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Abstract

One objective of this thesis is to combine methods from sampling theory
and time-frequency analysis in order to study contemporary problems in the
theory of pseudodifferential operators and its applications to wireless com-
munications. Another objective is to provide a rigorous mathematical justi-
fication for assumptions which are often made about wireless communication
systems.

We present reconstruction formulas for the symbol of the pseudodifferential
operator that use one or finitely many side diagonals of the channel matrix.
We use these reconstruction formulas to derive impossibility results. We
prove that the channel matrix cannot be strictly diagonal if the underlying
Gabor system is a frame for L*(R). Furthermore, we prove that if one or
finitely many side diagonals of the channel matrix vanish, then the channel
is equal to zero. We also prove a uniqueness theorem for pseudodifferential
operators assuming that the underlying Gabor system is generated by the
Gaussian function.

We also consider a discretized transmission model. We investigate properties
of the discrete-time model, and how properties of the continuous-time model
transfer to the discrete-time model. The main observation in this context
is that if the continuous-time channel matrix satisfies a certain off-diagonal
decay condition, then the discrete-time channel matrix satisfies an analogous
off-diagonal decay condition.
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Zusammenfassung

Ein Ziel dieser Dissertation ist es, Methoden aus dem Gebiet des regularen
Abtastens und der Zeit-Frequenz Analyse zu kombinieren um aktuelle Prob-
leme in der Theorie der Pseudodifferentialoperatoren und deren Anwendun-
gen in der drahtlosen Kommunikation zu untersuchen. Ein weiteres Ziel ist
es, eine mathematische Rechtfertigung fiir Annahmen, die im Zusammenhang
mit drahtlosen Kommunikationssystemen gemacht werden, zu liefern.

Wir prasentieren Rekonstruktionsformeln fiir das Symbol des Pseudodiffer-
entialoperators, die eine, beziehungsweise endlich viele, Nebendiagonalen
der Kanalmatrix verwenden. Mit Hilfe dieser Rekonstruktionsformeln for-
mulieren wir Unmoglichkeitsresultate. Wir zeigen, dass die Kanalmatrix
keine Diagonalmatrix sein kann, wenn das zugrundeliegende Gabor System
einen Frame fiir L*(R) bildet. Wir zeigen auch, dass, wenn eine oder endlich
viele Nebendiagonalen der Kanalmatrix verschwinden, der Kanal konstant
Null ist. Wir beweisen auch ein Eindeutigkeitsresultat fiir Pseudodifferen-
tialoperatoren unter der Annahme, dass das zugrundeliegende Gabor System
von der GauB-Funktion erzeugt wird.

Wir betrachten weiters ein diskretes Ubertragungsmodell. Wir untersuchen
Eigenschaften des diskreten Modells und wie sich Eigenschaften des kon-
tinuierlichen Modells auf das diskrete Modell tibertragen. Die wesentliche
Erkenntnis dabei ist, dass, wenn die kontinuierliche Kanalmatrix eine bes-
timmte Bedingung beziiglich Abklingverhalten entlang der Nebendiagonalen
erfiillt, dann erfiillt auch die diskrete Kanalmatrix eine analoge Bedingung
beziiglich Abklingverhalten entlang der Nebendiagonalen.
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Chapter 1

Introduction

1.1 Overview

One objective of this thesis is to combine methods from sampling theory and
time-frequency analysis to deal with contemporary problems in the theory of
pseudodifferential operators and its applications to wireless communications.
Another objective is to consider common assumptions which are often made
about wireless communication systems and provide a rigorous mathematical
justification.

It is generally recognized in the engineering community that wireless com-
munication channels can be conveniently modeled as pseudodifferential op-
erators. Realistic wireless channels have a fairly complicated structure due
to the presence of multipaths and the Doppler effect. We consider a special
class of operators, namely operators which possess a symbol with compactly
supported Fourier transform. A special case of such operators is the class of
underspread operators, which are defined in terms of the size of the support
of the symbol.

To estimate wireless communcation channels, it is customary to use pilot
symbols. This means that at certain locations known at the receiver, specific
symbols are placed instead of user data. In the spirit of sampling theory, we
can interpret this approach as sampling of a bandlimited symbol at the pilot
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positions. If we assume that the Fourier transform of the symbol is compactly
supported, then it is possible to reconstruct the symbol of the pseudodiffer-
ential operator from the receive signal and pilot information. The first part
of this thesis contains results of this type. Specifically, we show that it is
possible to reconstruct the symbol from the main diagonal, from a side diag-
onal, or from finitely many side diagonals of the channel matrix. We further
propose an iterative method for joint channel estimation and equalization
of the receive signal which is based on such a reconstruction formula. Sev-
eral channel models, which are frequently used in wireless communications,
involve point scatterers, which are viewed as distributions. This motivates
distributional versions of the reconstruction theorems.

Our next objective is to study the structure of the channel matrix with re-
spect to the underlying Gabor system. We investigate under what conditions
diagonal channel matrices are necessarily equal to zero. We also derive recon-
struction formulas for the symbol of the operator from the entries located on
a finite set of diagonals. As an immediate consequence, we obtain uniqueness
theorems. One important consequence of these uniqueness theorems is that
the channel matrix cannot be diagonal. We further develop a uniqueness
theorem for a Gabor system generated by the Gaussian function.

In the engineering community it is generally accepted that discrete-time
transmission models inherit properties like off-diagonal decay from the con-
tinuous-time model. From a mathematical viewpoint this is absolutely not
trivial, and has to be justified. Therefore, we consider a discrete-time trans-
mission model [48, 65] and describe how the discrete-time model is derived
from the continuous-time model. The main result in this context is that the
off-diagonal decay property of the continuous-time model carries over to the
discrete-time model. Futhermore, we investigate properties of the discrete-
time model, and establish a connection between the discrete-time model and
pseudodifferential operators acting on £%(Z).

1.2 Previous Work

The goal of channel estimation is to compute approximate entries of the
channel matrix or other parameters that determine the channel matrix. For
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channel estimation with a multicarrier system it is common to use pilot-
aided estimation. This means that known symbols (pilot symbols) are sent
at known positions to estimate the channel at the receiver. Methods that
do not use pilot symbols are called blind estimation methods, but we do
not study such methods in this thesis. Wireless channels that only cause
multipath propagation of the transmit signal are modeled with a convolution
operator. In this case, the corresponding pseudodifferential operator reduces
to a Fourier multiplier. Since such channels are diagonal in the frequency
domain, they are called frequency selective channels. Pilot-aided estimation
for frequency selective channels is well known [7]. When there is a moving
reflector in the channel, or the transmitter or the receiver are moving, the
wireless channel is not frequency selective any more. Such wireless channels
are called doubly selective, and we work with these channels throughout this
thesis.

A special class of wireless channels are channels that correspond to under-
spread operators. The notion of underspread operators was studied by W.
Kozek [36, 37, 38]. Since that time, applications of underspread operators
to wireless communications have been investigated by the engineering com-
munity [5, 11, 39, 46]. Our work is also related to identifcation and recon-
struction of operators with band-limited Kohn-Nirenberg symbols presented
in [32, 40, 51]. In this context, a great deal is known about operators with
symbols in L*(R??). By Pool’s theorem [53], an operator with a symbol
in L*(R??) is a Hilbert-Schmidt operator [40, 44, 52]. Having a symbol in
LQ(RQd) is quite a strict assumption, e.g., it excludes distortion-free channels
and time-invariant channels. Consequently, we also need to consider more
general symbol classes, like modulation spaces and tempered distributions.

The theory of pseudodifferential operators is mainly developed in the context
of function spaces. However, pseudodifferential operators have also an inter-
esting connection to wireless communications and time-frequency analysis
[21, 22, 62]. Of special interest are pseudodifferential operators with symbols
in a modulation space [14, 23, 26, 66, 67]. The modulation space M ! (R??),
also called the Sjostrand class, is especially relevant to this thesis, since the
corresponding channel matrix satisfies certain off-diagonal decay conditions
21, 24, 28, 59, 60].
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1.3 Contributions

In this thesis we study relationships among sampling theory, pseudodiffer-
ential operators and channel estimation. We propose several reconstruction
formulas for the symbol of a pseudodifferential operator and propose how
they can be used for channel estimation and equalization of the receive sig-
nal. We also provide impossibility results for the channel matrix with respect
to the underlying Gabor system. Furthermore, we consider a discrete-time
transmission model and investigate its properties and its relationship to the
continuous-time model.

The main contributions of this thesis can be summarized as follows.

e We derive a reconstruction formula for the symbol of a pseudodiffer-
ential operator with compactly supported spreading function from the
main diagonal of the operator (Section 4.1). This reconstruction for-
mula is based on the assumption that the short-time Fourier transform
of the window function g, which generates the Gabor system, does not
vanish on the support of the spreading function.

e We derive the reconstruction formulas for symbols in L*(R??), LP(R??), 1 <
p < oo and S'(R*).

e We derive reconstruction formulas for the symbol of a pseudodifferential
operator from a side diagonal and from finitely many diagonals (Section
4.3 and Section 4.4).

e We propose an iterative method for joint channel estimation and equal-
ization of the receive signal that uses such a reconstruction formula.
(Section 4.5).

e We prove that the channel matrix cannot be diagonal if the underlying
Gabor system is a frame (Chapter 5).

e We prove that the channel matrix cannot vanish identically on one
side diagonal, or on finitely many diagonals simultaneously (Chapter
5). These results imply that a non-trivial channel matrix cannot be
diagonal.
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e We prove that if the channel matrix is identically zero, and the under-
lying Gabor system is generated by the Gaussian function, then the
operator is identically zero (Chapter 5).

e We investigate properties of a discrete-time transmission model and
establish a connection between the discrete-time model and pseudodif-
ferential operators acting on £2(Z) (Section 6.3).

e We prove that if the continuous-time symbol ¢ belongs to the Sjostrand
class M 52’].1_1(]1%2), then the discrete symbol o4 belongs to the class

M>! (Z x T) (Section 6.3).

(v®1)oj !

e We provide a condition under which the discrete-time model inherits
causality from the continuous-time model (Section 6.4).
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Chapter 2

Mathematical Preliminaries

2.1 Fourier Transform

Here we collect the definition and some basic properties of the Fourier trans-
form. For more details and proofs see [12] and references therein.

The Fourier transform of a function f € L'(R?) is defined as

A

f&)= | flx)e®™¢%dg, ¢ ec R (2.1)
]Rd

If we want to emphasize the action of the Fourier transform as a linear
operator on a function space, then we write F f instead of f.

The lemma of Riemann-Lebesque provides some information about the decay
properties of the Fourier transform.

Lemma 2.1.1 (Riemann-Lebesgue). Let f € LY(RY). Then f is uniformly
continuous and limyg|o | f(§)| = 0.

The following mapping properties follow from Lemma 2.1.1:
F: LY(RY) — Cy(RY), (2.2)

where Cy(R?) is the Banach space of continuous functions vanishing at in-
finity.
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The image of L'(R?) under the Fourier transform is a subalgebra of Cp(R)
with pointwise multiplication. This algebra is called the Fourier algebra and
denoted by FL'(R9).

Another fundamental property of the Fourier transform is Plancherel’s the-

orem.

Theorem 2.1.2 (Plancherel). If f € L' N L*(RY) then
1£1l2 = 11712 (2.3)

A consequence of Theorem 2.1.2 is that the Fourier transform extends to a
unitary operator on L? and satisfies Parseval’s formula

(f,9) = (f.9), (2.4)

for all f,g € L*(R?). In the field of signal analysis, Plancherel’s theorem
states that the Fourier transform preserves the energy of a signal.

When dealing with functions that depend on two variables, we can also define
a partial Fourier transform.

Definition 2.1.3. Let F be a function on R??. The partial Fourier transform
in the first variable F is defined as

FiF(z,¢) = / F(t, €)e~2mivtdy. (2.5)
Rd

The partial Fourier transform in the second variable F is defined in a similar

fashion.

A very important property of the Fourier transform is its action on a convo-
lution product.

The convolution of two functions f and g is defined as

(f*g)(x) = » f)g(z —t)dt. (2.6)
We have - X
(fx9)=1Ff-9 (2.7)
and
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Example 2.1.4. If ¢, = ¢ ™/* is the Gaussian function with the scale
parameter a > 0 on RY, then [21, p.17]

Pa(€) = a?p1/a(8)- (2.9)

We observe that the Fourier transform of a Gaussian function is again a
Gaussian function whose scale is the reciprocal of the original scale. For
a =1, we get (e‘”Q) (&) = e e

Next we state the Poisson Summation formula for rectangular lattices [21,
p.16].

Definition 2.1.5. For a given lattice A = aZ¢ x bZ?, the lattice A+ =
%Zd X %Zd is called the dual lattice and the lattice A° = %Zd X %Zd is called
the adjoint lattice.

Theorem 2.1.6. Let A = aZ® x bZ*. If for some € >0 and C' > 0 we have
[f(2)] < C(L+ [2)727° and [f(§)] < C(1+[€])7>, then

1 £ in-z
AEA neAL
The identity holds pointwise for all z € R*, and both sums converge abso-
lutely for all z € R*,
The Poisson summation formula holds also in LP(R%),1 < p < oo.

Theorem 2.1.7. Let A = aZ4xbZ%. If f € L*(RY),1 < p < o0, is compactly
supported, then

Y f+A) = @ > fperin=, (2.11)

AEA neAL
The series on the left hand side is finite on T, the series on the right hand
side converges in LP(T?), where T¢ = R%/A.

