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ABSTRACT

The reproducing kernel Hilbert space construction is a bijection or
transform theory which associates a positive definite kernel with a Hiloert
space of functions.

In this diploma thesis we will give an overview of the theory of
reproducing kernel Hilbert spaces and its applications. For this purpose,
we first collect all needed ingredients from functional and complex
analysis in several variables (chapter 2 and 3) and then show the basic
facts of reproducing kernel Hilbert spaces (chapter 4).

In the final chapter 5 we will specialize on one of the most important
reproducing kernel Hiloert spaces resp. its kernel: Bergman spaces A2(Q)
resp. the Bergman kernel K(z,w), and show the connection to the Riemann
mapping theorem and the Cauchy- Riemann differential equations.

Since the theory of reproducing kernel Hilbert spaces interacts with many
subjects in mathematics, reproducing kernel Hilbert spaces and their
kernels in particular is still an important field in mathematical research with
fruitful applications. Especially, the calculation and estimations of kernels
on different domains are essential goals.






ZUSAMMENFASSUNG

Hinter der Konstruktion von Hiloertraumen mit reproduzierendem Kern
verbirgt sich eine Theorie von Bijektionen bzw. Transformationen, die
einen positiv definiten Kern mit einem Hilbertraum von Funktionen verbindet.

Das Ziel dieser Diplomarbeit ist es einen Uberblick tber die Theorie der
Hilbertraume mit reproduzierendem Kern und ihrer Anwendungen zu geben.
Zu diesem Zweck ist die Arbeit in folgende Teile gegliedert.

Zuerst werden alle flir die Theorie bendtigten Grundlagen aus Funktional-
analysis sowie aus der Komplexen Analysis mehrerer Veranderlicher gesam-
melt (Kapitel 2 und 3), um dann in Kapitel 4 die wichtigsten Eigenschaften
der Hilbertraume mit reproduzierendem Kern zu beweisen.

Im letzten Kapitel 5 spezialisieren wir uns auf einen der wichtigsten Hiloert-
raume mit reproduzierendem Kern bzw. dessen Kern: dem Bergmanraum
AZ(Q) bzw. dem Bergman-Kern K(z,w). AbschlieBend zeigen wir noch
den Zusammenhang zwischen dem Bergman - Kern und dem Riemannschen
Abbildungssatz, sowie den Cauchy- Riemann'schen Differentialgleichun-
gen.

Da sich die Theorie der Hiloertraumen mit reproduzierendem Kern Uber
viele mathematische Bereiche erstreckt, ist sie und ihre Kerne im Beson-
deren bis heute ein wichtiger Teil der mathematischer Forschung, die
reichhaltige Anwendungen liefert. Ein besonderes Augenmerk wird dabei
auf die Berechnung bzw. Abschatzung der Kerne auf verschiedenen
Gebieten gelegt.
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INTRODUCTION






0.1 HisToricAL OVERVIEW

0.1 HistoricAL OVERVIEW

The reproducing kernel was used for the first time at the beginning of
the 20th century by Stanislaw Zaremba in his work on boundary value
problems for harmonic and biharmonic functions.

In 1907, he was the first who introduced, in a particular case, the kernel
corresponding to a class of functions, and stated its

reproducing property. However, he did not develop any general theory,
nor did he give any particular name to the kernels he introduced.

In 1909, James Mercer examined functions which satisfy the reproducing
property in the theory of integral equations developed by David Hilbert.
Mercer called this functions "positive definite kernels".

He discovered the property

n
> Klyi,y5) & - & > 0 (y; any points, &; € C) (0.1
i,j=1

characterizing his kernels among all the continuous kernels of integral
equations.

However, for a long time these results were not investigated. Then the
idea of reproducing kernels appeared in the dissertations of three Berlin
mathematicians Gabor Szego (1921), Stefan Bergman (1922) and Salomon
Bochner (1929).

In particular, Bergman introduced reproducing kernels in one and

several complex variables for the class of harmonic and analytic respec-
tively holomorphic functions and he called them "kernel functions".

In 1935, EH.Moore introduced these kernels in the general analysis under
the name of "positive Hermitian matrices" with a kind of generalization
of integral equations. Moore considered kernels K(x,y) defined on an
abstract set E and characterized by the property (0.1). He proved that
to each positive Hermitian matrix there corresponds a class of functions
forming what we now call a Hilbert space with scalar product (f, g) and
in which the kernel has the reproducing property

f(y) = (f(x), K(x,y)) . (0.2)

In 1943, Nachman Aronszajn developed the general theory of reproducing
kernels which contains, as particular cases, the Bergman kernel functions.
In this theory a central role is played by the reproducing property of the




0.1 HistToricaAL OVERVIEW

kernel in respect to the class to which it belongs. The kernel is defined
by its property . The simple fact was stressed that a reproducing kernel
always possesses property (0.7) characterisitc of positive Hermitian
matrices (in the sense of EH. Moore).

The original idea of Zaremba to apply the kernels to the solution of
boundary value problems was developed by Stefan Bergman and
Menahem Max Schiffer. In their investigations the kernel was proved to
be a powerful tool for solving boundary value problems of partial
differential equations of elliptic type. Moreover, by application of ker-
nels to conformal mapping of multiply-connected domains, very beau-
tiful results were obtained by Bergman, Schiffer and Garabedian. Quite
recently,the connection was found between the Bergman kernel and the
kernel introduced by Gabor Szegd.

Several important results ware achieved by the use of these kernels in
the theory of one and several complex variables, in conformal mapping
of simply- and multiply connected domains, in pseudo-conformal
mappings, in the study of invariant Riemannian metrics and in other
subjects. Meanwhile, in probability theory, the theory of positive defi-
nite kernels was used by AN. Kolmogrov, E. Parzen and others.
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I.I NOTATIONS

I.I NOTATIONS

The aim of this chapter is to introduce some notations and conventions
used throughout this thesis.

(a) R and C denote the field of real, respectively complex numbers.

(b) Zand N denote the integers, respectively nonnegative integers, while
we use NT for the positive integers.

(c) Forn e NT, the n - dimensional complex number space
C": = {zlz=(2y,...,2n),2j € C for 1 <j <n} is the Cartesian
product of n copies of C and carries the structure of an n - dimen-
sional complex vector space.
The topology of C is identical with the one arising from the following
identification of C™ with R2™. Given z = (z1y...,2zn) € C*, each co-
ordinate zj can be written as z; = x5+ 1y;, with X, y; € R and i is the

imaginary unit.The mapping

2
z— (X1,Y1y- - Xn,Yyn) € R

establishes an R - linear isomorphism between R2" and C™.

(d) <€ means subset ( ¢ will not be used).

(e) U c (R™,C") will always be an open and non-empty subset.
uc = (R™",C") \ U denotes the complement of U in (R™,C™).

(f) Let A C U. We denote by A° the interior of A and by Al the closure
of Ain U; if U is clear from the context, we will only write A.

