|ug—1) dv(uy) . .. dv(ur)

=N

j—1 T

<

T
= > [ [ ) TLA ) 59y TT 58l )
j=1

t

Il
—

t=j+1

under the agsumptions
Assumptions.

e (i) The transition densities satisfy

sup [| £ () lpoo < 00 Vi
0cO
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e (ii) The transition densities are differentiable in the following sense: There are
functions fe(t)(]) such that

1A () Iproo < 00

1 .
15 L5201 = 57 C = £ ()l — 0
for h — 0.

e (iii) There is a function v € Ly(dv) (1/p+ 1/q = 1), such that
| (uh ’ < CHU ut

The proof of 4.6.17 follows the principle of the proof of 4.6.15.

Example (Lookback-Option in the Black Scholes model: p (homogeneous case)). The
payoff function for the Lookback-Option is of the following form

H(S(T)) = e~ max { max (S(t)) — K, 0}

0<t<T
which is written as a function of the driving process as (see equation 4.6.12)

H(uy,...,ur) = e "I max {01%1%}% (e"t,...,e"T) — K,O}

with S(0) =1 and us1 = us + N(p,02) = N(p+ug,0%). The parameter of interest is
L.
Therefore the transition densities are

(g —up—1 — M)2
fuluglug—1) = \ﬁa eXp | — 952 .

Our aim is to find a measure v(u), more precisely we are seeking for a density ¥ (u) with
dv(u) = ¢ (u)du, and a function v(u¢), such that assumption 1),ii),iii) and therefore 4.6.14
holds. Formula 4.6.14 is then of the form

wm1> v 17 g duCl)
/- /Tpmt Wt dur - p(ar)dur) < (oll)” TTIZEE e

(4.6.18)

First let us turn toward assumption iii.). An upper bound for the payoff can be
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4.6 Measure valued differentiation

H(uy,...,up) = e " 'max[max(e",...,e"T) — K, 0]
< e—rTemax(zu yeeey W)
T
< e—TTH Ut

t=1y(uz)

and for the density 1 (u;) we take

1 2
w(ut) = \/%O' €xXp <_2’L;If2> .

So we have to show that et € LI(t)(u;)duy). This is the case because of

1 uf
/e“tq ce 202 duy < 0.
\/ﬁa

/(eut)qw(ut)dut =

Now let £ (an )
Ut |Ut—1
plurlug—1) = o
¥(u)
For assumption ii.) we show that %% = ¢(ut|up—1) exists and that it is in

LP(¢(ug)dug), and by Theorem 7 (see Appendix) we get the rest. So we have

2
¢ (uglug—1) = exp (ut(utgf") - (“tg(; #) > e LP (4 (u)du.

Let 0 =1 then we get for the derivative

Ut — 2
) = exp (w14 10~ Y s - )

Let (u¢—1 + ) = z so we have to proof that exp (utz - %) (ug — z) € LP(Y(ur)duy).

Therefore we have

1 2\ P 2
o /exp <utz — 2) (ug — z)Pexp (_u;) duy

27 2 2
1 (ug —p-2)%  p?22  2%p »
= —F= - — z)Pd
o /exp< 5 + 5 5 (ug — z)Pduy
2 1

222 2 ug —p-z)?
= exp <pZ_ 2p> \/%/exp <—(t2p)> (ug — 2)Pduy < 0o Vp < o0.
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4 Sensitivity (Gradient) estimation methods

By Theorem 7 (see Appendix) it follows that ¢(.|.) is the LP-derivative of ¢(.|.) and
assumption ii.) is satisfied.

So for Lookback Options in the Black-Scholes case, we found a densityquotient v (u;),
where assumptions i.), ii.) and iii.) are satisfied. For options different to Lookback
Options, the only challenge we face is to find an upper bound for the payoff function,
such that assumption iii.) is satisfied. This can be usually done very quickly.

Example (Asian Option in the Black Scholes model: p (homogeneous case)). The Asian
Option is of the following form

or

H(uy,...,ur) = e " max

1 X
Ui
T Z (& K, 0]
i=1
with ugy1 = ug + N (i, 0%) = N(p + ug,0?). The parameter of interest is j.
We just have to concentrate on assumption iii.), because the proof of assumption i.)

and ii.) follows the principle of the previous example. An upper bound for the payoff
can be

IN
|
4
~
_
+
)
S

Recall that

So we have to show that (1 + e"*) € L(¢(u;)dug). This is the case because of

1 i
29(1 4 e™?) - ™ 202 duy < 0.
\/2%0/ ( ) !

[ ey <
4.6.8.2 Estimation via Operators

We can regard the problem also from a different point of view, by constructing operators
corresponding to the maximum respectively average of the stock.
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4.6 Measure valued differentiation

GBM and its Maximum Process

o 01 02 03 04 05 06 o7 08 09 %
Time

Figure 4.6.4: Example: Maximums-process.