Proof. Since f is compactly supported, the sum on the left runs over a finite
index set, and belongs to L”(T?). Moreover, f is in L*(R?), and the sum is
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alsoin L' (T?). We compute the Fourier coefficients of P f(z) = ", f(z+A)
on the torus T¢:

(Pf) (n) = /T dze—%m f(z+Ndz (2.12)

AEA
= Z/ e 2T f (2 4+ N)dz (2.13)
xen /T
= /Rd e T f(2)dz (2.14)
= f(n). (2.15)

It follows from the classical LP-theory of Fourier series on LP(T¢) that the
sum on the right hand side of Equation (2.11) converges in L”(T¢) to Pf. O

2.2 Time-Frequency Shifts

We collect some basic definitions of time-frequency analysis. More details
can be found in [21]. The two fundamental operations are the operations of
translation and modulation

Tf(t) = f(t—2) and Mcf(t) = &7 (1), (2.16)
for t,z, & € R
Definition 2.2.1. The time-frequency shift operator m is defined as
7(2)(8) = MTLf () = € f(t — ), (2.17)

for t € R and 2z = (z,€) € R?% This operator combines a translation and a
modulation.

We could also consider a shift-operator of the form T, M. It is important to
define which form is used because of the following commutation relation

T Mg = e 2™ M T,. (2.18)
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Time-frequency shifts have the following basic properties. They are isome-
tries on LP(RY) for 1 < p < oo, that is

IMT fllp = 11£1lp- (2.19)

Applying the Fourier transform gives
T.f =M_of and Mcf =T.f. (2.20)
This leads to us to a fundamental formula of time-frequency analysis
T, Mcf = M_Tef. (2.21)

Let the involution be defined by

fH(x) = f(=2) (2.22)
and the reflection be defined by
Tf(z) = f(~2). (2.23)

The involution and the reflection are related in the following way

f*:? and ff:If. (2.24)

2.3 Short-Time Fourier Transform

In this section we define the short-time Fourier transform and investigate
some of its properties. The short-time Fourier transform is a convenient tool
for a joint time-frequency analysis of functions or signals.

Definition 2.3.1. The short-time Fourier transform (STFT) of a function
f € L*(RY) with respect to a window g € L*(R?) is defined as

Vol (e.6) = | f(0alE = a)e < ar (225)

for z,& € R%
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The STFT is also well-defined if f is a tempered distribution and ¢ is a
Schwartz function, see Section 2.6 for the corresponding definitions. The
domain of the STF'T can even be extended to the case when both f and g are
tempered distributions. Then V f is also a well-defined tempered distribution
21, p.41].

The STFT can be written in several equivalent forms.

Lemma 2.3.2. If f,g € L*(RY), then the STFT is uniformly continuous on

R2? and
Vol (2,6) = (/. MTeg) (2.26)
= (f,TeM_.9) (2.27)
_ 6—27ri§~a:‘/gf'(§’ —$) (228)
— e /R f <t + g) g (t - g)e”’”‘ﬁ'tdt. (2.29)

The proof of this Lemma is done by straightforward computations. The
uniform continuity of the STFT follows from corresponding properties of the
operators T, and M, [21, Lemma 3.1.1].

Formula (2.28) is often referred to as the fundamental identity of time-
frequency analysis. We observe that, in this case, the Fourier transform
performs a rotation of the time-frequency plane by an angle of 7.

As an example, we compute the STFT of the Gaussian function explicitly.
We use the STFT of the Gaussian function again in Chapter 5.

Example 2.3.3. Let ¢, (z) = e ™/ be the Gaussian function with the
scale parameter @ > 0 on R%. We use Equation (2.9) to compute

(Gar McTopa) = / ety (2:30)
R
_ e—7ra:2/(2a)/ e 2m(t—2/2)? o —2migt 1y (2.31)
R

= pa(2)(Tyeg) (£) (2.32)

= ™ (3)" erala)ez(©) (2:33)

IS
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combining this with Equation (2.26), we obtain

V%(pa(:c,f) = <90a7M£T3090a> (234)
d

We observe that the STF'T of a Gaussian function has a simple expression
in terms of Gaussian functions.

We use the following property of the STFT, see [28], which follows imme-
diately from the definition of the STFT and the commutation relations for
time-frequency shifts (2.18).

Lemma 2.3.4. For f, g € L*(R%), the STFT satisfies the following property.
VMchg(MnTuf)(x> §) = eizm(gin)'u‘?%ic'(ggiu)T(u—v,n_g)V;;f(% £), (2.36)

fOT u7v7777<-7'r7§ e Rd'

2.4 Frames and Riesz Bases

The notion of a basis is often too restrictive. One problem in communication
engineering is that bases are very sensitive to a loss of information because
the basis coefficients are unique. Therefore, one introduces more redundancy.
This motivates the more general concept of frames which is used to describe
redundant information. The concept of frames was introduced by Duffin and
Schaeffer already in 1952 [9].

Definition 2.4.1. A sequence {f; : i € I} in a Hilbert space H is called a
frame if and only if there exist constants A, B > 0 such that for all f € H

AlFIP <D UL £ < Bl (2.37)

el

The two constants A and B are called frame bounds. If A = B, then the
sequence {f; : i € I} is called a tight frame.
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We immediately observe that the concept of frames generalizes the concept
of (orthonormal) bases, because the definition of an (orthonormal) basis is
simply a special case of Definition 2.4.1. Namely, an orthonormal basis is
a tight frame with a normalized window function and frame bounds A =
B = 1. Similarly, the union of two orthonormal bases is a tight frame with
a normalized window function and frame bounds A = B = 2.

Next we introduce some important operators which are studied for a better
understanding of frames and reconstruction methods.

Let {f; : i € I} C H. The coefficient operator or analysis operator C' is
defined by

Cf={(ffi)iel} (2.38)
The reconstruction operator or synthesis operator D is defined by
De=>Y cfi€H, (2.39)
iel

for a finite sequence ¢ = (¢;);e;r. The frame operator S is defined on H by
Sf=Y (f fi)f (2.40)
icl
The next question is how to reconstruct f from the frame coefficients.
Proposition 2.4.2. If {f; : i € I} is a frame for H with frame bounds

A, B > 0, then the operator S maps H onto H and is a positive invertible
operator.

Corollary 2.4.3. If {f; : i € I} is a frame with frame bounds A, B > 0,
then {S™Yf; 14 € I} is a frame with frame bounds B~', A= > 0.

Definition 2.4.4. The frame {S™'f; : i € I} is called the dual frame of
Definition 2.4.5. Let {a;};,cr be a sequence in a Banach space. A series

_-a; is unconditionally convergent if > .. a,; converges for every per-
i€l iel % (i)
mutation 7 of I.

Theorem 2.4.6. If {f; : ¢« € I} is a frame, then every f € H has non-
orthogonal expansions

f= Z<f7 S~ fi (2.41)

i€l
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and
=Y {187 i (2.42)
el

where both sums converge unconditionally in H.

For tight frames and orthonormal bases, the two expansions in Theorem 2.4.6
coincide. The frame coefficients are in general not unique. This motivates
the definition of Riesz sequences and Riesz bases.

Definition 2.4.7. A sequence {f; : i € I} in a Hilbert space H is called a
Riesz sequence, if and only if there exist constants A’, B’ > 0 such that the
inequalities
Allells < 1D cifilla < B'llells (2.43)
iel
hold for all finite sequences ¢ = (¢;);er. For a Riesz sequence, the coefficients

in the frame expansions (2.41) and (2.42) are unique. A Riesz sequence is
called a Riesz basis for H, if span{f; : i € I} =H.

2.4.1 Gabor Frames

A special case of the general frame theory in Section 2.4 are the so-called
Gabor frames. We fix a non-zero window function ¢ € L*(R?) and a lattice
A = aZ x bZ? C R*? with the lattice parameters a,b > 0. The parameters a
and b are called the time-shift and the frequency-shift parameter, respectively.
The set of all time-frequency shifts of g parametrized by the lattice A,

G(g,a,b) =G(g,A) ={m(N)g: A € A}, (2.44)

is called a Gabor system. If such a Gabor system is a frame for L*(R?), it is
called a Gabor frame. The Gabor frame operator has the form

Sf=Y (fm(Ng)m(Ng. (2.45)

AEA

If we want to emphasize the dependence on the window ¢ in (2.45), we write
Sg.q instead of S.
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Proposition 2.4.8. If G(g,a,b) is a frame for L*(R?), then there exists a
dual window v € L*(R?), such that the dual frame of G(g,a,b) is G(7, a,b).
Every f € L*(RY) can be represented as

=Y {fmNgr(N)y (2.46)

AEA

= > (L, NT(N)g. (2.47)

AEA

The representation (2.46) or, equivalently, (2.47) is called the Gabor expan-
sion of f € L*(RY).

In general there are infinitely many dual windows for a given window g €
L*(R%). One special choice is the so-called canonical dual window v = S~'g.

Corollary 2.4.9. If G(g,a,b) is a frame for L*(RY) with dual window v =
S~lg € L*(RY), then the inverse frame operator is given by

Syad =Sy =Y (frmN))T(A\)Y. (2.48)

AEA
All dual windows are characterized by the so-called Wexler-Raz biorthogo-

nality relations.

Theorem 2.4.10. If D, and D., are bounded on €*(Z*?), then the following
conditions are equivalent:

1. Syoy =8, ,=1 on L*(RY).

2. (ab)~@ <% MéT%g> = 0100n0 for l,n € Z°.

Another important result is the Ron-Shen duality principle.

Theorem 2.4.11. Let g € L*(RY) and a,b > 0. The Gabor system G(g, a, b)
is a frame for L*(R?) if and only if G(g, %, i) 1s a Riesz basis for its closed
linear span.

Next we state results concerning the density of Gabor frames. We start with
a necessary condition on the lattice parameters a and b.
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Corollary 2.4.12. If G(g,a,b) is a frame for L*(R?), then ab < 1.

When ab = 1, we have the following result.

Corollary 2.4.13. (i) The Gabor system G(g,a,b) is a frame for L*(R?)
and ab = 1 if and only if G(g,a,b) is a Riesz basis for L*(R%).

(i) The Gabor system G(g,a,b) is an orthonormal basis for L*(R?) if and
only if G(g,a,b) is a tight frame, ||g|]ls =1 and ab = 1.

From Corollaries 2.4.12 and 2.4.13, we conclude that we can distinguish dif-
ferent cases for the product of the lattice parameters a and b. It is customary
in the field of signal analysis to speak about

e oversampling when ab < 1,

e critical sampling when ab = 1, and

e undersampling when ab > 1.

2.5 Weights

In general, a weight function is just a non-negative, locally integrable function
on R??. In time-frequency analysis, weight functions describe the decay or
growth of functions. We need the following types of weights.

Definition 2.5.1. A weight function v on R?? is called submultiplicative, if
v(z1 + 20) < wv(21)v(ze), for all 21, 2y € R, (2.49)

A weight function m on R?*? is called v-moderate if there exists a constant
C' > 0 such that

m(z1 + 22) < Co(z1)m(z), for all z;, 2z, € R (2.50)
Two weights my, msy are equivalent if there exists a constant C' > 0 such that

C7'my(2) < my(2) < Cmy(z), for all z € R*. (2.51)
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A common example of weight functions are polynomial weights on R?*?. They
are of the form
0a(2) = (1+ |2])", (2.52)

with z = (z,€) € R* and s > 0.

A specially interesting class of weights are those that satisfy the Gelfand-
Raikov-Shilov condition (GRS)

lim v(nz)'/" =1 (2.53)

n—o0

for all z € R,
Definition 2.5.2. A weight function v is called an admissible weight if it
satisfies the following properties:

1. v is continuous, even and normalized so that v(0) = 1.

2. v is submultiplicative.

3. v satisfies the GRS condition.

2.6 Distributions

We need some well known definitions and results from distribution theory.
More detailed information and proofs of the results can be found in [18, 33,

61).

Definition 2.6.1. Let X be an open set in R?. The space D(X) consists
of all infinitely differentiable functions ¢ : X — R? with compact support
contained in X.

The vector space D’'(X), the dual space of D(X), is the space of all distribu-
tions on X.

The Schwartz class is denoted by S(R?). Its dual space, the space of tempered
distributions, is denoted by &'(R?).
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Definition 2.6.2. Let u € D'(R?) and X C R? be an open set. The restric-
tion Ru of u to X is defined as

(Ru, o) = (u, ), (2.54)
for p € D(X).

The following theorem can be found in [33, Theorem 2.2.1].

Theorem 2.6.3. Let X be an open subset of R, If u € D'(X) and every
point in X has a neighborhood to which the restriction of u is zero, then u is
zero.

Next we state the Poisson summation formula for distributions.

Theorem 2.6.4. [18, Theorem 8.5.1] Let § be the Dirac distribution at the
origin. The following identity holds in S'(R%):

Y Tie=) e, (2.55)

jezd jezd
We also state a version of the Poisson summation formula for compactly
supported distributions.
Corollary 2.6.5. [18, Corollary 8.5.1] If u is a compactly supported distri-
bution, then
D Tu=a(j)e’™. (2.56)

jezd JjEezZ

In the proof of Theorem 5.1.1 we need the following version of the Poisson
summation formula.

Corollary 2.6.6. Let A = aZ%xbZ? be a lattice. Ifu is a compactly supported

distribution, then
1 ~ 2miv-x
E Thu = (ab)? g u(v)e . (2.57)

AEA veAL

We also use the following property of distributions [18, Theorem 10.2.1].

Theorem 2.6.7. The Fourier transform of a distribution with compact sup-
port on R? is an analytic function on C.
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2.7 Modulation Spaces

In this section, we introduce modulation spaces and state some of their ele-
mentary properties. We first define mixed-norm spaces on R??.