(g) Q C (C,C") will denote a domain (a connected open set).

(h) Multi - index notation:
o = (x1,...,0n) € N™ will be called a multi - index of length (order)

n
x| : = > ;.
=

For multi-indices «, p we define
oo+ B: =(x1+B1y.-oy0n+ PBn)

DR<saepjsoyvVi<j<n
0 o—PR: =(x1—PB1y.-oyon—Pn) if B <«
1 For x e R™ we write x*: =x{"-.-xq"
0ol =gl om!
|
0 () = priecpn
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2. BAsiC DEFINITIONS AND PROPERTIES

The aim of this chapter is to repeat basic definitions related to Hilbert
spaces as well as to listen the main results of functional analysis that we
will need in the following chapters.

2.1 BASsIC DEFINITIONS AND PROPERTIES

Throughout this paragraph the scalar field of a vector space will be de-
noted by K and will be either the real number R or the complex numbers
C.

2.11. Definition (Normed Vector Space):
(i) A norm on a vector space X is a function

|-]]: X = RT with x— ||x||

that satisfies, for all x,y € X, x e K:

(ND [[x| >0and ||x]|=0&=x=0 (positive definite)
(N2 Jlox|| = | - [|x]| (homogeneous)
(N3) [x +yll < [Ix[l + Iyl (triangle inequality)

(i) We call the pair (X,|/||) a normed vector space. We use NVS as an
abbreviation.

2.1.2. Remark:

(i) If necessary, we will denote the norm on the space X by || [|y.

(i) Every NVS can be turned into a metric space via the definition:

d(x,y) =[x —yl.
Consequently, terms like convergence, Cauchy sequence, bounded-
ness, compactness, etc. are automatically defined.

2.1.3. Definition (Convergence):
Let (xn),, be a sequence inaNVS (X, | ).

(i) Limit:
x = liMm xn: <= |xn—x|| = 0inR, ie.
n—00
& Ve>03IN(e) e NVn > N:|xn—x| <€

(i) Cauchy sequence: (xn),, is called a Cauchy sequence :
& Ve >03IN(e) e NVn,m > N : ||[xn —xm]| < ¢

1



2.1 BAsic DEFINITIONS AND PROPERTIES

(iii) Series: 0

o0
X = an:@ x:nImeZxk

(0.@] (0.¢]
> xn is dosolute convergent: &= Y [xn < o0

2.1.4. Definition (Banach Space):
ANVS (X, |I) is called complete if every Cauchy sequence has a limit in
X

A Banach space ((B)-space) is a complete NVS.

2.15. Definition (Inner product space):
Let X be a vector space over C.

(i) Aninner product on X is a map
(L) XxX—C
that satisfies the following properties for all x,y € X, « € C:

(I (x,y) =(y,x) (conjugate symmetry)

(12) (ax+y,z) = a(x,z) + (y,z) (linearity in the first argument)

(13) (x,x)>0and (x,x) =0&x =0 (positive definteness)
(i) We call the pair (X, (, )) an inner product space.

2.1.6. Remark:
Inner product spaces have a naturally defined norm based upon the inner
product of the space itself: ||x|| := 1/ (x, x)

2.1.7. Proposition (Cauchy-Schwarz Inequality):

Lex X be an inner product space.
Then the Cauchy -Schwarz Inequality (CSI) holds:

[yl <Ixlyl vx,y e X (2.1)

Proof:
Confirm [HasO7].

12



2. BAsiC DEFINITIONS AND PROPERTIES

2.1.8. Corollary (Triangle Inequality):
(27D implies the triangle inequality

e+yll < Ixll + Iyl v,y e X (2.2)

Proof:
Confirm [HasO7].

2.1.9. Definition (Hiloert Space):

Let (H,(,)) be an inner product space. H is called a Hiloert space ((H)-
space) if it is complete, i.e. every Cauchy sequence in H is convergent in
the sense of the topology induced by the norm |-|| = 1/(x,x) (see 2.1.6.
Remark).

2.1.10. Example (Hiloert spaces):
(@) R™ Let x,y €¢R™. Defining the standard inner product by

(xy) = Z X - Yk (2.3.)
k=1

turns R™ into a Hilbert space.

(b) C™: Similarly, the standard (Hermitian) inner product on C™ for
z,w € C" is defined by

(z,W) := Z Zy - Wy (2.4.)
k=1

and turns C™ into a Hilbert space.
(c) €2: The space of square-summable sequences is defined by

¢?:= {(3 = (xn)p xn €K, Y xnl* < oo}

n=1

and with
(ByM) 3:ZXn'U_n (2.5)
k=1

as inner product it is a Hilbert space.

13



2.1 BAsic DEFINITIONS AND PROPERTIES

(d) £2(n):
Let (X, 1) be a measure space equipped with a positive measure p
(further reading for terminology see [KT73]. Then we define the space
of square-integrable functions by

22 (n) :_{f:X—><C 1113 :—/f2<oo}

X

£2 () is a Hiloert space together with the inner product defined by

(f,q) == / f(x)g(x) du(x) 9.6)

X

Note:

Actually, £2 (n) is aHiloert space of eugivalence classes of measurable
functions via the equivalence relation

f ~ g: & f=g u -almost everywhere

For more on that confirm [KT73].

2.1.11. Proposition (Subspaces):
Let H be a Hilbert space and W C H a subspace. .
W is a (H)-space if and only if Wis closed, i.e. (xn),, € W,xn inH x=>xeW.

Proof:
We have to show: W complete &= W closed.

(=) Let xneW, [xn —x[|y — 0. Then (xn),, is @ Cauchy sequence in H,
and by the fact that W is complete, (xn),, is @ Cauchy sequence in
W. Hence, by completeness 3y e W:|ly —xnly — O
Besides, x =y € W holds:

X =yllw <lx =xnllw+lxn —yllw —0

(&) Let xn be a Cauchy sequence in W, then it is a Cauchy sequence in
H. Since H is complete, there 3x € H such that x = n|i_>moo xn. Hence,

because W is closed,x e W, so W is complete.
|

14



2. BAsiC DEFINITIONS AND PROPERTIES

2.1.12. Proposition (Parallelogram Identity):
Inevery Hilbert space H the following parallelogram identity holds (u,ve H):

u+ V)2 + u—v| = 2|[u|? +2|v|? (2.7)
Proof:

lu+v|[2+ [u—v|* = (u+v,u+v)+u—v,u—v)

= (u,u) +M+N+ (v,v) +(u,w) _N_M"'— (v, v)

= 2||ul|? + 2|jv||?

15



2.2 CONTINUITY AND DUAL SPACE

2.2 CONTINUITY AND DUAL SPACE

2.9.1. Definition (Operator):

(i) A continuous and linear map betweenNVS is called a continuous-linear
operator.

(ii) If the target space is K, we will say functional instead of operator.