Lookback Options A Lookback Option is based on the maximum value of the under-
lying. Let Sp(-) be the Markovian price process of the underlying. Define the maximum
process as My(i) = maxy<; Sp(k). Recall that the maturity time 7" corresponds to the
step n with "= n - A. The payoff of a Lookback Option is H(Mpy(n)) and its fair price
is E[e™"T H(Mjy(n))]. Notice that the maximum process My is not Markovian itself, but
it is the first component of the Markovian pair (My(-), Se(+)). While the evolution of
the second component is as before and given by the transition of Xy = log(S(t)), the
transition of the first components is given by

Mp(1) = Sp(1)

Let PéM) be the transition operator of this two-dimensional process. We aim an unbias-
edly estimate

g _ 0 (M\"™
Bl TH(My(n))] = £oe Ty (PM0)" H

Here - of course - H applies only to the first component of the Markov process.

The MVDr algorithm for the Lookback Option.

1. Sample random uniform time 7 in {1,...,n}. Sample Syp(1), ..., Sp(7) and calculate
My(1), .. My(r).

2. Then at time 7 do
Use the positive resp. negative part of the derivative of Py to make one transition
from Sy(7 — 1) to Sy (1) and S, (1) respectively. Store cy.
Let M;(T) = max(M (7 — 1), S;(T)) and M, (1) = max(M (1 — 1), 5, (1)).
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4 Sensitivity (Gradient) estimation methods

3. Continue the processes S, () and S, () using the transition Py and calculate
(M, (0), S5 (0) resp. (M, (£),Sy (¢) for £ =7 +1,...,n with

) if S5 (0)> M, (¢—1)
(£ —1) otherwise

resp.
) if Sy (6) > M, (£ —1)
M, (¢ —1) otherwise

4. The unbiased estimate is

n - co - [H(My (n)) — H(My (n))].

5. The final estimate is the arithmetic mean of N independent replications of estimate
4.

To see the correctness of the algorithm notice that T(x) = max(c, x) is continuous there-
fore by Remark 1 it may be composed with the weak derivative pair.

As before, the MVDr algorithm constructs just one phantom pair. In complete analogy
to the standard Option case, the MVDe resp. the MVDc(k) estimates can be constructed
based on n resp. k pairs of phantoms.

Asian Options An Asian Option is based on the average value of the underlying. Let
Sp(+) be the Markovian price process of the underlying. Define the average process as
Ap(k) = %Zle Sp(i). The payoff of a Lookback Option is H(Ag(n)) and its fair price
is Ele""" H(Ay(n))]. Notice that the average process Ay is not Markovian itself, but
it is the first component of the Markovian pair (Ag(-), Se(-)). While the evolution of
the second component is as before and given by the transition of Xy = log(S(t)), the
transition of the first components is given by

i 1
Ap(i) = Ag(i — 1)+ ——Sp(4 4.6.1
o(i) = = Aoli 1) + — = Soli) (46.19)
Let IP’éA) be the transition operator of this two-dimensional process. We aim an unbiasedly
estimate
O ot T _ 0 ()"
Bl TH (Ag(n))] = £oe Ty (PYY)

. Here - of course - H applies only to the first component of the Markov process.
The following figure shows an example for the average process, when 7' = 1 (year)
with 252 trading days.
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4.6 Measure valued differentiation

GBM and it Average-process
110 T T T T T

Stock

— Average-process

Stock Price in §
=] = =
= 5 5

=1
[

=
=]

95 L L L L . L . L .
0 01 02 03 04 05 06 07 08 08 1
Time

The MVDr algorithm for the Asian Option.

1. Sample random uniform time 7 in {1,...,n}. Sample Sp(1), ..., Sp(7 — 1) and calcu-
late Ag(1),..., Ag(T —1).

2. Then at time 7 do: Use the positive resp. negative part of the derivative of Py to
make one transition from Sp(7 — 1) to S, (7) and S, (1) respectively. Store cg. Let

1
+ _ . _ +
Aj(r) = ] T AT —1)+85, (1)
120 Seld)
resp.
_ 1 _
AQ (’7’) = 7_7—’_1 T - AQ(T — 1) +S€ (T)

S0 Seli)

3. Continue the processes S, () and S, (-) using the transition Py and calculate
(AF(0), S, (0)) resp. (Ay (€),S, (¢) for £ =7+1,...,n with

1
+ Y L ot
resp.
A () = — A )+ s
A [+170 %
4. The unbiased estimate is
n-co [H(Af (n)) — H(A (n))] . (4.6.20)

5. The final estimate is the arithmetic mean of N independent replications of estimate
(4.6.20).

Also in this case, one may use the variants MVDe and MVDc(k).
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5 Implementation of MVD for
exponential Lévy processes

In this section we present numerical results of sensitivity estimates where we consider
discrete time homogeneous Markov processes with infinitely divisible increment distri-
bution. Recall that the fair option price is E[e™"? H(Sp(n))] and we are interested in
estimating

0 . _rr 0 _,r
Remark 6. Notice that in case that the derivative is taken w.r.t. the interest rate r, i.e.
if & = r, also the derivative w.r.t. the discount factor e has to be taken into account.