Definition 2.7.1. Let 1 < p,q < oo and let m be a weight function on R??.
The weighted mixed-norm space L7 is defined as the space of all measurable
functions (in the Lebesgue sense) on R?? such that the norm

Il = ( [ ([ 7 opme par)’ d€>; (259

is finite. If p = 0o or ¢ = oo, then the corresponding norm has to be replaced
by the esssential supremum as usual.

The idea of weighted mixed-norm spaces is simply to take a weighted LP-
norm with respect to x and a weighted L%norm with respect to £. If p = ¢
then LP? = LP .

Weighted mixed-norm spaces retain some properties of ordinary LP-spaces.

Lemma 2.7.2. If m is a v-moderate weight and 1 < p,q < oo, then

e LP9(R%*) s a Banach space.
o LPY is invariant under translations T,, z € R*?, and
IT.Fll g < Co(:) | Fllugs (2.59)
e Duality: If p,q < oo, then (LP9)* = LP)7 | where s+ =1 and
1 + 17
g ’
Now we are able to define modulation spaces [14, 21].

Definition 2.7.3. Let 1 < p,q < co. Fix a non-zero window g € S(R?) and
a v-moderate weight m of polynomial growth on R??. The modulation space
MP4(R?) consists of all f € S'(R?) such that

I lnage = Vs lage = ( L ([ vt opmegpas)’ d5> (260



2.8. PSEUDODIFFERENTIAL OPERATORS 21

is finite.
Again we write M? if p = ¢ and M?9 if the weight m(z) = 1 on R*. As
for weighted mixed-norm spaces we have the following properties

Lemma 2.7.4. Let m be a v-moderate weight and 1 < p,q < oo. Then

o MP9(R*?) 4s a Banach space.

o MP9 is invariant under time-frequency shifts and

1T Me f | vaze < Co(, )| fllaaze (2.61)

e Duality: If p,q < oo, then (MP1)* = Mf//’fr;, where ]%—l— L =1 and

1 1 P
=+ = =1.
q+q/

Some modulation spaces coincide with other well-known function spaces. Let
g € S(R?).

1. M?*(RY) = L*(RY).

2. If m(z, &) = m(x), then M2 (RY) = L? (RY).

3. If m(z,w) = m(w), then M2 (RY) = FL? (RY).

4. M'(R?) = Sy(R%), which is known as Feichtinger’s algebra [13].

2.8 Pseudodifferential Operators

In this section, we define two well known forms of pseudodifferential operators
and state some of their properties.

Up to now, our focus has been on the analysis of functions or signals. Now we
study linear operators acting on functions. In mathematics, one uses several
forms to represent and investigate linear operators. One might represent
an operator as an (infinite) matrix with respect to a basis, or as an integral
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operator with a (distributional) kernel. The most interesting form for us is to
express an operator as a superposition of time-frequency shifts. In this case,
we speak of pseudodifferential operators. Pseudodifferential operators have
initially been a part of the theory of partial differential equations. However,
they can also be viewed as a part of time-frequency analysis.

Before we define pseudodifferential operators, we first define the Rihaczek
distribution and state some of its properties.

Definition 2.8.1. The Rihaczek distribution of two functions f, g € L*(R%)
is defined as

R(f,g)(x,€) = f(z)g§(&)e ™, (2.62)
for z,¢ € R%

Proposition 2.8.2. Let f,g € L*(RY). The Rihaczek distribution has the
following properties [28].
1. Let A = ()‘1’ )‘2)’“ = (MIMMQ) € R*. If f,g9 € LQ(Rd)) then
R(W()‘)fa 71'(,&)9) = 62“0\1_“1)#2 Mj(#*)\)T()\l,#Q)R(fv g)? (263)
where j()\) = j(>\17 )\2) = ()\27 —)\1)

—

2. R(f,g) =UV,f, where UF (§,z) = F(—x,&) and (¢, x) € R*.

Now we can define pseudodifferential operators.

The Kohn-Nirenberg transform of a symbol o € S'(R??) is the operator from
S(R?) to S'(R?) defined by

("N f.g) = (0,R(g,[)), f.g€SRY. (2.64)

If o is a (measurable) function on R??, then the Kohn-Nirenberg transform
can written as

N f(z) = //]R?d o(n, w)M,T_, f(x) dudn. (2.65)

Alternatively, we can also write

7N fa) = [ aleg) fle) s (2.66)
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We call ¢ the Kohn-Nirenberg symbol and & the spreading function of the
operator o since it describes how much the function f is ”spread out”
in time and frequency due to a delay spread and a Doppler spread, and we
adopt this terminology.

We say that the symbol o € S&’(R??) of a pseudodifferential operator belongs
to the modulation space M2>!(R??), also known as the Sjostrand class [24,
28, 59, 60], if its STFT satisfies

/]R sup |(o, MT,®)|v(¢)d¢ < o0 (2.67)

2d ,cR2d

for a window function ®(x,€), (z,&) € R??. Note that that the STFT of
a symbol o € §'(R*) is a function on R*. It is often convenient to con-
sider symbols in the Sjostrand class, because of the almost diagonalization
property, see Theorem 2.8.3, and because the corresponding pesudodifferen-
tial operators are bounded on all the modulation spaces, in particular on

L*(RY).

Theorem 2.8.3 ([24, 28]). Let g € M (RY), A C R q lattice, assume
that G(g,\) is a tight Gabor frame for L*(R%) and j(x,&) = (=€, z), for
(x,€) € R?L. Then for o € M>(R??) the following properties are equivalent:

(i) o € M (R*).

voj
(i) There exists a function H € L(R??) such that
(o™ 7 (2)g, 7 (m)g)] < H(y — 2), (2.68)
for all y, z € R*,

(iii) There exists a sequence h € £-(A) such that

(" ¥ a (Mg, m(1)g)| < h(p — N), (2.69)
for all A\, u € A.

Remark. The equivalence (i) < (i7) requires only that g € M (RY) without
any restriction. The implication (i) = (#i7) holds for arbitrary Gabor sys-
tems with g € M. (R?). Only the implication (iii) = (ii) requires that the
Gabor system is a frame for L*(R).
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Theorem 2.8.3 also holds for locally compact abelian groups|28, Theorem 4.3].
More detailed information on pseudodifferential operators and the Kohn-
Nirenberg transform can be found in [15, 17, 21, 22, 26].

2.9 The Sampling Theorem

In digital signal processing, one studies a discrete representation of the signal
f obtained by sampling f on a discrete set. A question arises whether and
how f can be reconstructed from its sampled values. Thus the main objective
of sampling theory is to formulate conditions under which it is possible to
recover particular classes of functions from given sets of discrete samples. A
second goal is to develop explicit reconstruction schemes for the analysis and
processing of digital signals.

Since in general infinitely many functions can have the same sampled val-
ues, it is necessary to impose some a priori conditions on f. One common
assumption is that f is bandlimited.

Definition 2.9.1. For a fixed €2 > 0, the space Bq of bandlimited functions
with highest frequency (2 is defined as

Bo = {f € L*(R) : supp f < [-2,]}. (2.70)

Now we can formulate the classical Whittaker-Kotelnikov-Shannon (WKS)
sampling theorem [6, 30, 34, 41, 50].

Theorem 2.9.2. Every function f € Bq can be recovered from the set of
samples {f(%) 1k € Z} by the formula

flz) = Z f (%) sinc(2Qx — k), (2.71)

kEZ

where sinc(x) = 22T qnd the series converges uniformly and absolutely.

Tx

Theorem 2.9.2 also holds for bandlimited functions in LP(R),1 < p < oc.
For bandlimited functions in LP(R),1 < p < oo, the sum converges also in
the LP-sense [3].
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The sampling rate of 29 is called the Nyquist rate. One can show [41, 43],
that the Nyquist rate is the smallest possible sampling rate to reconstruct f
uniquely. It is also possible to perform sampling with a higher sampling rate
(oversampling). In practice, oversampling helps to reduce noise and improve
stability.

To extend the sampling theorem to bandlimited functions in L*(R?) sampled
at a rectangular lattice, one defines

sinc(z) 1= Hsinc(:vj), (2.72)

where ¥ = (z1,72,...,24) € R as a sampling kernel [30]. This kernel is
used in Theorems 4.1.5 and 4.3.5.

There are several other variations of the sampling theorem which deal with
generalized sampling kernels or sampling in shift invariant spaces [6, 30, 34,
41, 42, 43, 64]. A more general setting is that of irregular sampling where
the sampling points are irregularly distributed [1, 2]. In this thesis, we only
consider uniform sampling.

2.9.1 Generalized Sampling

In this section, we present a generalization of the sampling theorem developed
by Papoulis [41, 49, 50]. With this generalization, it is possible to reconstruct
a function from n filtered versions. More precisely, given n functions k;,
1 < j < n, every function f € Bg can be reconstructed from samples of the
functions g; = f*k;,1 < j < n. Each of the functions g; is sampled at 1/n'"
of the original sampling rate. Define Q,, = Q/n and T,, = 1/(29,,). The goal
is to reconstruct f from the sample set

{(f*k)(mT,),1 <j<n,meZ} (2.73)

We have the following theorem.

Theorem 2.9.3. Let kj, 1 < j < n be n functions in L'(R) such that for
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every t € R and u € [ — Q,,Q], the linear system
200, > Hi(u, )k (u — 20Q,) = =270t/ (2.74)
j=1

0 <v <n-—1, has a unique solution for the quantities H;(u,t),1 < j < n.
If
hy(t) = / H, ()27 du, (2.75)
(-0,

then every function f € Bq can be reconstructed from the sampled values
(f * k;)(mT,) by the formula

FO =" 3" (f#ky)(mTo)hy(t — mT,). (2.76)

j=1 m=—o0

2.10 Vandermonde Matrix

Definition 2.10.1. A Vandermonde matriz is a matrix with the terms of a
geometric progression in each row, i.e., an m X n matrix

2 n—1
R x% ooy X
n—
1 @z 25 ... x4
1 3 3 rh
V(zy, xay ..o T) = 3 T3 ... T3 : (2.77)
2 n—1
1z =z, x,
or
— -1
Vij =1 (2.78)

for all indices 1 <7 <m, 1 <75 <n.

Lemma 2.10.2. /20, p.1078] The determinant of a square Vandermonde
matriz 'V can be written as

det(V)= [ (2j—m). (2.79)

1<i<j<n

The following corollary follows immediately.

Corollary 2.10.3. A Vandermonde matriz is invertible if and only if x; # x;
for alli # 7.



Chapter 3

Mathematical Model of
Wireless Transmission

3.1 Wireless Channel Model

Our description of wireless channels and the transmission setup follows [21,
Chapter 14] and [50, 62]. We consider a time-varying wireless channel, which
occurs, e.g., when the transmitter and the receiver are in motion relative
to each other. It is also possible that there are moving reflectors in the
channel. The presence of scatterers in the wireless channel results in multiple
versions of the transmitted signal, which give rise to multipath propagation,
see Figure 3.1. Multipath propagation leads to time dispersion, since the
transmission pulses are spread out in time. This delay spread can cause
intersymbol interference (ISI), i.e., interference between successive symbols.
Furthermore, a relative motion between the transmitter and the receiver, or
moving reflectors in the channel, result in a Doppler spread due to different
Doppler shifts of each of the multipath components. This Doppler spread
causes frequency dispersion, which can lead to inter carrier interference (ICI),
i.e., interference between transmission pulses. In this section, we informally
present a mathematical model of wireless channels.

27
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Bire Miriuti

Figure 3.1: Wireless Channel [source: www.kn-s.dlr.de].

3.1.1 Time-Invariant Channel

Let us consider the case of a linear time-invariant communication channel H,
that is when the transmitter and the receiver are stationary. Linear means
that

H(cifi+ cafe) = ctH f1 + coH f (3.1)
for all inputs fi, fo and coefficients ¢y, ¢y € C.

A time-invariant system commutes with time shifts
H(T.f)=T.Hf (3.2)

for all # € RY. That is, a shift of the input results in an equal shift of the
output.

It is well known that a linear time-invariant channel H can be expressed as
[44, 62]

y(t) = (Hz)(t) = (h*xx)(t) = /Rd h(t — s)z(s)ds, (3.3)
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where h is the impulse response of the wireless channel, i.e., h(t) is the
response at time ¢ to a unit pulse (a J-distribution) transmitted at time 0.
Here x denotes the transmitted signal and the received signal is denoted by
y. In (3.3) and in the rest of this thesis we ignore additive noise.

The transfer function h is determined as the response to a ”pure frequency”

e?™i¢t We get

H(e*™*)(t) = / h(s)e*™ 0 ds = h(€)e*me, (3.4)

Rd

In other words, the "pure frequencies” are ”eigenfunctions” of the time-
invariant channel H with eigenvalues h(§).

Considering a baseband communication system, that is
#(&) € [-9,Q]¢,  for some Q > 0, (3.5)

we can express (3.3) equivalently as

y(t) = / h(E)i(€)PmiE . (3.6)

—Q

Thus multipath propagation has the effect of attenuating different frequency
components of the transmitted signal differently, which is also referred to as
frequency selective fading.