2.2.2. Reminder (On Continuity):

A continuous operator T: E — F between two NVS fulfills one of the
following equivalent conditions:

(i) vx € EV(xn), €EEWithxn =xiNE= Txn — TxinF
(i) vxg € EVe > 035 > O:fjx —xqllg <0 =|Tx —Txglp < ¢
(ii) VO CFopen=T1(0):={xeE|TxeO}isopeninE

2.9.3. Theorem (Characterising Continuous Operators):
Let E,Fbe NVS, T: E — F linear. The following are equivalent:

() T is continuous at O.
(i) Tis continuous everywhere in E.
(i) T is uniformly continuous.

Proof:
(i) = (i) = (): is obvious.
() = (iii):
lete >0 35> 0.7 (Bg (0)) C Be (T (0)) B (0).
) = De €
Hence, |[x —y|| <& = x—y € Bs (0) =T (x —y) € B¢ (0)
=>Tx—TyeB:(0)=|Tx—Ty| <¢ m

T linear

Next we are going to study the relationship between continuous and
bounded linear maps. To this end, the following definition:

2.2.4, Definition:
Let E,F be NVS.
(i) A subset A C E is bounded, if it is absorbed by a multiple of the

unit ball By g (0) :={x e E:|x|g <1}, ie. Jox € KiA C o By (0) :=
{ox |x et}

16



2.2 CONTINUITY AND DUAL SPACE

(i) Alinearmap T: E — Fis called bounded, if the image of bounded sets
are bounded.

2.2.5. Remark:

To show boundedness of T, it is enough to request that T(By g (0)) IS
bounded:

A C Ebounded =3ax e K: A C aBy g (0)
= T(A) S T(aByg) =T (By g (0)) € (x ) (By (0))
| L
Cu(B1,r(0)

2.9.6. Theorem (Continuous vs. Bounded):
Let E,Fbe NVS, T: E — F linear. The following are equivalent

(i) T is continuous.

(i) T is bounded.

(i) sup || Tx|| < oco.
[[x]|<1

Proof:
(D= (i)
Choose e =18 35 > 0.T(B5 (0)) € By £(0). It is By ¢ (0) = 1 B5(0). Hence,

T (B¢ (0)) €L 27 (B5(0)) € § By £(0).

2.2.5. gives the desired property.
(i) = (i)
By assumption, 3u: T (By ¢ (0)) € pBy ¢ (0). Hence, for ||x|lg <1 we have:

I Tx||F < u=Sup || Tx|[f < p<oo

(i) = ()
. X : T linear
Itis TW < sup || Tx|| =:a < oo, by assumption. So, || Tx||f <«|x||f ——=
FIF x|t
T (B£(0)> C B¢(0), = T is continuous at O. -

We use 2.2.6 (i) to define the norm for continuous operators.

17



2.2 CONTINUITY AND DUAL SPACE

2.2.7. Definition (Operator Norm):

Let E,FNVS, T: E — F linear operator.
The operator norm of T is defined by

[Thop = IITl:= sup || Tx|l¢ (2.8.)
[x[|<1

9.9.8. Remark (on the operator norm):
It can be shown that the following identities hold:

ITl[:= sup [[Tx[lp = sup [|Tx][F

Pxll<1 ]| =1
oo Ml
y20 1Yl

=inf {MeR™ :||Tx| < M||x|| Vx € E}

92.9.9. Definition:

Let E, F be NVS. Then the space of continuous linear operators is defined
by L(E,F):={T: E — F|linear and continuous }.

2.2.10. Remark (on L(E, F)):

(i) It canbe shown that (L(E, F), || lop) is@aNVS and that L(E, F) is complete
if F is a Banach space (confirm [WerO7/]).

(i) Let Te L(E,F)and S € L(F,G), then So T € L(E, G) and the following
inequality holds: ||So T|| < ||S]|| - ||T|| (confirm [WerQ7D.

2.2.11. Definition (Isomorphism and Isometries):

Let T € L(E,F).

(i) T is an isomorphism if T is bijectiv and T~ continuous.
(i) Tis an isometric if ¥x e E: || Tx| = ||x||

(iii) E and F are called (isometrical) isomorph if there exists an
(isometrical) isomorphism T: E — F. We write E ~ F (resp. E = F) as
an abbreviation.

2.2.12. Definition (Dual Space):
Let E be NVS over K. The topological dual space E' of E is defined by

E = L(E,K) ={f: E — K| linear and continuous }

18



2.2 CONTINUITY AND DUAL SPACE

E' is always a Banach space via the norm |fll = sup [f(x)]
[Ix[|=1

2.2.13. Proposition:

Let H,H;,H, be Hilbert spaces y € H fix.
(i) The following mappings are continuous from H to C :

x = (X, Y) x = (Y, x) x = x|

(i) A linear operator T: H; — H, is continuous if and only if it is bounded,
le.

3C > 0 (constant): || Tx| < C|lx|| ¥x € H,

Proof:

. 2.1)

(D: Let xq,xp€ H, then [(x1,y) — (x2, y)l = [(x1 —x2,y)l < [Ixg —x2 Iyl
By the inverse triangle inequality, we obtain |||x1]| — [[x2]ll < [Ix1 —x3]|.
Hence, the mappings are uniformly continuous.

@: We have to show:
T: Hy — H, continuous <= 3C > 0 || Tx|| < CJ|x|| Vx € H;4

(&) Let xq1,x5 € Hy fix, then T is Lipschitz continuous with constant 6 :=
1,X2 1
% >0 (e > 0). In fact,

IMTxg =Txall _ = |[Txy=x2)|| < Cllxg—xa]|
T linear assumpt.

(=) Let T be continuous, i.e.

Ve>030>0Vxy,xpg e Hytllxg =2 <0 = ||[Txg —Txy|| < €

Defining y :=x; —xy, implies | Ty|| < ¢, |yl <& . So, Yy € Hy,y #0 it
follows that

Iyl
<e

d- €
myl = B (53 < §w
—_——

The desired result follows by setting C := %

19



2.3 ORTHOGONALITY, ORTHONORMALITY & PROJECTIONS

2.3 ORTHOGONALITY, ORTHONORMALITY & PRO-
JECTIONS

Throughout this section, H will denote a Hilbert space over C, and E a
convex subset of H.

(ECHisconvex: &= v¥x,ycbE:tx+(1—tlycEVO<t<1)

Orthogonality generalizes perpendicularity and thereby provides
geometric insight in the general Hiloert space setting. Similarly, as in finite
Euclidean vector space, we want to show that for each closed subspace
M C H, the Hilbert space H can be decomposed as follows: H = MeM-+,
i.e. His the direct sum of M and the orthogonal complement ofM. Using
this statement, allows us to characterize bounded linear functionals on a
Hiloert space. This will be done by the so called "Riesz Lemma" or "Riesz
representation theorem".