In this case

iE[eTTH(ST(n))] = —Te "TR[H(S,(n))] + erTaaﬂ P" H. (5.0.2)

If however the sensitivity w.r.t. some other parameter is searched for, we have just to
calculate
0

d
—_ —rT _ —rT ¥ n
891[“3[6 H(Sp(n))] =e ae'y]P’g H. (5.0.3)

In all the numerical examples we show, the time unit is 1 year and the maturity time

was set to T' = 1. The elementary time step was set to one trading day thus we chose
n =252 and A =1/n.

5.1 Geometric Brownian motion model

5.1.1 Rho (p): Sensitivity w. r. t. r
0

p= EE [eiTTH(ST(T))} .

Renaming the process Sg(iA) by Sp(i) we arrive at

log S(i + 1) — log S(i) ~ N <<7« - 102) 1,021)

2 n n

According to the weak derivative triplet of a Normal distribution, (see Table 4.1), the
positive resp. negative realizations of the weak derivative are

logS(i+1) —logS()]|" = (r—o%/2)/n+ VT
logS(i+1) —logS(i)]” = (r—o%/2)/n—-V"
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5.1 Geometric Brownian motion model

with

V*t =V~ ~ Rayleigh(c?/n)

and

1
oV 2rn

Cp =

Example (The Rho (p) for a Plain Vanilla Option). We consider now the payoff function

H(S(T)) = e ™' max{S(T) — K,0}.

It is well known that the exact value Rho of an option on a non-dividend-paying stock
is defined as

p=KTe T ®(dy)

with

In(S(0)/K)+ (r —o?/2)T

do =
2 oT

where ®(x) is the standard normal cumulative probability function, see [7, p.337].

Table 5.1 shows the performance of IPA (=Pathwise method), the FD (=Finite Dif-
ference method), MVDr (=randomized phantom estimator), MVDe (=Measure Valued
Differentitiation with total differentiation) and MVDc(k) (Measure Valued Differentia-
tion with differentiation at k& random points) when calculating the p for a plain Vanilla
Option, whereas the Measure Valued Derivatives were computed according to 5.0.2.
One simulation of each estimator is based on N = 200 replications of the path of the
stock. ! For FD App = HEtHE@) 1y — 0,01, Further 5(0) = 100, r = 0.01,0 =
0.05, K = 100. To compare the computational effort of the methods we use the “work-
normalized variance”(WNV) which is given by the product of the variance and the ex-
pected work per run, [14].

!Throughout the paper each estimator was simulated 300 times to get the arithmetic mean of the
estimator, the arithmetic mean of the computational time and the Variance
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5 Implementation of MVD for exponential Lévy processes

‘ H ) H Variance H computational time H WNV
’ exact value H 7.15 H H H

|
*
| MVDe | 7,135 [| 2,015 [ 4,459 | 8,986 |
|
|

| MVDr | 7,070 || 4,508 ] 0,783 | 3,528
| MVDc(6) [ 7,162 [| 2,752 [ 0,869 | 2,391
| FD 1637 | 23773 [ 1,5298 | 36,368

Table 5.2: The Rho for a Digital Option in the BS-model, N = 200

‘ H 0 H Variance H computational time H WNV ‘
| exact value || 56,379 | | | |
| TPA | 56,058 | 14,120 [/ 0,778 10,992 |
| MVDr | 55,961 [| 18,159 [ 0,793 | 14,407 |
| MVDe | 56,673 || 11,051 [ 3,533 | 39,036 |
| MVDc(2) [ 56,180 [| 16,684 [ 0,795 | 13177 |
| MVDc(4) [ 56,243 [| 14,589 [ 0,855 | 12,469 |
| MVDc(6) [ 56,393 [| 13,359 [ 0,923 [ 12,330 |
| MVDc(8) [ 56,625 [| 13,059 [ 0,969 | 12,649 |
| MVDc(16) |[ 56,258 | 11,089 | 1,201 | 13318 |
| FD | 63,135 || 1006,390 | 1,574 | 158451 |

Table 5.1: The Rho for a Vanilla Option in the BS-model, N = 200.

When comparing the results we see that the IPA method performs better than the
MVD algorithms. If we compare the MVD algorithms among each other we observe,
that the MVDc has the smallest work normalized variance. As it could be expected it
lies in between the MVD and MVDe in terms of variance and computational time.

Example (The Rho (p) for a Digital Option).

The Payoff function of a Digital Option is

H(S(T)) = e 1{S(T) > K}.

With the same inputs as we had before for the Vanilla Option, we obtain results shown
in Table 5.2 for the p of the Digital Option. The value of BS-Rho was taken out of
www.mathfinance.de/optioncalculator.php. Notice that it IPA cannot be applied in the
case of Digital Options due to the fact the the payoff is not continuous at the point of
non-differentiability.