In the language of mathematics, a linear time-invariant channel H is a con-
volution operator or a Fourier multiplier of the form

Hz=hxz=F'(hz) (3.7)

3.1.2 Time-Varying Channel

If either the transmitter or the receiver is moving or the motion takes place
in the channel, then the relative location of reflectors in the transmission
path is varying with time and so is the impulse response h. Thus we have to
model the impulse response by a time-dependent family {h;}. We call such
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a channel a time-varying channel. The input-output relation can then be
represented by the linear time-varying system

y(t) = (Hx)(t) = / hi(s)x(t — s)ds, (3.8)

Rd

where h; is the impulse response at time ¢. In contrast to a time-invariant
system where hg = h; for all ¢, the impulse response is now modeled by a
time dependent family of functions h;. By interpreting h; as a function of
two variables, i.e., hy(s) = h(t,s) and renaming variables, we can rewrite

(3.8) as
y(t) = (Hzx)(t) = / h(t,t — s)z(s)ds. (3.9)

R4
Equation (3.9) is an analog of (3.3) with h(¢) replaced by the time-varying
impulse response h(t,s). We now consider the analog of (3.6)

(H)(t) = /R (€3 . (3.10)

Here o can be interpreted as time-varying transfer function. In this formu-
lation the operator H = o®* becomes a pseudodifferential operator with a
Kohn-Nirenberg symbol o.

3.2 Transmission Setup

In the previous section, we described the time-varying wireless channel and
how it affects the transmission of signals. Now it is time to have a closer
look at the signal x itself and how the receiver may extract the transmitted
information from the received signal y = Hz.

We consider a multicarrier communication system. This means that the
available transmission bandwidth is not occupied by a single transmission
pulse g, but by a set of transmission pulses {g;};';' , where the index [ is
usually related to the carrier frequency of g;. A typical choice for g; is

ai(t) = g(t)e*™t, (3.11)
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where ¢ is some prototype transmission pulse with well-localized Fourier
transform, and 0 < b € R is referred to as the carrier separation. In this
setup, multiple complex exponentials are used as information bearing carri-
ers.

The mathematical model for the transmit signal = at time ¢t € R?, is given

by N-—1
w(t) =) craglt — ka)e™ ™, (3.12)

keZ 1=0

where a > 0 is called the symbol period, and {c4;}; ;" denotes the data
symbol at time k € Z and subcarrier { = 0,1,..., N —1. Here, the word data
symbol has to be distinguished from the symbol ¢ of an operator. It is easy
to see that we can attempt to recover the discrete data c;; only if the set of
functions {gx,;} are linearly independent.

If we let N — oo and consider an infinite number of subcarriers, then the set
of functions {gx;}x ez corresponds to a Gabor system G(g, a,b) as in (2.44),
generated by the elementary pulse g.

To get a discrete representation of the receive signal y, we compute

dx = (y,m(A)g)- (3.13)
From this we get
dy = (o""z,m(N)g) (3.14)
= (") cm(ing. m(N)g) (3.15)
HEA
= D culo™m(w)g, m(N)g). (3.16)

Motivated by (3.16), we define the matrix H (o) associated to the symbol o
with respect to the Gabor system G(g,a,b) by

H(”)Nu = <UKN7T(M)97 7T()‘)9>7 A p €A (317)

If it is clear which symbol is used, we write H instead of H (o). We use
the letter H for the continuous and the discrete representation of a time-
varying wireless channel, since it should be clear from the context which
representation is used.
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3.2.1 Pilot Arrangement

In this section, we explain how we estimate some diagonal entries of the
channel matrix. We use a pilot-aided approach, that is we designate some
of the sub-carriers in some of the OFDM symbols to carry known symbols.
These symbols are called pilot symbols. Specifically, fix two positive integers
K and L and assume that every K-th entry in the time direction and every
L-th entry in the frequency direction is known, so that the pilot symbols are
placed on a sublattice A, = aKZ® x bLZ?* C A. Several pilot arrangements
are known [7, 16, 63]. Two commonly used pilot arrangements are the block-
type arrangement in Figure 3.2 and the comb-type arrangement in Figure
3.3. The block-type arrangement corresponds to K > 1 and L = 1, while
the comb-type arrangement corresponds to K =1 and L > 1.

Since the receive signal y and the pilot symbols are known, we can estimate
the diagonal entries of H corresponding to the lattice A, as follows

Ho,=-L peA, (3.18)

We only get an estimate of the diagonal entries of H, because H in general
contains information from neighbouring symbols due to the doubly selective
channel.

>

Time

| JOXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOJOX XOXOXO)
| JOXOXOX XOXOXO)
| XOXOXOX XOXOXO)

OJOXOX JOXOXO)

OXOXOX XOXOXO)

OXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOXOX XOXOXO)
| JOXOJOX XOXOXO)
| JOXOXOX XOXOXO)

>

Frequency

Figure 3.2: An illustration of the block-type pilot arrangement (o’ represents
data symbols and e’ represents pilot symbols).
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A

| JONGXOX NOXOXOX NGOG XOXOXC)
| JONGXOX JNOXOXCX NOXOXOX XOXOXC)
| JOJOXOX JOXOAON NONOXON XOXOXC)
| JOLOXOX OXOAON NGOG XOXOXC)
| JOLOXOX JOXOAON NGOG XOXOXC)

Time

| JONGXOX JOXOXOX NONOXOX XOXOXC)
| JONGXOX JOXOXOX NGOG XOXOXC)
| JONOXOX NOXOXOX NGOG XOXOXC)

>

Frequency

Figure 3.3: An illustration of the comb-type pilot arrangement (’o’ represents
data symbols and ’e’ represents pilot symbols).
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Chapter 4

Reconstruction of the Symbol

In this chapter, we investigate the relation between properties of the op-
erator and properties of the corresponding channel matrix. The goal is to
reconstruct the symbol of the operator from specfic entries of the channel
matrix.

We derive a reconstruction formula for the symbol of a pseudodifferential
operator with compactly supported spreading function from the main diago-
nal, from a side diagonal, and from finitely many diagonals of the operator.
These reconstruction formulas are based on the assumption that the short-
time Fourier transform of the window function g, which generates the Gabor
system, does not vanish on the support of the spreading function. It is not
sufficient, to study the reconstruction formulas only for L” spaces, because
commonly used models, like point scatterers, can, from a mathematical view-
point, only be modeled in the setting of tempered distributions. Therefore,
we prove the reconstruction formulas for symbols in L? L*,1 < p < 0o, and
S’. We also propose an iterative method for joint channel estimation and
equalization of the receive signal that uses such a reconstruction formula.

Our results can be applied in the context of channel estimation and equal-
ization of the receive signal. If we have an estimate for entries of the channel
matrix, then we can use the reconstruction formulas to derive an estimate of
the whole channel matrix, in other words, an estimate of the operator.

35
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4.1 Reconstruction from the Main Diagonal

We assume that we know all elements of the main diagonal of the channel
matrix H. Our goal is to reconstruct the symbol ¢ using only these entries.

Let (c\)xea be the matrix of data symbols over the lattice A = aZ? x bZ<.
These data symbols are in general not known, and should be transmitted
over the wireless channel. Let (dy)xea be the matrix of received symbols.

We derive an expression for the diagonal entries in terms of the Rihaczek
distribution of g.

Lemma 4.1.1. Let 0 € LP(R*),1 < p < oo, & compactly supported, g €
L'(RY) and g € L'(R?). The diagonal entries of H can be written as follows

Hyx = (0""1(A\)g, 7(\)g) = 0 % R(g,9)"(\), A €A, (4.1)

where f*(z) = f(—z).

Proof. Using the definition of the Rihaczek distribution (2.62), we get
1R(g,9)" Il = llg @ glly = llgllx - g[l < o0 (4.2)
Since o € L”(R??), the convolution ox R(g, g)* is well-defined in the LP-sense.
From the intertwining property of the Rihaczek distribution (2.63), we have
R(m(A)g, m(N)g)(x,€) = R(g, 9)(x — M, € = Aa). (4.3)

Combining the definition of the Kohn-Nirenberg transform (2.64) and Equa-
tion (4.3), we obtain

("N x(Ng.7(N)g) = (o R( <A>g, <A>g>> (4.4)
_ / 0@ ORENg 79, duds  (45)

_ / o (2, ) R(g,9)(x — M, & — Ao)dzdé  (4.6)

R2d

_ / L9) (O — @, Ay — E)dade (4.7)
o * R(g, 9) ()\) (4.8)
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In general, Equation (4.8) is valid for almost every A € R*. However, o *
R(g,g)* is an analytic function, since its Fourier transform & -m, where
UF (£, x) = F(—x,§), is compactly supported, see Theorem 2.6.7. Therefore,
Equation (4.8) is valid for every A € R*?. O

Lemma 4.1.1 provides a concise and useful representation of the diagonal
elements of H as the convolution of the symbol ¢ with a specific quadratic
functional of g.

A similar result to Lemma 4.1.1 can be obtained when o is a tempered
distribution.

Lemma 4.1.2. Let 0 € S'(R*?) and g € S(RY). The diagonal entries of H
can be written as follows

Hyy = (0" 1(A\)g, 7(\)g) = 0 % R(g,9)"(\), A €A, (4.9)

where f*(x) = f(—x).

In the following reconstruction formula, we assume that ¢ has a compact
support contained in the fundamental domain of the lattice A+ = %Zd X %Zd.

Now we prove the main theorem on the reconstruction of o € L*(R??).

Theorem 4.1.3. Let 0 € L*(R*), supps C Q = [—o, =] x [, 2],
g € L'(RY) and g € L' (RY). IfUV,g does not vanish on Q, then
1 L Xe )
o=—Y H,HF! , 4.10
ab ;A AT (uvgg (4.10)

where Hy  are the matriz coefficients of "N w.r.t. the lattice A = aZ%x bZ?,
X denotes the indicator function, UF (§,x) = F(—x,§) and the sum converges
in the L*-sense.

Proof. Our goal is to reconstruct ¢ from the entries of the main diagonal of
the channel matrix H with respect to the lattice A in the form

o = Z H)\’)\T)\h, (411)
AEA
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where the function A is to be determined.

Our proof follows the classical proof of the sampling theorem [6, 41, 50]. The

idea is as follows. We construct the periodization of 6-UV,g using the Poisson

XQ
abUVyg

to

summation formula. Then we multiply the periodization by h =
get g, and then take the inverse Fourier transform.

We use the fact that F~! = ZF, where T is the reflection operator, and

—

R(g,g9) = UV,g, see Proposition 2.8.2, to compute

(6-UVyg)(w—1n) = IF(o*R(g,9))(n—w) (4.12)
F o xR(g,9)")(n—w) (4.13)

for all w € R% n € AL

Now we apply the Poisson summation formula (2.11) to f = Z(6-UV,g). This
function is compactly supported, and in L*(R?%), since U V,g is bounded on

Q. Moreover, f = o % R(g, g)*. Note that the roles of the lattices A and AL
are interchanged and w corresponds to —z. We have

ab Y (6-UVgg)(w—n) =Y (0% R(g,9)")(\)e > (4.14)

neAt AEA

Let
h(w) = —Xe@) (4.15)
ab-UV,g(w)
We claim that & can be expressed as the left hand sum in Equation (4.14)
multiplied by A as follows

G(w) = ab- 5(w) - UVyg(w) - h(w) +ab Y (6 - UVyg)(w — n)h(w).  (4.16)

neEAL
n70

We consider now w € Q. For every n € A+, n # 0, 6(w —n) = 0, since w and
w —n cannot lie simultaneously in (). Thus the summation term in Equation
(4.16) vanishes and Equation (4.16) follows from Equation (4.15).

For w ¢ @, both sides of Equation (4.16) vanish because of the definition of
h and because suppa C Q.
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Combining Equations (4.16) and (4.14) gives

5(w) = 3 (0 Rlg,9)") Ne 2 h(w). (4.17)

AEA

Next we apply the inverse Fourier transform to Equation (4.17) and the
proposed reconstruction formula follows.

Since UV, g is continuous and does not vanish on @), uXTQg is bounded and
g

h € L*(R?!). Therefore, the preceding algebraic manipulations are justified
in the L*-sense. In particular, the series in Equation (4.10) converges in the
L*-sense. O]

Theorem 4.1.3 has a distributional counterpart, which is obtained by ap-
plying the Poisson summation formula (2.57) to the compactly supported
distribution v = ¢ - UVg.

Theorem 4.1.4. Let 0 € S'(R*) and suppo C Q. = [—5- + ¢, 5 — €] X

’ 2a

[~ 4,5 — €] for some e > 0. Furthermore, let ¢ € C°(R*?) be such that
o=1o0nQ. and suppp C [—=, -] x [, =% If g € S(RY) and UV,g

2a’ 2a T 267 26
does not vanish on supp ¢, then
1 @
a:—EjH T]-"‘l( ) 4.18
ab &= A UV,g (4.18)

where Hy  are the matriz coefficients of o®N w.r.t. the lattice A = aZ x bZ,
UF (& x) = F(—x,&) and the sum converges in the distributional sense.

The proof of Theorem 4.1.4 is similar to the proof of Theorem 4.1.3. We only
have to replace the characteristic function in Equation (4.15) by a properly
chosen smooth function . In order to avoid aliasing introduced by ¢, we have
to restrict the support of & to the rectangle [—5-+¢, & —e]*x [~ 5 +¢, 5 —¢]%.

Next we state the reconstruction formula for o € LP(R?*),1 < p < co. In
the following theorem we use the multidimensional sinc function as defined
in Equation (2.72).

Theorem 4.1.5. Leto € LP(R?),1 < p < oo, andsuppé C Q = [—5, ==]9x

" 2a’ 2a

(=5, 55)%. Furthermore, let ¢ € C(R*) be such that ¢ = 1 on Q, g €
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L'(RY) and g € L'(RY). If UV,g does not vanish on supp p, then

1 .
o=~ % Hy 5Ty (sine *K), (4.19)

where Hy y are the matriz coefficients of o™ w.r.t. the lattice A = aZ4x bZ?,

_ 1 _
K =F (#;g), UF (&, x) = F(—z,§), and the sum converges absolutely,

uniformly and in the LP-sense.