2.3.1. Definition (Orthogonal):
x,ye Hand A,B C H.

(i) xis orthogonaltoy, x Ly < (x,y) =0
(i) Ais orthogonal to B, A L B < (aq,b)=0Vac A, ¥bc B
(ii) For x € H we define x- :={y € H:(x,y) =0}

(iv) ForA C H we define the orthogonal complement via
Al :={yeH:(aq,y)=0Vac A}

2.3.2. Remark (simple consequences of 2.3.1):
(i) Pythagoraen Theorem: x Ly = ||x||? + |[y|? = |Ix +y]|
(i) x1 is always a closed subspace of H, hence a Hilbert space.

(i AL = N xtisalways aclosed subspace of H, hence a Hiloert space
XEA
(A C H an arbitrary subset).

Gv) {0} =H, (HH =0
(v) AcB=BLtcAl
(vi) Ac AL

(vii) <A¢>L —A

(vii) AL =ALL AL AL

20



2.3 ORTHOGONALITY, ORTHONORMALITY & PROJECTIONS

(ix) (AUB)T =ALnBL
(x) Al = (spanA)+ = (spanA)+

For proofs on this matter confirm [SteQO8].

2.3.3. Theorem (Approximation):
Let H be a Hilbert space,E a non-empty, closed, convex subset of H.

(i) Then there exists a unique x, € E with minimal norm, i.e.

Jxg € E: |Ixgll =min|x||
x€k

(i) For each x € H there is a unique x( € E that minimizes ||x — x|
(best approximation), i.e.

Proof:

¥x e H 3lxy e B [[x —xg) =min|ly — x||
yek

(i) Existence :

(a)
(b)

Is 0 € E, then clearly xy must be 0 and there is nothing more to
show.

So, let 0 ¢ E and d := inf{||x|| :x € E}. Since E is convex, the mid-

point @ of the line betweenx and y lies in E. By definition of

d, there exists a sequence (yn)n in E such that |[yn| —=d in

R. So, by (.7]) we obtain

2

+
0 < l[yn —yml* = 2llynl|* + 2[ym|? —4\ e

> d?

E convex
hence,
0 < [yn —ymll* = 2yn| +2|ym| —4d* ®
S—— Y——

n— m—oo
OO; 42 °d2

As m and n tend to infinity the right-hand side of (x) tends to
242 + 242 — 4d2 = 0. Thus (yn)n is a Cauchy sequence in H and
converges to xy € H, since H is complete,

21
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ie. Ixg € Hixg = n“—>mooyn'
Since E is closed, the limit xy is in E and by continuity of the map
x — ||[x|| we obtain Hnli_>mooynH = 1M _|iynll = Jxoll = d
Uniqueness: Suppose x;, € E with [x4ll = d. Then, again by (£.7) we
obtain
X + X}
2

< 2(d? + d?) —4d? < 0,hence xo = X}

2
[0 = || = 2(Ixolt? + x5 1) —4‘

(i Apply () to x — E. (Note thereby that x — E is closed and convex)
|

2.3.4. Theorem (Projection Theorem):

Let M be a closed subspace of a Hilbert space H. Then there exist unique
mappings P: H — M and Q: H — M- that satisfy

(D x=Px+QxvxeH, ie H=MaM*L

(2) Let x € M. Then Px = x and Qx = 0, hence P2 = P.
Let x € M. Then Px = 0 and Qx = x, hence Q2 = Q.
(P and Q are idempotent).

(3) The distance of x € H from M is given by
min{|[x —yll :y € M} =[x — Px||.

(4) For any x € H we have ||x||? = ||Px|? + || Qx|/2.

(5) P and Q are continuous linear and self-adjoint operators.

Proof:

Let x € H be arbitrary and consider x + M :={x+y: ye M}. Thenx+ M
is a closed, non - empty and convex subset. Thus, by 2.3.3. (i) there
exists an unique element Qx € x + M with minimal norm. If we define
Px :=x — Qx, we get since M is a subspace and Qx € x + M: Px € M.

It remains to show Qx € ML Let y € M be arbitrary. Then we will show
that (Qx,y) =0.

(@) Ify=0, this is clear.

(o) So, without loss of generality we may assume |y|| = 1.
Let & € C. Then by the minimality of Qx we obtain
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(Qx, Qx) = [|Qx||? < | Qx — oy ||* = (Qx — oy, Qx — o)
ex+M

= 0 < (Qx, Qx) < (Qx, Qx) — {y, Qx) — a(Qx,y) + & (Y, y)
~——

= 0 < —ofy, Qx) — &(Qx,y) + |odl?

Define o := (Qx,y), then

0 < —(Qx, Y)Y, Qx) — (Qx, y)(Qx, ) + [(Qx, y)I?
= — (Qx, Y QX% Y) — (Qx, y)(Qx, y) + 1(Qx, y)I?

= —2l(Qx ) + QX y)* = = [(Qx, ),
hence, (Qx,y) = 0. This completes the argument.
Uniqueness
If x =%+ %7 With xy € M and x € M+ then writing x = Px + Qx we have

Px —xp = Qx — X7
—_— —
eM eML

with the right-hand side being in M+ and the left-hand side in M.
Since, M N M+ = {0} we conclude Px = xy and Qx = x;. Property (3)
This follows from the definition of Q:

min{llx —y| 1y € M} = [|x — Px|| = [|Qx]|.

Property (4)

This is an easy calculation using the fact that (Px,Qx) =0V x € H:

X2 = (Px + Qx, Px + Qx) = (Px,Px) 4+ (Px, Qx) + (Qx, Px) + (Qx, Qx) =
IPx]I + 11Qx||.

Property (5)
Let x,y € H, «,3 € C.Then we have

P(oox + By) + Qox + By) = ax + Py
= of Px + Qx) + B(Py + Qy)
= (a«Px + BPy) + (xQx + BQy)
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Moving the P terms to the left and theQ terms to the right we get

Plax + By) — (aPx + BPy) = (axQx + BQy) — Q(axx + By) The left side is
in M and the right side is orthogonal to M. Therefore both sides must be
0. This implies thatP and Q are both linear.

Let x,y € H be arbitrary. By definition of Q we obtain

1Q(x —y)|[| =min{|jx —y +m| :m € M} < [|x —y||, hence Q is continuous.
Since P =1—Q, I the identity, we conclude that P is continuous.

Let x,y € H be arbitrary.Then we have

(Px,y) = (Px, Py + Qy) = (Px, Py) + (Px, Qy) = (Px, Py)
=0

and

(x,Py) = (Px + Qx, Py) = (Px, Py) + (Qx, Py) = (Px, Py)
=0
hence (x,Py) = (Px,y).So, P = P*.

Analogously for Q.

Property (2)
Let x € M, then Px =x. Indeed, x —Px = Qx = x—Px =0.
N =~ ]
eM GMJ_
2.3.5. Remark:

(i) The mappings P: H — M, x — Pxand Q: H — M+, x — Qx are the
orthogonal projections onto M resp. M-+.