Example (The Rho (p) for a Lookback Option).
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5.1 Geometric Brownian motion model

The payoff function of an Lookback Option is defined as

H(S(T)) = B_TT[O?;IET S(t) - K]

Estimation via joint densities: The randomized phantom estimator (MVDr) is

OE(H(S(T))) _ g|_qpe—rT max{ sup S(t) — K,O}
or 0<t<T
+ Te ™ .con. <max{ sup S(t)" — K,O} —max{ sup S(t)” — K70}>]
0<t<T 0=t<T

(5.1.1)

Simulation of Stock (MYD)
104 T T T T T

102

100 [ I A L U —

[{x]
o

96

Stock Price in §

neg. part

pos. part

94 - narminal

———Strike Price
+  Suprema

92r

90 1 1 1 1 1 1 1 1 1

Figure 5.1.1: Lookback Option: Example of generated phantoms.

Let S(0) = 100, r = 0.01,0 = 0.05, K = 100,7 = 1 and the number of trading days

is 252. Within this framework we get results shown in Table 5.3, whereas the value for
Rho was taken from www.wolframalpha.com.
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5 Implementation of MVD for exponential Lévy processes

‘ H Estimator H Variance H computational time H WNV ‘
| BS-Rho [5290 | H H |

| MVDr || 52,849 [ 19,557 [ 0,761 | 14,873 |
| MVDe [ 52,933 [ 5236 [ 5,620 | 29,430 |
| MVDc(6) [| 52,947 [ 6481 [ 0,853 | 5,528 |

Table 5.4: The Rho for a Lookback Option in the BS-model via the Maximums Process
, N = 200.

‘ H Estimator H meanVariance H computational time H WNV ‘

[Rho [ 5290 | H H

| MVD [ 52,923 [ 20,277 | 0,788 | 15,987 |
| MVDe || 52,861 [ 5,421 | 5,630 | 30,520 |
| MVDc | 52,963 || 6,606 | 0,849 | 5,608 |

Table 5.3: The Rho for a Lookback Option in the BS-model , N = 200.

Estimation via Maximums Operator

= E[-T-e"" max{M(T) - K,0}
+ e"n T c- (max{M™(T) - K,0} — max{M (T) — K,0})] .

Consider the same input values as before, we get results which are stated in Table 5.4.
Notice that the results are almost the same as in Table 5.3. That leads to the conclusion
that for Lookback-Options, the Esimator via the Maximums-process is as efficient as the
Estimator via equation (5.1.1). The disadvantage stems from the fact, that with this
kind of compuatation, we have to find the transition operator for every different payoff
function. Whereas if Lemma 4.6.8.1 can be applied?, we just have to find an upper
polynomial bound for the payoff function.

Example (The Rho (p) for an Asian Option).

The payoff function of an Asian Call Option is defined as

T
H(S7) = e " max {o, % > S8(T) - K} :
i=1

%if an appropriate density quotient can be found
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5.1 Geometric Brownian motion model

’ H Estimator H meanVariance H computational time H WNV ‘
| BS-Rho [| 27.111 | | [ |
| MVDr | 27,38 | 7,95 [ 0,7861 625 |
| MVDe [ 27,12 | 2,49 | 5,4087 | 13,67 |
| MVDc [ 27,44 | 2,82 | 0,8476 1239 |

Estimation via joint distribution: The randomized phantom estimator (MVDr) is

T
&E({;@T)) - E Te_rTmaX{O,;;S(T)_K}
1 <& 1
+ Te_7'T-c~n-<max O,TZS(T)+—K}—maX{OaTZS(T)__K}>]
i=1 i=1

(5.1.2)

In an simulation, with S(0) = 100, » = 0.01,0 = 0.05, K = 100,7 = 1 we get results
shown in Table 5.5, whereas the value for BS-Rho was taken from www.wolframalpha.com.

Estimation via Average Operator: The final estimate is

= E[-T e "7 max{0,A(T) — K}
+ e T.T.n.c. (max {0, A(T)* — K} —max {0,A(T)” - K})].

With S(0) = 100, » = 0.01,0 = 0.05, K = 100, 7 = 1 we get results shown in Table 5.6.
Comparing with Table 5.5, we can see that also here the estimator via the Average-process
leads to nearly the same results as the estimator via equation (5.1.2), and therefore is as
efficient.

5.1.2 Vega (v): Sensitivities w.r.t. ¢
0
= —E[r"TH(S,(T
v = B[ TH(S,(T))]
The log returns follow

logS(i+1) —logS(i) =V
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5 Implementation of MVD for exponential Lévy processes

’ H Estimator H Variance H computational time H WNV ‘
| BS-Rho [ 27.111 | [ | |
| MVDr [ 27,30 | 8,12 | 0,7617 618 |
| MVDe [ 27,14 | 2,80 | 6,3196 [ 17,68 |
| MVDc(6) || 26,99 | 3,01 | 0,8968 [270 |

Table 5.6: The Rho for an Asian Option in the BS-model via the Average process, N =
200.

with

According to Example 4.6.2 on page 50, the positiv and negative part are with proba-
bility p
log S(i 4+ 1) —log S(i)]T =(r — 0*/2)/n -V T
log S(i +1) —log S(i)]” =(r — %/2)/n+ V™

and with probability 1 —p

llog S(tis1) —log ST = (r—0®/2)/n+W
llog S(tis1) —log S(t)]” = (r—o®/2)/n+U-W

with

VT = V= ~ Rayleigh(c?/n)
W ~ ds-Maxwell(0,02/n)
U ~ Uniform(0,1)

whereas ,
|1, ]