Proof. The idea of the proof is as follows. Since o € L?(R?*?) and R(g, 9)* €
L'(R?¥), because g and § are in L'(R?), it follows that o* R(g, g)* € LP(R??).
We consider the Shannon reconstruction formula for o % R(g, g)*, which con-
verges absolutely, uniformly and in the LP-sense, see [3, 6]. We note that
the Fourier transform of o % R(g, g)* is also supported in [—5-, 3] X [—5, 5.
Then we convolve o x R(g, g)* with a properly chosen function K to achieve

a reconstruction formula for o.

We recall from Lemma 4.1.1 that Hy y = o % R(g, g)*(\) and write [3]

1
o # Rg,9)" = — >  Hy,Tysinc, (4.20)
AEA

where the sum converges absolutely, uniformly and in the LP-sense.

Next we define

K=F" ( Ld ) . (4.21)
UVyg

Since R(g,g)* € L'(R*?), we have that UV,g = R@* € FL'(R*). Since

UV,g # 0 on supp ¢, we apply the Wiener-Lévy theorem, see [54, Theorem

1.3.1], to conclude that there exists a function ¢ € FL'(R??) such that

Y = —L on supp . Since p € C*(R??), ¢ is also in FL'(R?*) and we have

UVyg
oY = % € FL'(R?*). Thus we conclude that K € L'(R*!). Now we
claim that
oxR(g,9)" *x K = o. (4.22)
To prove this, we consider the Fourier transform of Equation (4.22). We get
6-Rlg.g K = 6-UVyg-UVyg - (4.23)

(4.24)

Q>

Y
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because ¢ = 1 on suppo.

Now we combine Equations (4.22) and (4.20) to compute

o = oxR(g,9)"x K (4.25)
1 .
= = %H,\,)\TA(smc *K). (4.26)

Since we convolve o * R(g,g)* € LP(R*)) with K € L'(R??), the series in
Equation (4.26) inherits the convergence properties from Equation (4.20). O

In Theorem 4.1.3, we reconstruct the symbol ¢ from the entries of the main
diagonal of the channel matrix H. In practice, pilot symbols are used in
wireless communication systems. This means that, assuming a distortion
free channel, only the elements corresponding to the ”pilot”-lattice A, (see
Section 3.2.1) of the main diagonal of H are used for the reconstruction.
However, the symbol can also be reconstructed from the lattice A, as long
as the support of ¢ lies inside the fundamental domain of the lattice A]f.

Our approach is applicable to the class of underspread operators, which is
often used to model wireless channels [37]. An operator o®% is called under-
spread, if the support of & is contained in a rectangular region of area less
than 1 which is symmetric around the origin. Denoting by S the support of
o, we have
S :=suppad C [—wy, uo]d X [—TO,TO]d (4.27)
with
4oy < 1. (428)

The reconstruction formula for underspread operators follows as a special
case of Theorem 4.1.3 when we additionally assume that ab > 1.

4.2 Zero-Free Regions of the STFT

In Theorem 4.1.3 we use the assumption that the short-time Fourier trans-
form does not vanish on the support of . In this section we show the exis-
tence of a condition on the window function g under which the STFT does
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not vanish on a certain region around the origin. To derive such conditions,

we use the Taylor expansion and assume that d = 1, that is x,£ € R.

The MacLaurin series of the short-time Fourier transform up to n-th order
terms is given by [27]

m—k
Vof(x,6) = }j}j me ) it XD ), (4.29)

m=0 k=0 )

where Xg(t) = tg(t) and Dg(t) = %g(t) for a continuously differentiable
function g.

Next we consider the MacLaurin series of Vg up to first order terms and
assume that ||g||> = 1. This gives
1

2m m—k _
Vaee) = 33 ) S 0. XAD ) 4 B, )30
m=0 k=0 ' '
= 1-u(y, Dg> — 2mig(g, Xg) + E(, ), (4.31)
where the Lagrange form of the error term E(x, &) is given by
E(z,§) = Y Rz, &a' " (4.32)
k+1=2
Setting Q(x,&) =1 — z(g, Dg) — 2mi&{g, X g), we can write
Vog(x,§) = Q(z,§) + E(x,€). (4.33)
The coefficients of the error term are bounded by [20, Section 0.317]
1
[Roa(z, ) < 5 sup (g, m(x0,6) D), (4.34)
|Ria(z, &) < 2msup |(g, 7 (0, o)X Dy)l, (4.35)
|Roo(x,6)] < 2nsup [(g, 7 (w0, &) X7g)], (4.36)

where the supremum is taken over all |zg| < |z| and [£y| < |£]. Since we use
these coefficients and estimates frequently in the following, we define

J = g, Dg)l, (4.37)
kE = 2n|{g,Xg)|, (4.38)
L= Ssupl{g,n(r0, &) D), (4.39)

= 2n%sup |{g, 7 (w0, £0) X2 g)], (4.40)
n = 27rsup|<g,7r(x0,§0)XDg>\. (441)
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The following two inequalities hold
Q(@,&) = 1—[zfj —[¢[k (4.42)
E(z,¢) > —2%—&m — |x€|n. (4.43)

From (4.33) we conclude that the short-time Fourier transform is non zero
for all x,& which satisfy the following inequality obtained by adding (4.42)
and (4.43)

2L+ Em + |xén + |z|j + |k < 1. (4.44)

In Theorem 4.1.3 we assume that the support of ¢ is contained in a rectan-
gular region around the origin, that is

S = supps C |-, | x |2, (4.45)
T SUPPO =TS 0 207 2b | '

To ensure that the STFT does not vanish on S, the region S has to be
contained in the planar region defined by (4.44). This means that if the
point ( L 1) satisfies

20 3
1\? 1\? n ik
B Yy L ALY 4.46
(2a> +(2b) RPN (4.46)

then S is contained in the planar region (4.44).

4.3 Reconstruction from One Side Diagonal

Before we consider the reconstruction from finitely many diagonals, we present
one special case, namely the reconstruction from one side diagonal. Let us
therefore consider the side diagonal which corresponds to v € A. That is, we
consider the entry

Hyppw = (o™ 7(A+v)g,m(N)g) (4.47)
(0, R(r(\)g, 7(A + )g)). (4.48)

of the channel matrix H.

We have the relation

(A +v)g = ™2 Mr(\)71(v)g (4.49)
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which gives
R(r(N)g, m(A+v)g) = R(r(\)g,e™™* ’\17r()\)7r( )9) (4.50)
T\R (g, ™M m(v)g) (4.51)
= e NNR (g,7(v)g). (4.52)
From the intertwining property of the Rihaczek distribution (2.63) we get

R(g,m(v)g) = e M(_y,1) T0.0)R(9, 9)- (4.53)
Now we have the following relation
R(m(N)g,m(A +v)g) = e 2maMe 2D M T R(g, ). (4.54)

The next step is to interchange translation and modulation in Equation
(4.54). We get

R(7(N)g, 7(A+1v)g) = e ™2 M T\ sgsvm) M(—va) R(9, 9)- (4.55)

The following lemma provides an expression for Hy,., in terms of the Ri-
haczek distribution.

Lemma 4.3.1. Let 0 € LP(R*),1 < p < oo, 6 compactly supported, g €
L'(RY) and g € L'(RY). The side diagonal entries of H can be written as
follows

Hyprw = (o""7(A+v)g,m(N)g) (4.56)
Cxv (g * T(0,00) M (= v,00) (9, g)*) (A), (4.57)

where ¢y, = ™2 and f*(x) = f(—x).

Proof. From Lemma 4.1.1, we already know that the convolution in Equation
(4.57) is well defined in the LP-sense. Consider equation (4.48)

Hypiw = (0"V7(A +v)g,7(N)g) (4.58)
= (o,R(r(N)g,m(A+v)g)). (4.59)

Now we apply equation (4.55) and compute

Mo = [ olo RGO 7N+ 7)g) (o dode (4.60)

= Cx /2d 0(3:,§)T()\1,A2+,,2)M(,,2,,,,1)R(g,g)(.:l:,f)dxdﬁ (461)
R
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for all A € A, fixed v € A and ¢y, = e*™*2M . Next we interchange translation
and modulation in Equation (4.61) and proceed as in the proof of Lemma
4.1.1 to get

H/\,)\+V = Cx (0 * T(O,VQ)M(I/Q,fl/l)R(g7 g>*) (A) (462)

for all A € A, fixed v € A and ¢y, = e™2>* . Due to Theorem 2.6.7, the
equality is again valid for every A € R?, O

Again, we formulate a similar result to Lemma 4.3.1 when o is a tempered
distribution.

Lemma 4.3.2. Let 0 € S'(R*) and g € S(R?). The side diagonal entries
of H can be written as follows

Hyapw = (@™ V7(A+v)g,m(N\)g) (4.63)
= Cyw (U * T(O,VQ)M(—VQ,IIl)R<g7 g)*) (A)v (464)

where ¢y, = 2™ M and fH(z) = f(—x).

As in Section 4.1 we use the representation (4.57) of the side diagonal entries
of H to get a reconstruction formula for the symbol o.

Theorem 4.3.3. Let 0 € L*(R*), supps C Q = [—5, 5% x [, 5],

g € L'(RY) and g € L'(RY). If Ty, \UVyg does not vanish on Q, then

1 1 - XQ
o=—=> —Hu,,LF! — |, (4.65)
ab /\EZA Chy * M(07_V2)T(V27_,/1)Z/[Vgg

where Hy x4, are the matriz coefficients of oBN w.r.t. the lattice A =
aZ® x bZ4, cy, = e* 2\ -y denotes the indicator function and UF (€, x)
F(—x,€) and the sum converges in the L*-sense.

The proof of Theorem 4.3.3 is similar to the proof of Theorem 4.1.3.

Using Lemma 4.3.2, we obtain the following theorem.
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Theorem 4.3.4. Let 0 € S'(R*), supps C Q. = [—% +e, i —e]dx [—2%) +
€, 5 — €]. Furthermore, let ¢ € C°(R*?) be such that ¢ =1 on supp 6 and
suppyp C [—5, o] X [— %, %] If g € SRY) and Ty, \UVyg does not

247 2a 27 2
vanish on supp @, then
1 1 ©
o=—=> —Hu,OF! — |, (4.66)
ab /\EZA Ew Mio,~v5) Tws,—yUVgg

where Hy xi+, are the matriz coefficients of BN w.r.t.  the lattice A =
aZ® x bZ2, cy, = e*™2 My denotes the indicator function and UF (£, ) =
F(—z,£) and the sum converges in the distributional sense.

The reconstruction from a side diagonal also holds for o € LP(R*), 1 < p <
0o. Again, we use the multidimensional sinc function as defined in Equation

(2.72).

Theorem 4.3.5. Let 0 € LP(R*)),1 < p < 0o and suppo C [—5-, 5-]% X
[— 5, =% Furthermore, let ¢ € C*(R??) be such that ¢ = 1 on suppd,

T260 2
g € L'(RY) and g € L'(RY). If T(,, 0 \UV,yg does not vanish on supp ¢,
then . )

o=— /\EZA C—MHA7A+VT)\(SiHC *xK), (4.67)

where Hy sy, are the matriz coefficients of o®N w.r.t. the lattice A =

d d _ —1 [ _ 2mive- A :
aZ® x bZ7*, K = F ( ) Cy, = e denotes the in-
) M(O,—UZ)T(VQ,—J/I)UVQQ 2 AV ) X

dicator function and UF (&, z) = F(—x,&) and the sum converges absolutely,
uniformly and in the LP-sense.

The proof of Theorem 4.3.5 is similar to the proof of Theorem 4.1.5.

4.4 Reconstruction from Finitely Many
Diagonals

In this section we assume that the entries of finitely many diagonals of the
channel matrix H are known. From Lemma 4.1.1 and Lemma 4.3.1 we derive
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expressions for the (side) diagonal elements of H. In the following we want
to use finitely many diagonals to reconstruct the symbol o.

Assume that we know the values of
H)\7A+Vl = (O’ * Fyl)()\), )\,Vl € A, 1<l < n, (468)

where each function F,, corresponds to a specific diagonal. For the main
diagonal, that is v, = (0,0), we have F'(A\) = R(g,9)*(\) and for the side
diagonal corresponding to v; = (11, v12), we have

FVZ<)\) = T(07V1,2)M(—Vl,2,l'z,1)R(g7 g)*<)‘) (469)

Remark 4.4.1. In Theorem 2.9.3 we assume that the signal f € Bg is recon-
structed from n filtered versions g; = f * k;; 1 < [ < n. In this case, every
function g; is sampled at 1/n'" of the original sampling rate. In the following
theorem, we sample the functions g; at the original sampling rate. Therefore,
we can assume that the support of f is n times as large as in Theorem 2.9.3.

Now we prove the following theorem.

Theorem 4.4.2. Let o € L*(R*), g € L'(R?) and § € Ll(Rd). If suppé C

Ul (Q—n)), where Q = [, £)7x [~ & 119 and det(F,, (w—1;))1<1j2n # 0
for w € suppa,n; € A+, 1 < j < n, then the symbol o can be reconstructed
uniquely from the given n diagonals.