(ii) The orthogonal projection onto M is (cf. 2.3.4 (3)) defined by
[Px —x| = min |[x —y|
yeM

(i) Note that, Im(P) = M and Ker(P) = M-+,
2.3.6. Theorem (Riesz - Frechét or Riesz representation theorem):
Let H be a Hilbert space and L ¢ H', a continuous linear functional, i.e.

L:H—C
[Lx| < Clix|| (C>0)
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Then there exists a unique y € H such that Lx = (x,y) vx,y € H, with
ILIF = Tyl

Proof:
Let M := Ker(L) = {x:Lx = 0} denote the nullspace of L. Then M is a
closed subspace of H, since L is linear and bounded.

@ IfH=M, then L =0, so we take y = 0.

(b) Suppose, M # H. By the projection theorem 2.3.4., it follows that
ML 0.

Let z € ML,z #£ 0, then Lz # 0. Define y := az with & := HLﬁ hence

y € ML and, since (y,y) = !odZ(z, z) = %, we get

L ILz|2

Ly=Llaz)=«al(z) = z=——
IzI? Iz)|?

= (y,y) = la?(z,2) (%)

Let now be x an arbitrary element of H and we define

Lx Lx
x/::x— and X/IZZ
W,y v,
Then from (%) we see that Lx’ = Lx — ﬁ Ly = Lx — ﬁ(y,y) =
Lx — Lx = 0, hence x € M and (x/,y) = 0, since y € M. Finally, it
follows that
_ /! " ] — [y _ Lx
= () = (<) () = () = (s
Lx
= y><y yy) =Lx

and the existence result is proved.

To show unigueness, suppose (x,y) = (x,y’) ¥x € H,
then (x,y —y’) =0and soy —y’ =0, hencey =y’.

It remains to show that ||L|| = |ly||. The Cauchy - Schwarz inequality
yields [[L|| = sup [(x,y) < [ly].

[Ix[[=1

ing Y i Y )| = <_
Choosing Tl for x yields ||L|| > ‘L (Hyll)‘ T = [jy|.

25



2.3 ORTHOGONALITY, ORTHONORMALITY & PROJECTIONS

Combining the two inequalities shows that ||L|| = [ly||.

2.3.7. Remark:
From 2.3.6. Theorem we see that one can identify the dual space H’ with
the original Hilbert space H.

We now want to discuss bases in infinite dimensional Hiloert spaces.

2.3.8. Definition (Orthogonal and Orthonormal System):
Let H a Hilbert space and S ={un |n € N} a family of elements of H.

(i) Sis called an orthogonal system/set (OGS) if un L um ¥n#m
(i) Sis called an orthonormal system/set (ONS) if

(Un,Um) =0¥Yn,mn #m

[unll = v/{un,un) =1vn e N

(Un,Um) = dn,m Vn,mn #,& {

2.3.9. Remark:

(i) The difference between an OGS and ONS is that the vectors of an
ONS are normed.

(ii) Every ONS is linearly independent:

n 2 n
Let ZC]LLJ =0=0= HZCJLL]H = Z <C]"llj,CiUi>
j=1

1,j=1

:Z’cj‘zﬁcj:OVj
j

2.3.10. Definition (ONB):

Let H be a Hilbert space, S = {un :n € N} an ONS.
S is called complete if for any x € H there are scalars cn := (x,un) such
that x = Z CnUn.
neN
A complete ONS is also called an orthonormal basis (ONB). The numbers

cn == (x,un) are called the (generalised) Fourier coefficients of x with
respect to the set S.
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9.3.11. Theorem:

Let S = {un :n € N} be an ONB for an Hiloert space H. For any x in the
space, x = ) cnun, Where cn are uniquely determined by cn == (x, un).
neN

Proof:

By definition of a basis, there are numbers cn such that x = Y cnun.
neN

Then we have for any n: (x,un) = < > cmum,un> = >  Cm (Wm,Un).
. meN meN
All terms in this series vanish by orthogonality except the term with

n=m: (X,Un) = Cn (Un,Un) = Cn.
——

=1 |

9.3.12. Theorem (Bessel's inequality):
Let {ux :x € A} be an ONS in a Hilbert space H, then for any x in the space

> 1wl < |x)1? (2.9.)
x€EA
where cy = (X, uy).
Proof:
(i) {um :m € N} is a finite set, i.e. {uq,...,unk
0 < <X_ Z <X)uT>uT)X_ Z <X>us>us>
r=1 s=1
= (%) = > (G (unx) — > (ous) (us) 4+ ) > () (X, Us) (ur, us)
=1 s=1 r=1s=1 —Ors
= (%) = ) unfow) — > (us) (us) + ) Y (x,ur) (X, Us)brs
r=1 I(x ur>|2 s=1 r=1s=1
= (6,%) — ) _[(xun)l?
r=1
=Y ) < x|1?
r=1
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(i) Let {um :m € N} be a countabe set.

Consider any partial sum s, = Z ’ ]‘ of the series >_ ‘ ‘ The argument
]GN

given above for the finite cases shows that sy = Z ‘cj’ < |Ix||?, hence
j=1

the sequence is bounded above, and it is monotonic increasing, because
the terms of the series are positive, hence converge by a basic theorem

on monotonic bounded sequences, and its limit is < ||x||2. .

2.3.13. Theorem (Best Approximation):

Let {uq,...,un} e an ONS in a Hilbert space H. For any x, the numbers
N

X — Z CnUn
n=1

cn Which minimize are given by cnp = (x,un) VI <n < N.

Proof:
Write cn = (x,un) - [un| % + dn. We shall show that best approximation
is obtained by taking dn = 0. We have

N
%, )
— (%) — Z % fun? + Z dnf? un
n

n=1 ” n=I1

after some similar calculation as in 2.3.12. Theorem. This obviously takes
the smallest value when all the d,, are zero. L]
Bessel's inequality means that expansion coefficients die away faster than

n_%, roughly speaking, as n — oco. This inequality gives a criterion for
deciding whether a given ONS is an ONB, see the following theorem:

2.3.14. Theorem (Characterising ONB):

Let H be a Hilbert space over C, {un : n € N} an ONS. The following are
equivalent:
(M {un:neN}isacomplete ONS, thus an ONB.

(2) From (x,un) =0vn € N it follows that x = 0.
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N
(3) The set S of all finite linear combinations Y~ ¢y of elements from
k=1
{un:neN}isdense in H.

(4) Parseval's Relation: vx,y € Hitis [|x|2 = 3 |(x,un)|

(5) wx,y e Hitis (x,y) = 3 (x,un) (Y, un)
neN

Proof:

N =@
Suppose (x,un) =0vn € N. Since {un : n € N} is complete, we have

X = Z (X, Un)Un, thus x =0
——
neN

(2) = (3)
Let M =S, the closure of S, then M is a closed subspace. We have to
show M = H.