7o/2m A o

7 7 = = .
M_i_& ‘MH—FJ(’T\/QW g4 /2r
ooV 2T Oc n

p =
For ¢, we get according to 4.6.2

2
L, oy _ lul+oper SRV

/
C =
7 ‘MJ‘UU\/QTF Oo OgV 2T o/ 2m

Example (The v for a Plain Vanilla Option:).
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5.1 Geometric Brownian motion model

’ ‘ v meanVariance | computational time | WNV
exact value | 38,897
IPA 38,923 19,393 0,789 15,293
MVDr 39,031 6889,428 0,771 5311,487
MVDe 38,715 83,938 5,635 473,001
MVDc(6) | 38,943 1328,352 0,862 1144,891
FD 38,428 1186,400 1,5324 1818,002

Table 5.7: The Vega for a Vanilla Option in the BS-model, N = 200.

The exact value for Vega for an European Call or Put Option on a non-dividend-paying
stock is defined by
v =S0)VT®(dy)

with
iy — In(S(0)/K) + (r+02/2)T
oVT
and L e
O(x) = Ee
see |7, p.336].

With the input arguments of the previous examples, we get results shown in Table 5.7.

5.1.3 Delta (A): Sensitivities w.r.t. S(0)

)
A= ME [r " H(Ss(0)(T))]

log S(1) —log S(0) =V

1 1 1
V~N ((r— 0'2> ,02> .
2 n n

According to the weak derivative of a Normal distribution, see 4.1, the process splits
up into

with

log S(1) ~lo S(O)]" = (r—0?/2)/n+V*
log S(1) —log S(0)]” = (r—o%/2)/n—V~

with
V*t =V~ ~ Rayleigh(c?/n)
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5 Implementation of MVD for exponential Lévy processes

‘ H A H meanVariance H computational time H WNV ‘
| exact value [| 0,589 || 0,000 | 0,000 0,000 |
| IPA | 0,588 ]| 0,0013 | 0,7819 | 0,0010 |
| MVDr | 0,594 [ 0,0022 | 0,7612 | 0,0017 |
| FD [ 0,950 | 1122,625 | 1,498 | 1682,507 |

Table 5.8: The Delta for a Vanilla Option in the BS-model, N = 200.

and
B 1

cs) = ———F—-
S(0)oy/2mL

Example (The A for a Plain Vanilla Option:).
Consider the payoff function
H(S7) =e ™ max {S(T) — K,0}.
The exact value of Delta of an option on a non-dividend-paying stock is defined as
A = (dy)

with
In(S(0)/K)+ (r+0/2)T
oVT

where ®(z) is the cumulative probability function for a standard normal variable, see

[7].
With the same inputs as we had before while calculating the p, we obtain results shown
in Table 5.8 for the Delta (A) of the Vanilla Option.

dy =

Example (The Delta (A) for Digital Options).
With the same inputs as we had before for the Vanilla Option, we obtain results shown

in Table 5.9 for the A of the Digital Option. The value of BS-Delta was taken out of
www.mathfinance.de/optioncalculator.php.
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5.2 Poisson model

’ H A H meanVariance H computational time H WNV ‘
[Delta_[[ 0,07 | [ |
| MVDr [| 0,078 | 0,0005 | 0,760 | 0,0004 |
| FD [ -0,238 | 22,844 [ 1,519 | 34,707 |

Table 5.9: The Delta for a Digital Option in the BS-model, N = 200.

5.2 Poisson model

Sensitivity w.r.t. A
The log returns are distributed like

logS(i+1) —logS(i) =V

ver(an).
n

The positive resp. negative phantoms are

with

logS(i+1) —log S(i)]" = V+1
log S(i+1) —logS(:)]” = V

Cy = —

To get appropriate values, we calibrate by e!/¢ when simulating the stock, so
S(Z + 1) — S(i)el/d-Poisson(%/\)‘
Example () for Plain Vanilla Option).

H(S7) = ¢ "' max{S(T) — K, 0}.
MVDr:

OE (H(ST))
or
With input parameters S(0) = 100, » = 0.01, A = 10,1 = 0.01, K = 110, d = 100, and
h =1 we get results shown in Table 5.10.