Proof. Let w = ((,u) € R?*. By assumption we know the values
(0% F,)(A\) = dxy, (4.70)
for A € A,1 <1 <n. We consider the corresponding Fourier series

ZZ o * Fl/l 27rz)\w Z Zd e27rz)\w (471)

=1 XeA =1 XeA

Now we apply the Poisson summation formula (2.11) to the left hand side of
Equation (4.71) and get

abz Z F,(w—n)=Dy(w), weR™ (4.72)

=1 neAL
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where Dyg(w) = 3701 Do e daae®™.
Since by assumption

supp U Q—n). (4.73)

it follows that (4.72) reduces to

n n

abZZJ l,lw n;) = Dyi(w), we Q. (4.74)

=1 j=1

From linear algebra we know that the system of equations (4.74) is solvable
uniquely if and only if

det(F, (w —1;))1<1jen # 0 for w € Q. (4.75)

In other words, the determinant of the matrix

M(O,*l/l,zT(Vl,z,*lﬂ,l)u‘/gg(w - 771) s M(O,*Vl,z)T(l/l,z,*V1,1)Z/{Vtt]g(w - 777’&)
M(07*V2,2)T(V2,27*V2,1)u‘/tqg(w - 771) s M((];*VQ,Q)T(VZ,Q,*V2,1)Z/{‘/gg(w - 777’&)
Mo, ) Tt 210 ) UVgg(w =) o Mo~ ) T 0, ) U Vg9 (w0 — 1)
(4.76)

needs to be nonzero for every w € Q. m

We observe that it is sufficient to compute the determinant of a finite matrix
constructed for a rectangle ) to check if a given symbol o can be recon-
structed uniquely from finitely many diagonals. In other words, to check if
a symbol, which is defined on all of R??, can be reconstructed, one only has
to consider a finite matrix corresponding to a finite rectangle.

In the proof of Theorem 5.1.1, we explicitly compute the elements of the
matrix appearing in Theorem 4.4.2 for the Gaussian function g.

We also propose a formula for reconstruction of the symbol from finitely
many diagonals. The following theorem is a special case of Theorem 2.9.3.

Theorem 4.4.3. Let 0 € L*(R?*¥), supps C Ui (Q — my) with Q =

[—i,i]d X [—Zib,le]d, n; € At and g € L*(RY). Furthermore let F,,,
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1 <1 <n ben functions in L*(R?*®). If the set of equations
1 . ol —2min;-z
> Hilw, 2 F w0 — ) = €70, (477)
1=1

1 < j < mn, has a unique solution for the quantities Hy(w,z),1 <1 < n for
every z € R* and w € Q, and

ha(z) = / Hylw, 2)e277 duy, (4.78)
Q

then o can be reconstructed from the sample values (o % F),,) () by the formula

o(z) =YY (0% F,) () Tah(2), (4.79)

=1 XeA

and the sum in Equation (4.79) converges in the L*-sense.

The proof of Theorem 4.4.3 can be found in [41, 49, 50].

4.5 Proposal for Iterative Channel Estima-
tion

In this section, we propose an iterative method for channel estimation and
ISI/ICT equalization. This method is based on the reconstruction formula
(4.10) of Theorem 4.1.3, and on an equalization method called single-tap
equalization of the receive signal.

We assume that the transmitter transmits the vector

C(trans) - pllOt Symbol, A E Ap
A | data symbol, otherwise.

(4.80)

trans

Our initial approximation ¢ to the vector ¢"**) is defined as follows

A0 { pilot symbol, A € A,

A 0, otherwise. (4.81)

Our iterative method is initialized by a straightforward estimation of the
diagonal entries of H at the pilot positions as in (3.18).



50 CHAPTER 4. RECONSTRUCTION OF THE SYMBOL

1 d
0. Hyl =G5, peh,
i

Now we describe the i-th iteration.

1. Reconstruct ¢ based on H, ,(fﬁ, i € A, using the reconstruction formula

(4.10).

2. Compute the i-th approximation H® of the whole channel matrix using
(4)
o\,

3. Compute the i-th approximation of the vector ¢(7#m),

D = (HD)"q. (4.82)

4. Now we perform ISI/ICI equalization and obtain a new approximation
of the diagonal entries of H at the pilot positions. That is, for p € A,
we compute

i Q) _ (@) (2)
HODD =d, — > HYC. (4.83)
AEA: NF£p

Now the ¢-th iteration of the algorithm is finished and we use H, ,(fjl) in the
(i + 1)-th iteration to get the next approximation ¢! of the symbol o.

The goal of this method is to improve the quality of channel estimation and
equalization of the receive signal. With the reconstruction formula used in
this method, it is possible to compute the interference terms between neigh-
bouring symbols and adjacent frequency carriers. This additional informa-
tion can now be used to equalize the receive signal. The most important open
question in this context is the numerical stability of the proposed method.



Chapter 5

Impossibility Results

In this chapter, we present several impossibility results for the channel matrix
with respect to the structure of the underlying Gabor system.

One result states that if the channel matrix is identically zero, and the under-
lying Gabor system is generated by the Gaussian function, then the operator
is identically zero. Another result shows that the channel matrix cannot be
diagonal if the underlying Gabor system is a frame.

Other impossibility results follow from the reconstruction formulas in Chap-
ter 4. Namely that the channel matrix cannot vanish identically on one side
diagonal, or on finitely many diagonals simultaneously. These results fur-
ther imply that a non-trivial channel matrix cannot be diagonal, which is a
commonly made assumption in the engineering community [10, 11, 47, 58].
However, we prove that this assumption is not satisfied from a mathemati-
cal viewpoint. A common way to deal with this problem is to assume some
off-diagonal decay conditions for the channel matrix. But again, one has to
be careful with off-diagonal decay conditions, as we will show in Section 5.3.

o1
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5.1 Impossibility Result for Gabor Systems

For notational simplicity, we state the following result in dimension d = 1.
We need the following derivations.

Let A = aZ x bZ be a lattice, let ¢ € L*(R) be such that G(g, a, b) is a Gabor

system in L*(R), and let us assume that
Hy, = (" N7r(u)g, 7(N)g) =0, VA pu€A. (5.1)

We write A = (A, o), it = (1, o) € R% From the definition of oV see
Equation (2.65), we have

(0" (1)g, m(N)g) = (. UVzgm(N)g), (5.2)
where UF (€, x) = F(—x,§). Using Lemma 2.3.4, we compute

VetngmNg(—2,6) = € IR Vig (-0 0) - (53
_ 627r7)\2)\16—27r2,u«2>\1 M(uz,—M)TA—uV;Jg(_xa §), (5'4)

and conclude that (5.1) is equivalent to
<(AT, M(N2,*)\1)T>\_MG> =0, V)\,[IJ €A, (55)
where G = UV,g.

Theorem 5.1.1. Let 0 € S'(R?), ¢(z) = e ™ be the Gaussian function,
A = aZ x VZ a lattice, and G(p,a,b) be a Gabor system. If 6 is compactly
supported and

Hy, = (0" (n)o, m(\)p) =0, VYA p €A, (5.6)

KN

then o™* 1s identically zero.

Proof. Combining Equations (5.5) and (5.6), we obtain

(6, M,T\G) =0, VAe A pelN =bZxadZ, (5.7)

where G = UV,p.
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From Example 2.3.3 we know that

G(&,x) = UV,p(E,x) = Vop(—a,€) = % e B¢ gt tmits, (5.8)

Setting p = (uy, p2) € Ny X = (A, X)) € A, 2 = (§,2) € R?, we expand the
right hand side of the inner product in (5.7).

M,T\G = ™ FG(z - )) (5.9)
L amilemtaua) tmi(e-20)(@-22) - §(€-20)2- § (o= 2)?
— _ e2mi(€ptapz)tm 1)(z—A2)—3 1 3 (z=A2)% 5.10
7 (5.10)
The expression in the exponent in Equation (5.10) can be written as follows
. . m 2 T 2
2mi(€p + wpp) +HE — M)(@ = Ag) = (€~ M)" = Sz —Ag)" =
= Tid g — gAf - g)\g - gga - gx2 + migT— (5.11)

— iy — iz A + TEN + T + 27i(Epy + xTpn).
Now we collect the linear coefficients that depend on A and define
F)\<§,$) — e—wif)\g—ﬂix)\1+7r§)\1+7rx)\2 (512)

and
D¢, z) = e 383 (5.13)

Substituting Equations (5.12) and (5.13) into Equation (5.7) and dropping
all constant terms gives
(6, M, ®Fy) =0 (5.14)

for all A € A and for all 4 € A’. Next we define
p=0od. (5.15)

We set S := suppd, and observe that suppp = S. Now we substitute
Equation (5.15) into (5.14) and get

(p. M,Fy) =0, (5.16)

for all A € A and for all € A’.
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The idea of the remainder of the proof is as follows. For each A, the peri-
odization of pF) vanishes due to Equation (5.16) and the Poisson summation
formula for compactly supported distributions (2.57). We restrict the peri-
odization to a specific open set and divide out F to get a system of equations
for the restrictions of p. Then we use the invertibility of a Vandermonde ma-
trix for some selected A\’s to conclude that all restrictions of p vanish. Finally,
we conclude that p vanishes using a partition of unity.

By the Poisson summation formula for compactly supported distributions
(2.57), Equation (5.16) is equivalent to

Py =Y T,(pFy) =0, VA€A, (5.17)
veA©°

where A° = %Z X %Z is the adjoint lattice as defined in Definition 2.1.5. Since
S is compact, there is a positive integer L such that

—L+1 L—-1 —L+1 L—-1
S =suppp C R:= + , X i , . (5.18)
b b a a

We define () = (—%, %) X (—é, %) and Qjr = T(Tj,gk)Q, where 7; = %, (= S
for —L < j,k < L. Cl

RC (%Lé) X (%Lg) = U Qi (5.19)

—L+1<j,k<L—1

Next we consider the restriction of the periodization &2, to @,
Pilo =Y _ T.(pF)lg=0, VA€A. (5.20)
veA°

Since R contains supp p, Equation (5.20) reduces to

L L
Pilo=>_ Y Tiwc(pF)lg=0 (5.21)

j=—L k=—L

for all A € A. In Equation (5.21) we sum from —L to L, because this covers
all shifts of () which possibly intersect with supp p according to Equation
(5.19). We can write

L L
Pla= Y. Y. Tmerle TmaFile =0 (5.22)

j=—Lk=—L
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for all A € A. Now we define

Pk = T(Tj,Ck)p|Qa (523)
and compute
FA(E — 7y, — G) = e TE TG E e (5.90)

In view of Equation (5.24), we observe that we can divide Equation (5.22)
by the exponentials in x and & to get

L L
Y vk Fa(=75,-¢) =0 (5.25)
j=—Lk=—L
for all A € A, where
F)\(—Tj7 _Ck) _ 6)\1(7ri<k—7r’rj)€)\2(7ri7'j—7r(k)‘ (526)
Now we substitute the explicit forms of A = (aly, bly) and 7; = %, G = f, as
defined before, to write
( 75, Ck) 1(mik—7j §) lg(m‘j—wkz%)' (527)

We observe that in Equation (5.27) the numbers e™™%, —L < j < L are dis-
tinct, but the numbers e™ = (—1)* need not be distinct. This can happen,
if and only if two k’s differ by an even integer. Therefore, we consider the
even k’s and the odd k’s separately. We get

j—*Lk even

+ Z 3" pia (meTIE)! iD= g,

j=—L k odd

(5.28)

For a fixed Iy, we choose I; = 0,1,...,4L+1, and get a Vandermonde system
generated by 4L + 2 distinct elements +e ™% with —L < 7 < L. By the
invertibility of the Vandermonde matrix

V({£e ™} rejer), (5.29)
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see Corollary 2.10.3, we conclude that for every ly and for every j

Z pix €2ITTRD) = (5.30)
k even

and o
Z p_],k elQ(Tm]iTrk‘E) = 0 (531)
k odd

We divide Equations (5.30) and (5.31) by €2™ and add them to obtain
L e
3 o (a*’f a) =0 (5.32)
h=—
for every [, and for every j.

We note that all the numbers e‘”’“g,—L < k < L, are distinct, so in a
similar fashion one can conclude that p;, = 0 for —L < j,k < L. To this

end, one creates an invertible Vandermonde system by setting lo = 0,...,2L
in Equation (5.32). From Theorem 2.6.3 it follows that p = 0 and from this
we conclude that 6 = 0. O

Theorem 5.1.1 can be viewed as a uniqueness theorem for pseudodifferential
operators. It states that the coefficients of the matrix representation deter-
mine the operator uniquely. It also follows that if two operators possess the
same matrix representation, then they are equal.

In comparison to Theorem 5.2.1, Theorem 5.1.1 does not require that the
Gabor system is a frame and it requires no restrictions on the lattice param-
eters. This means that the product ab can be arbitrarily large.

The following impossibility results follow from the reconstruction formulas
in Chapter 4. We present the results in their distributional versions, because
these are most relevant for the engineering community, e.g., to model point
scatterers.

Theorem 5.1.2. Let 0 € §'(R*) and suppd C Q. = [—5- + ¢, 5 — €] x

’ 2a
[—% +e¢, % —¢|? for some € > 0. Furthermore, let ¢ € C°(R??) be such that
p=10nQ. and supp ¢ C [—5-, 51" X [=55, 5% If g € S(RY), UV,g does
not vanish on supp ¢ and Hyy =0 for all A € A, then o = 0.
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Theorem 5.1.2 follows immediately from Theorem 4.1.4.

Theorem 5.1.3. Let o € S'(R*), suppo C Q. = [—5 +¢, 5 —£]? X [—5- +
€, — €|. Furthermore, let ¢ € C°(R*) be such that ¢ =1 on suppd and
supp C [—5=, =) X [—57, 5:]% If g € S(R), Ty, 0\ UV,g does not vanish
on supp ¢ , then and Hyy =0 for all A € A, then 0 = 0.

Theorem 5.1.3 follows immediately from Theorem 4.3.4.

Similar versions of Theorems 5.1.2 and 5.1.3 can be obtained for o € L*(R?9)
and o € LP(R?),1 < p < oo.

Theorem 5.1.4. Let 0 € L*(R*}), supps C U?zl(Q — ;) with Q =
[, ] x [, %)% m; € At and g € L*(RY). If Hyypy = 0 for all
A€ A and fizred vy € A1 <1 <n, then o0 = 0.