Suppose to the contrary M # H. By 2.3.4., M+ #£ {0}, ie. 3x #0, x € H
such that (x,un) =0vn € N, a contradiction to assumption (2).

(3) = 4)
Let x € H be fix and ¢ > 0. By assumption (3), it follows that

Juq,..yun €{um:meN}and 3cq,...,cn e Ct||x — Z Crlly
=1

n
Using 2.3.13., we obtain ||[x — > (x,u)uy
k=1

n

<llx— > |l <k,
k=1

ie. ||x —z|| < e, with
n

z: = ) (x,w)uy . Therefore, by the triangle inequality we get

k=1
IxIl =|(x—2) +z|| < Ix—z|| + |lz]l < & + ||I| and
2 = ’
(Xl — &) < flzl* = ||} (xyw)u ZH X, W)l
= ukONS
< wugll?

keN
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Since € > 0 was arbitrary, we get [|x[|2 < 3 |1{x, w)ug||%.
keN
Together with Bessel's inequality 2.3.12. we receive equality.

(4) = (5)
Similar calculations as in the proof of 2.3.12. Theorem resp. 2.3.13. Theo-
rem show that

2
= x> = Ixun)* =0

reN (4)

X — Z (X, Ur) Uy

reN

So, we canwrite xasx = ) (x,uUr) ur.
reN
Inserting the above formula for x into (x,y) yields

(%) = <Z (X, ur) ur>U> = > {(xur) (ur,y)

reN reN
= > (xur) {y,ur)
TeN
(5) =
Suppose to the contrary, I3x e Hwith x # Y (x,un)un. Then,
neN
y=x— 3 (X un)un #0.
neN
= (Yyum) = (X, Um) — Z (X, Un) (Un,um) Ym € N, hence (y,um) =0, but
—
ILEN =1ifn=m

= (%,l)
this is a contradiction to assumption (5), because

0# Wy =lyl? = ¥ [y,un)?> =0.
(5) nENT -

9.3.15. Definition:

A Hilbert space H is called separable if it contains a countable dense
subset of H.

2.3.16. Theorem:

Let H be a Hiloert space. H is separable if and only if it has a countable
ONB.
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Proof;

(=) Let H be separable, then 3A = {x1,%,, ...}, a countable dense subset
of H. Applying Gram - Schmidt orthonormalisation process to A,
we obtain by 2.3.14. (3) a countable complete ONS.

(&) Clear, just take only rational numbers as real and imaginary parts.
|

2.3.17. Remark:

(i) One can show, that from 2.3.16. follows that any separable, infinite-
dimensional Hilbert space is isometric to ¢2.

(ii) It is also true, that every ONS B in a Hiloert space H is contained in
a complete ONS of H, i.e. every Hiloert space has an ONB (confirm
[HasO7)).
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CHAPTER 3

HOLOMORPHIC
FUNCTIONS IN
SEVERAL COMPLEX
VARIABLES
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3.1 CoMPLEX ANALYSIS IN ONE VARIABLE

Before we study the main results of holomorphic functions in several
complex variables, we listen the basic facts in one complex variable.

3.1 CoMPLEX ANALYSIS IN ONE VARIABLE

3.1.1. Definition (Holomorphic Functions):

Let U C C be an open set and f: U — C a function.

f is called complex differentiable in zy € U if the limit L:= |im w
zZ—2Z0 0

exists. In this case L is called the derivative of f at z,,.

Notation:

df(zp) _ lim f(z) — f(zgp)
dz z—=z0  Z—Z

f'(z9) =

If f is complex differentiable at every point zy in U, we say f is holomor-
phic on U. We say f is holomorphic at the point zy € U, if it is
holomorphic on some neighbourhood U, of z,.

3.12. Remark:
Equivalent to the holomorphy of f are:

(D Characterising via the Cauchy - Riemann differential equations:

f has continuous partial derivatives with respect to x and y at each
point in U and satisfies

ou ov

Ao = A or shorter ux = vy

Ox 0y 3.1
ou ov o
@ = — a or shorter uy = —Vy

the Cauchy - Riemann differential equations, whereupon we write for
f:=u+1iv.

This is, by the Wirtinger calculus equivalent to 9f = 0, with

of=% =1 <g—i + i%). See [Kra08] for more on this matter.

(2) Characterising via power series resp. Taylor series:

Locally, f is representable by a convergent power series which is
equal to its Taylor series.
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(0.9)
A power series > an(z —zy)™ around a fixed z; € C is defined to

n=0
N
be the limit of its partial sums Sy (z) = > an(z—zp)™, (an € C;n € Ny).
n=0

Any given power series has a disk/ball of convergence and the radius
of convergence is given, by the Cauchy - Hadamard theorem, as

o 1 , (3.2)

(Iim sup|an|> "

n—oo

—_

(3) Characterising via the complex line integral:

Cauchy - Integral Theorem :

If fis a holomorphic function on an open disc W in the complex

plane, and if v: [a,b] = W is a C-curve in W with y(a) = y(b), then

/f(z) dz =0.

s
The expression on the left -hand side is called the complex line integral
of f along vy and is defined as:

b
/ f(z) dz: — / fly(t)) %(t) dt
Y a

The necessity of this condition is just the basic form of the Cauchy
- Integral - Theorem, while Morera’s Theorem shows that it is even
sufficient.

Morera’s Theorem: Let U C C be open, f continuous in U and all trian-

gles A C U satisfy / f(z) dz=0. Then f is holomorphic on U.
bA

3.1.3. Theorem (Cauchy Integral Formula (Basic Form)):

Let O C C be a domain and suppose that (r > 0), Dy(zy) C Q. Let
v:[0,1] — C be the C! parametrization y(t) = zy+71COS(27t) +1irsin(27t)

36
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and f holomorphic in Q. Then, for each z € D(zy, 1)

1 (&)
f(z) _Z_m/ i—z d§ (3.3)
Y

3.14. Remark:
For more general versions of the Cauchy Integral formula see [KraO8].

3.15. Theorem (Taylor series expansion):

Let U € C open and a € U,R > 0 such that Dg(a) € U and f holomorphic
in U. Then

f(z) = Z an(z—a)™, (3.4)
n=0

where the sum converges uniformly on all compact subsets of Dg(a) and
the following identity holds:

() (a)

an =119 n e, (35)
n.

an are called Taylor coefficients of f by expansion at a.

3.1.6. Theorem:

Let f be holomorphic in U, then (™) is holomorphic in U vn € N,.
f is therefore infinitely complex differentiable.

3.17. Theorem:
Assumption as in 3.15., y(t) = a+ relt, r < R, t, t € [0,271]. Then

M)y n! f(&)
™ (a) _zm/ o) dé (n € Ny) (3.6

3.1.8. Remark:
For proofs of the previous theorems see [KraO8] resp. [HasO5].

3.19. Theorem (WeierstraB’ Convergence Theorem):

Let U C C be an open subset, fn holomorphic on U, n € N;. If the se-
quence (fn)n converges uniformly on all compact sets K of U to a func-
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tion f, i.e. fn — funiformly on K, then f is holomorphic on U.