=E[e™ ¢y T n- (max{S(T)" — K,0} — max{S(T)” — K,0})]

Example () for a Digital Option).
H(S7) =e"T1{S(T) > K}

With the same input options as above we get results shown in Table 5.11.
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5 Implementation of MVD for exponential Lévy processes

’ ‘ Estimator | Variance | computational time | WNV
MVDr 0,675 0,001689 6,50 0,01098
MVDe 0,677 0,001415 7,94 0,01067

MVDe(6) 0,679 0,001694 6,94 0,01176
FD 3,764 634,83 12,42 7884,59

Table 5.10: Sensitivity w.r.t. A of a Vanilla Option in the Poisson model, N = 200

|

‘ Estimator | Variance | computational time‘ WNV ‘

MVDr 0,6573 0,0012 6,14 0,0074
MVDe 0,6581 0,0010 6,84 0,0072
MVDc(6) 0,6571 0,0011 6,25 0,0068
FD 0,3878 24,86 12,73 316,47

Table 5.11: Sensitivity w.r.t. A of a Digital Option in the Poisson model, N = 200

5.3 Gamma model

Sensitivity w.r.t. b
logS(i+1)—logS(i) =V
with
V ~ Gamma <1a, b)
n

Notice that

8 . —_a . a a_1q
%(1—zub) no= ﬁ (1 —iub) ™=
= % (zub (1 —qub)™ ))
n
- % ((1 —jub)~ D (1 — dub)(1 — z’ub)—(%“))
n
= % (1 —iub)~ G+ — (1 — jub) ™=
n
~Gamma(+1,b) ~Gamma(,b)
therefore
[log S(i+1) —logS(i)|" = VT
[logS(i+1) —logS(i)]” = V
with

1
V' ~ Gamma (a + 1, b)

n
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5.4 The Variance Gamma model

’ ‘Estima,tor Variance | computational time | WNV

MVDr 1,401 0,019 5,12 0,096
MVDe 1,398 0,002 11,19 0,026
FD 1,43 125,23 9,45 1183,42

Table 5.12: Sensitivity w.r.t. b of a Vanilla Option in the Gamma model, N = 200

and
a

To get appropriate values, we calibrate by et/d when simulating the stock, so

Ch

S(Z + 1) — S(i)e(l/d)-(}amma(%a,b).
Example (b for Plain Vanilla Option).

Input parameters: S(0) = 100, r = 0.01,a =2,b=1,1=0.01, K =102, h = 1,d =
100.

5.4 The Variance Gamma model

Sensitivity w.r.t. b,
0
—E [r T H (S, (T
5 E [ TH(Sy, (1)

The log returns follow

logS(i+1) —logS(i) =V1 = Vs

with
Vi ~ Gamma (E’ b1)
n
a
Vo ~ Gamma (5, b2>
and
log S(i +1) —log S(i)]" = Vif -V,
logS(i+1) —logS(i)]” = Vi—VW,
with a
V" ~ Gamma(— +1,by).
n
Further
S
b1 bln'
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5 Implementation of MVD for exponential Lévy processes

’ H Estimator H Variance H computational time H WNV ‘
| MVDr || 76,08 [ 4530 ][ 9,79 | 443,63 |
| MVDe || 75,42 | 5,08 | 20,55 [ 104,36 |
| FD [ 85,99 | 253,97 [ 18,44 | 4683,21 |

Table 5.13: Sensitivity w.r.t. b1 of a Vanilla Option in the VG-model, N = 200.

Example (Sensitivity w.r.t. by for a Plain Vanilla Call Option ).

In a simulation with input parameters: r = 0.01,a = 1,by = 0.01,by = 0.01,d =
100, start = 100, K = 100, n = 252,1 = 0,01 we get results shown in Table 5.13 .

Example (Sensitivity w.r.t. b; for a Lookback Option).

Recall the payoff function

H(S(T)) = e_TT[OiltlETS(t) - K|t

In the case of path dependent payoff functions in the Variance Gamma model, Lemma
4.6.8.1 cannot be applied in a straightforward way. The problem is to find the appropriate
density quotient ¥ (u;) in

T
/- /va Heteeetd iy gty < lh” T e

because in the conditional density f(u¢|us—1) of the Variance Gamma process, there
occur Bessel functions of the second kind, see [2].
At that point, we can take advantage of considering the Maxiums-process as a Markov
process, as we also did for Lookback Options in the Geometric Brownian motion model,
see subsection 4.6.8.2 on page 69. So with the same construction of the Maximums-
process, we get for the randomized phantom estimator

({mhgbm =E [e_T'T n-T ¢ - (max(MH(T) — K,0) — max(M~(T) — K,0))] .
1

Table 5.14 shows the results with following input parameters: 7' = 1,.5(0) = 100, =
0.01,a = 1,b; = 0.01,bs = 0.01,n = 252, K = 100,1 = 0.01 (For FD)

5.5 Compound Poisson model

5.5.1 Sensitivity w.r.t. b,

0

S5 E [T H (S, (1)
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5.5 Compound Poisson model

’ Estimator | Variance | computational time | WNV

MVDr | 83,67 55,05 9,73 544,14
MVDe | 83,71 2,10 21,09 44,34
FD 89,27 197,67 18,47 3650,58

Table 5.14: Sensitivity w.r.t. by of a Lookback Option in the VG-model, N = 200.

In the case of a Compound Poisson model the log returns follow

N(1)
log S(i + 1) — log S(i) = (p-Vi—(1-p) W)
k=1
with
Vi ~ Gamma(ay, by)
Vo ~ Gammal(ag, bo).
Further
N(3)
log S(i+1) —log S()]" = [ Y (p- W =(1—p) V)
k=1
N(+)
log S(i +1) —log S(i)]” = (p-Vi—(1-p)-V2)
k=1
with
Vit ~ Gamma(a; + 1,b)
and
Y
by = by

Example (Sensitivity w.r.t. bifor a Plain Vanilla Call Option).