Proof. By assumption, H) y;,, = 0 for all A € A and fixed v, € A,;1 <1 <n.
It follows from the reconstruction formula (4.79) of Theorem 4.4.3 that the
symbol ¢ is identically zero. O

5.2 Impossibility Result for Gabor Frames

For the following theorem, we assume that G(g,a,b) is a Gabor frame for
L*(RY).
Theorem 5.2.1. Let A = aZ x bZ be a lattice with ab < 1 and g € L*(R?)
such that G(g, a,b) is a frame for L*(R?). Let A = aZ x bZ be a lattice with
ab < 1. If

("N (u)g, 7(N)g) = dudy,, VA €A, (5.33)

then o5N = 0.

Proof. Tt follows from (5.33), that o™~ (u)g is orthogonal to the linear span
of the set {m(A\)g: A € A, N # p},Vu € A. That is

o"Nr(p)g L span{m(N)g: A€ A,N# u}, Yu€A. (5.34)

Since {m(A)g : A € A} is a frame for L*(R?), according to [9, Lemma IX],
there are two possibilities for the set {m(\)g: A € A, X # p}. Either
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o {m(N)g: €A, \#p}is incomplete in L*(R?), or
o {m(N)g: €A \#pu}is again a frame for L*(RY).

If the set {m(\)g : A € A,\ # u} is incomplete in L*(R?), then the set
{m(N)g : A € A} has to be a Riesz basis for L*(R?). Otherwise it would not
be possible to have an incomplete set after removing one single element. It
follows from [21, Corollary 7.5.2], that in this case, ab = 1. This contradicts
the assumption ab < 1.

Therefore the set {m(A)g: A € A, \ # u} is again a frame for L?(R?). This
implies that the orthogonal complement of {7(A)g: A € A, X # u} has to be
equal to the set {0}. That is,

o"Nr(p)g L span{m(N)g: A€ A,N# u}, Yy €A, (5.35)
is only possible if % N7 (u)g =0, Vi € A and therefore 0%V = 0. O

5.3 Counterexample to Decay in Frequency

An assumption commonly made in the theory of wireless comunications is
that the entries of the channel matrix decay arbitrarily fast away from the
main diagonal or that the channel matrix is banded in the frequency direc-
tion, see [10, 11, 47, 55, 58] and references therein. In this section, we give
an example of a channel matrix whose entries do not decay in the frequency
direction when one uses a rectangular window. This means that, in this case,
the entries of the channel matrix do not decay arbitrarily fast with respect to
the frequency. It follows that one has to use other windows instead of the rect-
angular function. Such pulses are especially designed to produce off-diagonal
decay of the channel matrix and are called ”shaped pulses” [4, 29, 31, 39, 57].

The results in this section are stated in dimension d = 1.

Example 5.3.1. Let 0 = 1, that is, the corresponding channel is the identity
operator, and g = X[-1.4- If w; = z; and 2z = 0, then the entries of the
channel matrix satisfy

. 1
limsup [(c" V7 (2)g, m(w)g)| |ws| = —> 0. (5.36)

|wa|—00
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Inequality (5.36) follows from the following computations.
We use the definition of oV Equation (2.66), and compute
("7 (2)g, m(w)g) = ((2)g, m(w)g)

3 ; 5.37
= 6w,z / g(l' + wy; — 21) g(:L') 6727”35(71)2*22)61(% ( )
R

where &, , = e~ 2miw1(wa—z2),

Setting wy = z; and 25 = 0, we get

=

/g(:p)g(x)e_gm”‘wdx = / e~ 2T oy (5.38)
R

1

2

= sincws. (5.39)
Inequality (5.36) follows from the following

|sinmwy| 1

limsup [{(c" V7 (2)g, 7(w)g)| |ws| = lim sup (5.40)

|wa|—00 |wa|—o00 m m

In the following example, we consider a spreading function & which is a finite
linear combination of Dirac delta’s. Such spreading functions are often used
to model point scatterers.

Example 5.3.2. Let 6 = Z?Zl cj0,,;. If the v;,’s are distinct and different
from 1, g = xj_1 1) and w1 = z1 = 2z = 0, then the entries of the channel

0 d M
matrix satisfy

|wa|—o00

1
. 1 n 2
limsup [(o" N7 (2)g, 7(w)g)| |ws| > 7 (Z \cj\2> > 0. (5.41)
j=1

To prove this claim, we need the following well known lemma which is stated
here for readers convenience. More results of this type can be found in [35]
in the context of almost periodic functions.

Lemma 5.3.3. If f(z) = >_7_, ;€% where the \;’s are distinct real num-

bers and the c;’s are arbitrary coefficients, then
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1 2
Jm o [ i |dx—2|cj|
ll‘rﬁlsup|f )| > (ZICJF)
x|—00

Proof. 1. We compute

|f<£(7)|2 _ Z ¢ ez)\Jaccke IAT

1<j,k<n
n
_ 12 i\ — Ak
= E c;|* + E cj C €Y :
=1 1<j,k<n
ik

Since the A;’s are distinct, we have:

1 T

(5.42)

(5.43)

(5.44)

(5.45)

oT |f(x)Pda = Z|CJ|2+— Z c]ck/ 1=z 4 (5.46)

-T 1<j,k<n
J#k

& 2sin(\; — \p)T
_ 2,
- ;|CJ| Z Cj Ck )\ _)\k

1<j k<n
J#k

The second term in Equation (5.47) goes to zero when T' — oc.

2. Clearly,

I > i L )|%d ?
ﬁiﬁf’ip’f(x)’ > lim (ﬁ/_TW fﬂ) Z’CJ’

We compute

n

(0" N7 (2)g, m(w)g) = Y e;(m(vy)m(z)g, w(w)g),

j=1

(5.47)

(5.48)

]

(5.49)
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for all w,z € R? and v; = (—v;1,752) € R?, and consider

Y c{m(vy)n(2)g, m(w)g) =

Jj=1

- Z C] / vy, QT_Vj,lMZ2TZI.g(t) M—wQTung(t)dt
= Z Gj 46_2ﬂiyj7122M(Vj,2+22)T(Vj,1+Z1)g(t) M—wQTw19<t)dt

— ZC] 6727”'1/]',122 /IR;g<t + Vj71 o Zl) g(t o Zl) e*2ﬂit(w27uj,27,22)dt'
(5.50)

Setting w; = 21 = 22 = 0 and assuming that —1 < v;; <0, we get

ch / gt + ;1) g(t) e 2mitwa=viz) gy —
Jj=
= Z ¢ / oty €Tt (5.51)

_ = | 2mi(5vin)(we—vy2) M(wz—vj,z)> )
Z i |: 27ri(w2 — 1/]’72) (6 ‘ :|

j=1

Next we consider

E :Cj ( —27i( 5—1/] (w2—vj2) _ 7T’L'(’LU2—V]‘2)>
n
— § ¢ 671'1(172%71)1/]',2 effrz(172z/j,1)w2 . 2 :Cj e~ W2 pTiw2
Jj=1

j=1

(5.52)

Lemma 5.3.3 can be applied to the expression in Equation (5.52), because
the exponents —mi(l — 2v;,),1 < j < n, and mi are distinct. This follows
from the fact that the v;;’s are all distinct, and v;; # 1 for all 1 < j <n.
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To summarize, we have

limsup|(c™ "7 (2)g, m(w)g)||ws| =

|wa|—00
<§ ¢ e7ru/J2 —mi(1-2v;,1)w § Ca —7rng (1-2v5,1) 7rzw2)‘
]

1
2\ 2

= lim Sup o—
|wa|—00 27

1 [ <& )
Z% ;‘Cj‘—l-

7j=1
1
1 n 2
2

for wy = 21 = 25 = 0.

] e*ﬂiuj,2(172uj,1)

(5.53)



Chapter 6

Discrete-Time Model

From a mathematical viewpoint it is absolutely not obvious that discrete-
time transmission models inherit properties like off-diagonal decay from the
continuous-time model. Therefore, we consider a discrete-time transmission
model [48, 65] and describe how the discrete-time model is derived from
the continuous-time model. We also investigate properties of the discrete-
time model, and establish a connection between the discrete-time model and
discrete pseudodifferential operators.

The discretized model and its relation to the continuous time model is dis-
cussed in Sections 6.1 and 6.2. In Section 6.3 we investigate properties of the
discretized model. The results in this chapter are presented in dimensioon
d=1.

6.1 Preliminaries

In this section, we collect definitions and concepts which we need for devel-
opment of the discrete channel model in Section 6.2. We define the torus
T = R/Z. Functions defined on T are considered 1-periodic on R.

The discrete-time Fourier transform of a sequence (¢,)nez of complex num-

63
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bers is defined by

[e.9]

(e =D cpemne (6.1)

n=—oo

where £ € T. Its inverse transform is given by

— ~ 2miné
. /T H(€)e2 e e, (6.2)

We need the definition of the Schwartz class and tempered distributions on
Z [56].

Definition 6.1.1. Let S(Z) denote the space of rapidly decreasing functions
¢ :Z — C. That is, ¢ € S(Z) if and only if for every M € R there exists a
constant Cy, 5y such that |¢(m)| < C,ar(1 + |m[?)=™/2 holds for all m € Z.
The topology on S(Z) is given by the seminorms py, where k& € Ny and
Pr := sup,,cza(1+|m|?)*/2|p(m)|. The continuous linear functionals on S(Z)

are of the form
o= (u,0) ==Y u(m)p(m), (6.3)

meZ

where the function u : Z — C grows at most polynomially at infinity. Such
distributions w : Z — C form the space S'(Z).

We also define the Schwartz class on the product space Z x T.

Definition 6.1.2. The space S(Z x T) consists of all functions f € C*(ZxT)
such that the seminorm

1fllas = sup (1 +In|)* DS f(n,x) (6.4)

neZ,x€T

is finite for all o, 8. The dual space of S(ZxT) is called the space of tempered
distributions on Z x T and denoted by S'(Z x T).

Definition 6.1.3. Let 04 € S'(Z x T). The mapping o4 — o5¥ is defined
as

(o Ve, d) = (0a, R(d, c)), (6.5)
where ¢,d € S(Z) and R(d,c)(m,§&) = d,c(€)e ™ € S(Z x T) is the
discrete Rihaczek distribution. We call o4 the (discrete) Kohn-Nirenberg
symbol.
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Remark 6.1.4. The sequence ¢ € §(Z) if and only if ¢ € C°°(T). This follows
from [35, Theorem 4.4].

Remark 6.1.5. Due to the duality of Z and T, 64 € S'(T x Z) whenever
o4 € S/(Z X T)

If 04 is an integrable function, then the discrete Kohn-Nirenberg transform
can be defined as follows.

(02%e), = [ oalm. &) ) > (6.6)

If o € LYZ x T) and 64 € L*(T x Z), then we can write o5V as a super-
position of time-frequency shifts. Specifically,

(02Ne) = / > Ga(w,u) MyT-ycmdw. (6.7)
T Ny

This follows from the following well-known computation. Since o4 € L'(Z x
T), we use Equation (6.1) and (6.6) to get

(N0 = / 0a(m, €) (€) 2™ dg 6.8)
= / > aa(m, §) ¢, e TmEGE (6.9)
TnEZ

We observe that Equation (6.9) can be written as

(Jfch)m = Z}"gad(m, n—m)cy,. (6.10)

neZ

In order to get a representation in terms of 4, we rewrite Equation (6.10)
as follows

(ach)m = Z/T}"l}"gad(wm —m) ¢, XM dw (6.11)

nez

= /Zflfzad(W,n —m) ¢, ™M dw (6.12)
T

nez

= /Z&d(w, n—m) c, 2T dw. (6.13)
T

ne’l
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Going from Equation (6.10) to (6.11) and interchanging summation and in-
tegration are valid since 64 € L*(T x Z). Next we substitute « = n —m into
Equation (6.13) to get

(J?Nc)m = /Z&d(w, U) Copu €7 dw (6.14)
T

UEZ

= /Z&d(u},u) M,T_, cpdw. (6.15)
T

UEZ

Equation (6.7) is called the spreading representation, and 64 is called the
(discrete) spreading function, in analogy to Equation (2.65).

Since 64 € L'(T x Z), Equation (6.11) gives rise to:

(ach)m = ch / Ga(w,n —m) ¢, ™™ dw (6.16)
neL T
= Z cn Fytoa(m,n —m). (6.17)
nez

We need the following notation concerning the bandwidth of a matrix [19].
Recall, that for a fixed integer N > 0, a matrix A = (A,,), m,n € Z, is
called banded with bandwidth 2N + 1, if A, , = 0 for [n —m| > N. A matrix
A= (An,), m,n € Z has lower bandwidth L if A,,,, = 0 whenever m > n+L
and upper bandwidth U it A, , = 0 whenever n > m + U.

We also need the definition of a convolution dominated matrix 25, p.202].

Definition 6.1.6. Let v be an admissible weight. A matrix A = A,,,,,m,n €
7, is called convolution dominated, in short notation A € %, if there exists
a sequence a € £, such that

|Apn| <alm—n), m,n€Z. (6.18)

We define the norm of A € %, by

1Al == sup | A m—nlv(n2). (6.19)
€

nez ™
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Let us have a closer look on the class %,. Consider the action of the matrix
A € 6, on a sequence c.

((A)(m)] = Y Amncal <Y alm =n)les| = (axe))(m).  (6.20)

neL nel

Thus A is dominated pointwise by a convolution. This explains the notation.

6.2 System Model

In this section, we consider a discretized transmission model [48, 65]. Since
the channel is a physical object, and therefore continuous, a discrete sequence
has to be transmitted over a continuous-time channel. Therefore, we need to
consider how the discretization and interpolation steps affect the properties
of the transmission models. We write s[n| for a discrete time signal and s(t)
for a continuous time signal.