Furthermore, Wk € Ny: f) converges uniformly on compact sets to (%),
In addition, if fn, € H(U) is a Cauchy sequence in terms of uniformly con-
vergence on compact subsets of U,i.e.

vK € U, compact, Ve > 03N, i >0 such that

SUP |fn — fml < € Yyn,m > Ne ky Vz € K,
zeK

then there exists f € H(U) such that fn —3° f uniformly on compact sets
of Q.
H(U) is complete in terms of uniformly convergence on compact subsets
of L.

3.1.10. Remark (The Space of Holomorphic Functions):

Let U C C be an open set. The vector space of all holomorphic func-
tions on U, denoted by H(U), can be turned into a complete topological
vector space. The topology can be described by a metric and coincides
with the topology of uniform convergence on compact subsets of U :

It is known that there exits a sequence of compact subsets K, € U such
o

that Kn € K111, U Kn = U and such that if K is any compact subset of
=1

n=
U, then K € Ky, for some n.
We now define a sequence of semi - norms by

[flly: = sup f(z)|, fe H(U),neN
zeKy

and it yields that |||, < [[f[l;,.1. Now we can define the following

oo

. N" If—gln
d(f,g): —%(z) m (f,g € H(U))

It can be shown that d is a metric, that the topology generated by d is
independent of the choice of Ky and that convergence in d is the same
as uniform convergence on compact subsets.
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3.2 HOLOMORPHIC FUNCTIONS OF SEVERAL COM-
PLEX VARIABLES

In the following most of the results, definitions, theorems,etc. are taken
from [Ebe07].

3.2.1 PRELIMINARIES

Recall, that we defined for n € NT the n-dimensional complex vector
space C™: = {z=(z1,...,zn) | zj€C,je1,...,n }.

We write z; = x; + y; for the decomposmon of the coordinates z; into
real and imaginary parts This gives a bijection

c" —— R
(Z1y+-eyzZn) — (X1, Y1y - -y Xny Yn)
even an isomorphism of vector spaces. We use this isomorphism to in-
troduce a norm and thus a topology on CM. Since all norms on R2" are

equivalent, all norms on C" define the same topology. We shall often
consider the following norms:

& Euclidean norm: ||z|| == \/Z ‘ J‘ = \/Z 2z = \/Z +y

& Maximum norm: ||zllpax @ = rqax z
j

b )

3.2.1. Definition:

The (open) ball or disk of radius r > 0 and center a € C™ is definded by
B(a,7) =Br(a): ={zeCM||z—a| <T}

bB =bBy(a): ={ze C"||z— a|]| =r}is called the topological boundary.

3.2.2. Remark:

(i) We denote the topological boundary of a set A € C™ by bA, rather
than the more commonly used 0A , as the symbol generally has
different meaning in complex analysis.

(ii) The collection of balls {B(a,r) : T > 0,1 € Q} forms a countable
neighbourhood basis at the point a for the topology of C™.

Often it is convenient to use another system of neighbourhoods:
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3.2.3. Definition:
Let r=(r1,...,™n), 15 € R, r; >0and a € C™ Then

P(a,r): =Pr(a): = {ZE(C“ ‘ ’zj—aj’ <, 1<j gn} (3.7.)

is called the (open) polydisc or polycylinder around a with (poly-) radius
T.
The distinguished boundary of P(a,r) is definded by

T(a,r): =Tr(a): = {ze@“ ‘ ‘z]-—a-

an n-dimensional torus.

3.2.4. Definition:

Let 1 = (r1,...,™n), 15 € RT, r;>0and T: =Ty(0). Let h: T — C be a
continuous function. We define

/h(a) dé: = / ------ / h(&y...&n) A&y - dén (3.9.)

T |E»n‘:rn |£1 ‘:ﬁ

where the last integrals are complex line integrals.

3.2.2 HOLOMORPHIC FUNCTIONS

In section 3.1 we stated the equivalent conditions of holomorphic
functions in one complex variable. We now wish to generalize these char-
acterizations to the n-dimensional case. In the following U denotes al-
ways an open subset of C™.

To define a holomorphic functions in several complex variables we first
need to know something about power series in several complex variables.

3.2.5. Definition:
A formal power series around 0 is an expression

(@]

Z ao1,...,0n Z?] - -Zﬂ" (3.10.)

07yeeey O =0

with aoy,...,0n e C and 01y...,0n € NO
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To simplify the formula, we use multi-indices o(confirm chapter .

3.2.6. Definition:
Let w e C", ag € C, |0l > 0. A formal power series centered at w is an

(0.0)
expression Y  aglz—w)°.
o=0
We now want to introduce a concept of convergence. Here we must

pay attention to the fact that the multi-indices can be ordered in many
different ways.

3.2.7. Definition:
Let z/ € C™. The power series

o
Z aglz —w)°® (3.11)
0=0
is said to be convergent at the point z/ if the series
o0
Z ao(z —w)° (312)
o=0

converges with respect to every (arbitrary) order of summation. From
a theorem in analysis this is equivalent to the last series being absolutely
convergent.

Now let U be an open subset of C™ and let f: U — C, m =0,1,2,..
be a sequence of continuous functions. The series

o
D> fm (3.13)
m=0

°r

is called normally convergent if the series

oo

> suplfm(z)l (314

m=0 zeK

converges for every compact subset K C U.
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(0.¢]
If > fm converges normally, then the series converges absolutely and
m=0
uniformly on every compact subset K C U.

3.2.8. Definition:

o0
A power series > ag(z —w)° is called normally convergent in U if it is
0=0
normally convergent with respect to any, and therefore with respect to
every, order of summation.
The individual terms aq(z — w)° are to be understood as complex valued
functions on .

3.2.9. Proposition:
o0
Let w € C™ with wj # 0 forj =1,...,n. If the power series ) agz®
o=0
converges at w, then it converges normally in the polycylinder
P: ={zeCM 3] < w1 <j < n}

This proposition follows from the following result:

3.2.10. Lemma (Abel's Lemma):

Let w € C™ with wy # 0 forj = 1,...,n. If the set {agw®||o| >0} is
o0
bounded, then the power series > agz® converges normally in the poly-
o=0
cylinder
P: ={zeCM ;] < w1 <j < n}
Proof:

(a) Since the set {agw’ ||o| >0} is bounded, there is an M € R with
lagw®| < M for all o.
Now let g e Rwith0<q< 1.