A simulation with input parameters: r = 0.01,A = 10,a; = 0.01,b; = 0.01,a2 =
0.01,b2 = 0.01,p = 0,5, start = 100, K = 100,n = 252,] = 0,01 yields results according
to Table 5.15.

5.5.2 Sensitivity w.r.t. A

0
O\

Considering the Compound Poisson process

—E [r T H(S\(T))]
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5 Implementation of MVD for exponential Lévy processes

’ H Estimator H Variance H computational time H WNV ‘
| MVDr [ 30,243 [ 99,232 | 0,262 | 26,04 |
| MVDe [ 30,679 [[4,982 [ 0,943 [ 470 |
| FD [ 33,008 [ 1027,01 [ 0,242 | 248,73 |

Table 5.15: Sensitivity w.r.t. by of a Vanilla Option in the CP-model, N = 200.

’ H Estimator H Variance H computational time H WNV ‘
| MVDr || 0,054 | 0,0004 [ 0,221 | 0,0007 |
|FD [ 0,7503 [ 293,46 [ 0,294 | 86,375 |

Table 5.16: Sensitivity w.r.t. A of a Vanilla Option in the CP-model, N = 200.

)
S(t) = S(0)e=it 2
with N (t) ~ Poisson(At), then for the weak derivative we have

St = S0)ei %
S(t)” = S(0)eZr %
cy = t.

So for the postive phantom we have just to simulate one additional event.

Example (Sensitivity w.r.t. A for a Vanilla Call Option).

OE (gH(S(T)))
oA
A simulation with input parameters: r = 0.01,A = 10,a; = 0.01,by = 0.01,a2 =
0.01,b5 = 0.01,p = 0,5, start = 100, K = 100,n = 252,17 = 0,01 yields results according
to Table 5.16.

=FE [efTT ey (max(S(T)Jr — K,0) —max(S(T)” — K, 0))]
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6 Appendices

Definition. A o-Algebra F is a collection of sets M C € with
e ),QecF
e If MeF=MeF
o If (My))2, € F=M,€F
Let X (t) : @ — R be a stochastic Process, then

Definition. A family (F;: ¢t € T) of Sigma-Algebras is called Filtration, if for s < t
it holds that Fs C F;. Furthermore if X (t),t € T is a stochastic process and F; is
the Sigmaalgebra which is generated of the random variables X(s),s < ¢, then we call
(Ft,t € T') the natural Filtration of X.

Definition. A set function P(.) : M — R, with M € Q is called a probability measure if
Q together with an o-Algebra F and a probability measure P forms a probability space
(Q, F,P).

Definition. Let (22, F,P) be a probability space and 7' C R. Commonly T' € Ny, R.
A stochastic process on T is a familiy of random variables (X (¢),t € T') with values in
M C R

Definition. A stochastic process (X (¢),t € T') is called a Markov process, if the futures
behaviour (distribution) of the process is just dependent of the current state of the process
relatively to the past. Formal for s1 < ... < s, <s <t

P(X(t) € B|X(s1),..., X(sn), X (s)) =P (X(t) € B|X(s))

Definition. A stochastic process (X (n))n=o,1,.. with finite state space Z = {z1,..., 25}
is called Markov Chain (with discrete time), if for all n € N and all wy, ..., w, € Z

Theorem.
P(M(0) = wo, M (1) = wy, ..., M(n) = wy) = P(M(0) = wyp) H]P’(M(z) = w;|M(i—1) = w;_1)
i=1
[Pflug96].
Definition (Characteristic function). the characteristic function is defined as the ex-
pected value of e*sX
ex(s) =E (eisx) = / eisxdFX(x)
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e X ~ Poisson(\) — ¢x(s) = exp (/\(eis — 1))
e X ~ N(pu, 02) — px(s) =exp (iSM _ %282)

e X ~ Gamma(a,b) — ¢x(s) = (1 —bis)™™ b>0

The characteristic function of a distribution always exists, even when the probability
density function or moment-generating function do not. Characteristic function can be
used to find moments of a random variable. Provided that the n'* moment exists, the
characteristic function can be differentiated n times and

E(X") =i "¢{(0)
Definition. A random variable X is called infinitely divisible (or X has an infinitely di-

visible distribution), if for every n € N, there exist i.i.d. random variables Z{l/n), vy Zr(Ll/")

such that

X £70m 4z

Alternatively, we can characterize an infinitely divisible random variable by its char-
acteristic function

Theorem. X is infinitely divisible iff V/ox(u) is a characteristic function for all n.
Example. X ~ N(u,o?):
. a2 12

px(t) = exp ity — 512]

n

ox(u) = exp [zt% — %tQ]