In the following, we consider the finite group (N~'Z)/Z as a subset of the
torus T.

Definition 6.2.1. Let g € £'(Z),a € Z and A = aZ x (N"'Z)/Z C Z x T
be a lattice. A discrete time-frequency shift with respect to the lattice A is
defined as

-nl

gri[n] = g[n — ak]e®™~,  (ak,l/N) € A. (6.21)

We proceed with formal algebraic derivations. Let us assume that {gx;, k €
Z,l =0,1,...,N — 1} is a Gabor system. The mathematical model for the
discrete-time transmit signal is

co N-1

sln] = Z Z Ck gra[nl, (6.22)

k=—o00 1=0

where ¢, are the data symbols. Since the signal s[n] has to be transmitted
over a continuous-time channel, we have to convert it into a continuous-time

signal. Hence
oo

s(t) = Y sln] Tanfa(t), (6.23)

n=—0oo
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where @ € R and fi(t) is an interpolating function. Now the signal s(t) is
transmitted, and the receive signal has the form

r(t) = o™ Vs(t). (6.24)

The receive signal is converted into a discrete-time signal as follows
rim] = / 7(t) Tam fo(t)dt, (6.25)

where f5(t) is a sampling function. To finally compute the receive data
symbols, we compute
dk,l = <7’, gkyl). (626)

Let us now consider the discrete-time receive signal r[m]. Combining Equa-
tions (6.23), (6.24) and (6.25), we get

rim] = /_ Z (6N s) (t) Tom o)t (6.27)
-/ ( KN Z f) 0 ToloDdt (6.28)
_ nioos[n] /_ : ("N Tun f2) (t) T ()t (6.29)
= i s (o™ N Tanfr, Tam ) (6.30)

We define the discretized channel as
k[m,n] := ("N Tan fr, Tam f2)- (6.31)
Combining Equations (6.31) and (6.30) we obtain the following proposition.

Proposition 6.2.2 (Transmit-receive relation). The discrete-time transmit
signal s and the receive signal r satisfy

o0

rlm] = Y sln] k[m,n] (6.32)

n=—0oo

where k is given by Equation (6.31).
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Comparing Equations (6.17) and (6.32) we arrive at the following proposition.

Proposition 6.2.3. For the particular system model described in this section,
the discrete Kohn-Nirenberg symbol is given by:

klm,n] = F,'6q(m,n —m). (6.33)

Next we look at the received data symbols.

dk,l = <T,gk7l> (634)
= > r[m] Gealm)] (6.35)

= D, > Km.nlsln] geilm] (6.36)

m=—0o0 N=—00

] oo oo N-1
= S k] 30X cvw guealn] gialm) (6:37)
m=—00 n=—00 k'=—o00 I'=0
oo N-1 0o 0
= > Y awr Y > klmn] gerln] gealm). (6.38)
k'=—o0 I'=0 M=—00 N=—00

Consequently, we define the discrete-time channel matrix as

Hypw =Y > Kk[m,n] gowln] gealm) = (05N g, grs). (6.39)

m=—0o0 N=—00

Proposition 6.2.4. The transmit-receive relation in terms of data symbols

1S given by:

N-1
dyy = Z Z Crrar Hy g 1 (6.40)

k'=—o00 I'=0

6.3 Properties of the Discrete-Time Model

In this section, we investigate properties of the discrete Kohn-Nirenberg sym-
bol. Our main result is that if the continuous-time symbol o belongs to



70 CHAPTER 6. DISCRETE-TIME MODEL

the class M qu’].l,l(Rz), then the discrete-time symbol o, belongs to the class
M Efgl)oj,l(Z x T). The proof of the main theorem is divided into several
steps. Moreover, we investigate properties of the system model of Section

6.2 and establish a connection to convolution dominated matrices.

In Section 6.2 we introduced the matrix k[m,n| = (65N T4, f1, Tam f2). This
matrix is crucial for the investigation of the discrete-time model, because it
establishes a connection between the continuous-time and the discrete-time
model.

In the previous chapters, one important assumption is that the support of
the continuous-time spreading function is compact. In this context, we prove
the following results.

Theorem 6.3.1. Let 6 € S'(R?), fi,fo € S(R). If supps C R x [—1,0],
supp f1 C [A1, Bi], and supp fo C [Ag, Byl, then the matriz k[m,n] is banded
with upper bandwidth (By — Ay)/a and lower bandwidth (—1 + Ay — By)/a.

Proof. We recall the definition of the pseudodifferential operator o5V, Equa-
tion (2.65), and compute

("N T 1, Tam fo) = / & (1, W) (M T Tonf1, Tum f2)dudn. (6.41)
R2

Since by assumption supp f; C [A1, Bi] and supp fo C [As, Bsy|, we conclude
that suppT_,Tunfi C [an — u + Ay, an — u + By} and supp Ty fo C [am +
Ay,am + Bs|. If the expression in Equation (6.41) is non-zero, then the
supports intersect on a set of measure zero and, consequently,

lan —u+ Ay,an — u+ By N [am + Az, am + Bs] # 0. (6.42)
Equation (6.42) states that either
an —u+ A; < am + Bs, (6.43)

or
am+ Ay < an —u+ By, (6.44)

which can be written as

u+ Ay — By <a(n—m) <u+ By — Aj. (6.45)
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By assumption, we have —7 < u < 0 so that

—T+ Ay — B By — A
T+ A Len-om< 221 (6.46)
a a
It follows that k[m,n] is a banded matrix. O

Theorem 6.3.1 implies the following corollary.
Corollary 6.3.2. Let 6 € S'(R?), fi, fo € S(R). If suppd is compact and
f1 and fy have finite support, then the matriz k[m,n] is banded.

Next we prove a theorem that provides a condition for the bandedness of
the matrix k[m,n| which depends on the support of the discrete spreading
function.

Theorem 6.3.3. Let 04 € S'(Z x T). The matriz klm,n] is banded with
bandwidth 2N + 1 if and only if suppoy C T x {—N,—-N+1,...,N—1,N}.
Proof. From Proposition 6.2.3 we know that

klm,n] = F,'6q(m,n —m). (6.47)

Since 64 has support in the second variable in the set {—N, —-N+1,..., N —
1, N}, it follows that k[m,n| =0 if [n —m| > N.

Let us now assume that k[m,n] is a banded matrix with k[m,n] = 0 for
|n —m| > N. From Proposition 6.2.3 we conclude that

k[m,n] = Faoa(m,n —m) (6.48)
Since 64(w,u) = Fi1F204(w, u), with w € T, u € Z, we conclude that
04w, u) =0, if |u| > N. (6.49)

It follows that suppoy C T x {—N,—-N+1,...,N —1,N}. ]

The proof of Theorem 6.3.3 implies the following corollaries.

Corollary 6.3.4. Let o4 € S'(ZxT). The matriz klm,n] is lower triangular
if and only if suppoy CT x {—N,—N +1,...,0}.
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Corollary 6.3.5. Let 04 € S'(Z x T). The matriz k|m,n] is banded if and
only if supp 64 is compact.

In Theorem 6.3.3, we assume that the support of the discrete spreading
function is compact. If we additionally assume that the window sequence g
has a finite support, then we have the following theorem.

Theorem 6.3.6. Let o4 € S'(Z x T). If suppdy C [0,+;] x {—N,—N +
1...,0} and suppg C {0,1,..., A}, then the channel matriz Hyp is
banded with respect to the time variable.

The proof is similar to the proof of Theorem 6.3.1.
Theorem 6.3.6 implies the following.

Corollary 6.3.7. Let o, € S'(ZxT). If supp 64 is compact and the sequence
g has finite support, then the discrete channel matriz Hy s banded with
respect to the time variable.

In the following, we assume that v is an admissible weight, see Definition
2.5.2. Now we state the main theorem of this section.

Theorem 6.3.8. Let fi, fo € ML(R) be system model functions, and let a
sequence g € £L(7) generate a tight frame for €*(Z) with respect to the lattice
A=aZx (N7Z))Z CZ xT. If o belongs to the class MzZ’jl_l(RQ), then o4

00,1
belongs to the class M2, (Z % T).

The proof is divided into several lemmas.

For the investigation of the system model of Section 6.2, we need the follow-
ing lemma which follows from thw weighted version of Theorem 2.8.3 [28,
Theorem 4.3].

Lemma 6.3.9. Let f1, fo € M(R). If o belongs to the class M20!, (R?),

J oj
then there exists a sequence k € £:(A) such that

KN Ton f1, Tam f2)| < k(am — an). (6.50)
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Now we prove the following property of the discrete channel matrix.

Lemma 6.3.10. Let a € Z and A = aZ x (N7'Z)/Z C Z x T be a lattice.
If |k[m,n]| < k(am — an), with k € £.(N), and g € €.(Z), then |Hy | <
k(k — k') with k € £.(Z).

Proof. We use Lemma 6.3.9 and get

| Hiopr | =

Z Z klm,n] gr ir[n] Gralm]

m=—o0 N=—0o0

S S |klm.n] Tuwgln) Tuglm]| (6.52)

m=—0o0 N=—0o0

Z Zk m—n) |g[n — ak'] glm — ak]|  (6.53)

m=—0o0 N=—0o0

_ (k . |g\> (m — ak’) [glm — ak]|. (6.54)

m=—00

(6.51)

00 oo ‘

IN

IN

Now we make the substitution s = ak — m and get

Hiwol <7 (kxlgl) (ak—ak = 5) fgl-s)l  (6.55)

S§=—00

= (kxlgl«lg"l) (alk = k) = k(k = K)  (6.56)

with g*[s] = g[—s]. Since by assumption k € £.(A), g € £.(Z) we have
% € £-(Z) and the proof is finished. O

We also need the following result which is a special case of Theorem 2.8.3 for
discrete pseudodifferential operators [24, 28].

Lemma 6.3.11. Let g € M(Z), A = aZ x (N"'Z)/Z C Z x T be a lattice
and assume that {gkl,k €Z,0=0,1,...,N — 1} is a tight frame for £*(Z).
If there exists a H € EU@(A) such that |Hy | < H(k — K ,1=1), then og
belongs to the class M (oi1)oj-1 (L % T).

®1

Now we can proof Theorem 6.3.8.
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Proof of Theorem 6.5.8. Let fi,fo € ML(R) be system model functions.
Since o belongs to the class M. _1(R2), we conclude from Lemma 6.3.9

that there exists a sequence k € EU(A) such that

(BN Tan f1, Tam f2)| < (am —an). (6.57)

Since g € £.(7Z) we conclude from Lemma 6.3.10 that |Hy | < k(k — k')
with k € £, ( ). We define H(k,l) = k(k),Vk € Z,l = 0,...,N — 1. Since
Kk € LL(Z), H € £,,,(Z x T) and the claim now follows from Lemma 6.3.11.

]

Next we state a theorem that provides a connection between the discrete
Kohn-Nirenberg symbol and convolution dominated matrices.

Lemma 6.3.9 together with Definition 6.1.6 implies that the matrix k[m,n| €
%,. This leads us to the following theorem.

Theorem 6.3. 12 /28/ The matriz k[m,n] in in C, if and only if Tao4 belongs

to the class M. v®1 L (Z xT), where Taoq(x,§) := o4(x, —£).

6.4 Causality

Causality is a natural assumption in several scientific fields like physics or
probability theory. In the context of wireless communications, causality
means that channels can only spread symbols into the future. In other words,
the channel output can only depend on the current and on previous inputs.

In causal wireless communication systems the received signals can only in-
teract with the current and the previously sent signals. However, a common
assumption is that the support of the spreading function is contained in a
rectangle centered around the origin in time and in frequency [38, 40]. If we
assume causality, then the proper assumption is that the rectangle containing
the support of the spreading function ¢ is symmetric w.r.t. the origin in the
frequency direction, but asymmetric in the time direction. In mathematical
terms, causality means that suppa C [—v,v]| x [0, 7], [45, 47].
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Note that for our specific approach, we need to consider causality in two
different settings. Causality in the continuous setting means that

suppd C [—v,v] x [0, 7] (6.58)
and the system model functions f; and fy; have finite support.

In the discrete setting, causality means that
suppdy C T x {0,1,...,N}. (6.59)
Therefore, we need to analyze how these two assumptions interact.

For the following derivations, we need to consider —t instead of ¢ due to the
definition of the Kohn-Nirenberg transform (2.65).

Now we show the following. Assuming for the continuous-time model that
suppd C R x [—7,0], supp fi € [Ay, B:] and supp fo C [Ay, Bs], we claim
that the discrete-time model inherits the causality from the continuous-time
model if and only if By — A; < 0.

From Theorem 6.3.1 we conclude that, if supps C R x [—7,0], supp fi C
[A1, B1] and supp fo C [Asg, Bs], then the matrix k[m, n] has the upper band-
width equal to (B — Ay)/a. One can show that the bound is strict. Loosely
speaking, the boundary is obtained for spreading functions ¢ which are not
vanishing at zero.

If we assume that By —A; < 0, then it follows that k[m, n] is lower triangular.
Next we conclude from Corollary 6.3.4 that if k[m, n] is lower triangular, then
suppdy € T x {—N,—N +1,...,0}, which means that the discrete-time
model is causal.

To summarize, we conclude from Theorem 6.3.1 and Corollary 6.3.4 that the
discrete-time model inherits the causality from the continuous-time model if
BQ - A1 S 0.

This condition can be interpreted as follows. Since supp f; C [A;, B;] and
supp fo C [Asg, Bs|, the condition By < A; means that the support of the
sampling function fy precedes the support of the interpolating function f;
with respect to time.
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