Example. X ~ Poisson(\):
ox(t) = exp (A" — 1)) Vix(u) = exp (%(e” - 1))
Example. X ~ Gamma(a,b) :
ex(t) = (1 —bit)~ Vex(u)=(1—=0bit)"n
Theorem (Bochner’s theorem). ¢ is a characteristic function iff
o pis nonnegative definite (3, ; ciajp(t; —tj) > 0)
e p(0)=1
e ¢ 15 continuous at 0

Definition. A random variable X is said to be stable (or X has a stable distribution), if
it has the property that a positive linear combination of independent copies of X has the

same distribution, up to location and scale parameters, i.e. X is stable if Vby,...,bq €
R*, 3a and ¢ such that

L
hXi+...+b4Xg=a+cX
or in form of characteristic functions
@(bit) - - - p(bgt) = p(ct)e’™
see [6].
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6 Appendices

Remark. If px(u) is the characteristic function of a stable random variable X then the
random variable is infinitely divisible and can be represented as a sum of i.i.d. random
variables

X=Zi4 2o+t Zn L an+bu2i

Example (Central Limit Theorem). Z1, ..., Z, ~ N(0,02)1.i.d.
X=2Z1+Zs+ ..+ Zp E /nZy

Definition (Signed measure). Given a measurable space (X,Y), a signed measure 7 is
a function for which for all A € ¥

e A—~v(A)eR
e v(@)=0
o v(UAi) =227 (4A)
for any disjoint sets A1, A, ... € 2.

Definition (Jordan Hahn decomposition). Considering a measurable space (X, X), and
a signed measure 7y defined on the o-algebra X, there exist a unique decomposition into
two sets C, C° in X such that

e CUC‘=X and CNC* =0
e VA e ¥ with ACC it holds v(A) >0
e VA e X with A C C°it holds y(A) <0.

Therefore every signed measure y can be written as a difference of two positive measures
~T and v~ with
7H(A) =7(ANnC)

Y (A) = —(ANCY)
Y(A) =~ (A) =77 (4).

The pair (yT,77) is called the Jordan-Hahn decomposition of 7.

Lemma (Scheffé). Suppose that X,,, X are integrable and that X, converges to X in
probability. If

timsup [ 1, @) PdB() < [ X ()PdP)
n
then X, converges to X also in the LP-sense.
Theorem 7. Suppose that for 6 € R,

1. 0 = fo(.|.) is a.s. differentiable (at the point 0) with derivative fo(.|.) € LP.
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2. fou (1) = o (1) = [ fa(1)d8, a.s., for 01 < 6
3. 0 [|fo(w|)|Pdu(w) is continuous.
Then fo(.|.) is the LP-derivative of fa(.|.).

Proof. By 2. and 3. and Hélder’s inequality, for s > 0\

_ p
hmsup/\fﬂsw) fo(w])] dp(w)
510 sP
) 0+s
— tmswp 5 [ [ fofwl)dePduteo)
sJ0 sP
0
. O-+s O-+s p=1
< limsup//fv(w\.)\pdv |:/ ldv] du(w)
sd0 sP
0 0
0+s

— tmswp s [ [ Il Pdu@ido = [ Ifol)Pdue).

sl S
0

By Scheffés Lemma this implies that 1 [fois(.|.) — fo(.|.)] converges in LP to fo(.].).

The case for s < 0 is similar.
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Abstract

Monte Carlo simulation methods have become more and more important in the financial
sector in the past years. In this work, we introduce a new simulation method for the
estimation of the derivatives of prices of financial contracts w.r.t. certain distributional
parameters, called the “Greeks”. In particular, we assume that the underlying financial
process is a Lévy-type process in discrete time.

Our method is based on the measure-valued differentiation (MVD) approach, which
allows to represent derivatives as differences of two processes, called the phantoms. We
discuss the applicability of MVD for different types of option payoffs in combination with
different types of models of the underlying and provide a framework for the applicability
of MVD for path-dependent payoff functions, as Lookback Options or Asian Options.
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Kurzbeschreibung

Monte Carlo Simulationen haben im Bereich des Finanzsektors in den letzten Jahren
immer mehr an Bedeutung gewonnen. Diese Arbeit stellt eine neue Simulationsmethode
vor um Preissensitivitdten von Optionen beziiglich eines bestimmten Verteilungsparam-
eters, sogenannte “Greeks”, zu schitzen. Im Besonderen wird angenommen, dass der
zugrundeliegende Prozess einem Lévy-Typ Prozess in diskreter Zeit entspricht.

Unsere Methode basiert auf dem Ansatz der Makwertigen Ableitung (MVD), welcher
uns erlaubt die Ableitung als Differenz zweier Prozesse, sogenannten Phantomen, darzustellen.
Wir diskutieren die Anwendbarkeit der Makwertigen Ableitung fiir verschiedene Arten
von Optionen in Kombination mit unterschiedlichen Modellen des zugrundeliegenden
Prozesses. Des Weiteren liefern wir den Rahmen fiir die Verwendbarkeit der Mafiwerti-
gen Ableitung fiir pfadabhéngige Optionen, wie zum Beispiel Lookback Optionen oder
Asiatische Optionen.
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