Let P(q) = {ZE (CTL| ’Z]‘ < q’W] ,] S] < Tl}
For z e ]P(q) we have
agz] = |agllz1|%" -+ |zn]" < |acllqwi|®" - - [qwn|®™ = [agwO|q!°]

< Mq|0|
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and

(0.0 (0.0 o0 o0
Z]\/L. q|G| — M. Zq61+...+0n —M. (qu) (chn)
0=0 o=0

o=0 o=0
1 n
- M ' <—>
T—q

Thus the power series converges normally in the polycylinder P(q)‘

(b) Now let K C P be compact. The sets IP’(q), 0 < qg<1forman open

covering of P, so also of K. Since K is compact, there exists a finite
subcovering K C P(q]) u---uU P(qﬂ‘

o0

But K € P for q = _rqaxlq]- . By (@), > a¢z® converges uniformly
J=1yeesy o=0

and absolutely on K. This power series is therefore normally conver-

gent on P. -

3.2.11. Proposition:

Let r € RT,, P: =Pr(0) C C", a polycylinder around 0, T: = T+(0) and
let h: T — C be continuous. Then the function f: P — C with

co ] h(&)
f(z): = / Gy 3 (315)

(2mi)n - (En—zn)

can be expanded as a convergent power series around 0 in the whole of
P.

Proof:
Let r = (r7,...,mn). Let z € P be chosen fixed. Then qj: = |—fJL| < 1 for
j=T1,...,mn.
Now let & € T. Then
(&) _h(g) 1
(&1—2z1) - (E&n—2zn) & --&n (]_E_D...(]_%n)
h(e) (2)") (5 ()"
&1 En (G]ZO &1 Z: &n
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Since h is continuous and T is compact, the function

h(&)
&1 &n

&r—
is bounded on T; there is therefore an M € R with

<Mforall§eT.

‘ h(&)
E1 - En

o0
For fixed z € P the sum > M. q° is then a majorant on T for the series
0=0

< hi&) 1 ¢
;&"‘an.a_n'z ’
o=0

This series therefore converges absolutely and uniformly on T and we
may interchange summation and integration to get

flz) = (2%)2! (€1 -z )]TF('EEE“_Z“) B

T\ h(EE°
_(2_m> /(Z()E?1+1...Egn+1) dé
o=

T
1T\" h(&)
(2_m> T/5$1+]”'5g“+] de

(0

00
— Z 20.
o=0
00
= Z agz
o=0

with

TA\" h(&)
27 J E?H‘ o E.Sfﬁ—

This last series converges for every z € P. -

3.2.12. Definition (Holomorphic Function):

Let U € C™ be open. A function f: U — C is called holomorphic (or
analytic) in U if for every w € U there are an open neighbourhood V of

o0
winlU,weV CU, and apower series > aglz—w)° that converges to
o=0
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fonV forallzeV.
The set of all functions holomorphic in U is denoted by H(U).

3.2.13. Remark:
Obviously every holomorphic function is continuous.

We next want to generalize Cauchy’s integral formula for a disc in C.
Instead of a disc we consider a polycylinder.

3.2.14. Theorem (Cauchy’s Integral Formula):
Let U C C™ be open, T = (r1,...,Tn), 1} >0, 15 € RT,(1<j<n),

P: =1P(0) a polycylinder around 0 with P € U and T: = T(0).
If f: U — C is holomorphic, then for any z € P it holds that:

A f(&)
flz) = (zm) T/ i (316)

Proof:

We prove the theorem by induction over the number of variables n.
(ﬂ=1):

For n=1 this is Cauchy’s integral formula for the disc for a holomorphic
function of one complex variable.

Induction hypothesis:
Suppose n>1, and that the theorem has been proved for (n-1)-variables.

Induction step (n-1)— n:

For fixed (z1,...,2z,_1) € C1 with |zl < 7; we consider the

function F: Un — C with F(&n): = f(zq,...,24_1,&n) Where

Un: = { E,n cC | (Z],...,Zn_],((_,n) S U}

Then F is holomorphic in Uy, since f is holomorphic on U. The circle
{&n € C||&n| =Tn }is contained in Unp.

By Cauchy’s integral formula for a holomorphic function of one complex
variable we get

_ F(&n)
F(zn) = i / Er— 2 dén (%)

|E»n|:Tn
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By the induction hypothesis (now &, fixed and z4,...,z,_ are variable)
we obtain
1 n—1
F(Z1ye ey 21y En) = (2—m> T ()
. f(‘(—y])-“)E’n—])E’n)
with I = d&y---d&,_
[ | e Ty e

lEn1l=rno1 [&r]=T
If we substitute the formula (xx) into (x) we get

_ E]) ,(En)
f(z1,.0zn1y2n) = <2m) / / (& —21) (En—2n) d&;---dén
|En| =Tn |E»1| =T

as was to be shown. n

3.2.15. Lemma:

Let U € C™ be open and f: U — C holomorphic. Furthermore, let w ¢ U
and let P: = Pr(w) be a polycylinder around w with P C U, T: = Ty(w).
Then f can be expanded as a power series

= Z ag(z —w)°
o=0

in a neighbourhoodof w, with coefficients

_ (1" f(&)
do = (Z_m) /(51 —wq) o1 (£ — Wy )OntH] dé.
T

Proof:
This follows from the definition of a holomorphic function (3.2.12.), Cauchy’s
integral formula (Proposition 3.2.14.) and then from the proof of Propo-

sition 3.2.11. .

3.2.16. Proposition (Weierstra3’ Theorem):

Llet U C C*be openand let fm: U — C, m=0,1,2,..., be holomorphic
functions. If the sequence of functions(fm),, converges normally to a
function f: U — C, then f is also holomorphic.
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Proof:

Let w € U. We again assume that w = 0. We shall show that f is
holomorphic at w.

So let P: = Py(w) be a polycylinder around w with P C U, T: = Ty(w)
and z € P. Then

f(z) = lim fm(z)

m—oo

n
— m_m (Zm) / &= 21 — d& (Proposition 3.2.14.)

T
= (*).

We now need to interchange integrating and taking limits. To justify this,

we must show that the sequence of functions fm (&) converges
) (&1—2z1)(En—wn)

(E] —Z1 )"'(E»n_wn) '

We put g(&): = (& —z1) -+ (&n —wn).
Then g is continuous and does not vanish on T. Therefore 1 is also

uniformly to the function

g
continuous on T, so —~ g is bounded because T is closed. Hence, there is an
MeRsuchthat‘ ’<Mfora|l£eT
Then, on T,

1
H— - —H - H§H||fm ) < M — f] ™25 0

%m converges to £ on T. Hence

Therefore g

_ (" fm (&)
)= <Z7Ti> J “Jinoo(ﬁ —2z7)- (&n —zn)

- <2Lm)n q! & -2 )f(-é)(an—zm dé

Since all the fi, are continuous on T, so too is f continuous on T. It follows
fromProposition 3.2.17. that f can be expanded around 0 in a power series
that converges on all P. -

dé

3.2.17. Proposition'

Let f(z) Z ayz° be a formal power series that converges on a
o=0
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polycylinder P around 0. Then f is holomorphic in P .

Proof: -
By Proposition 3.2.9., the series > agz® is normally convergent in P. We

choose any ordering of the mult(iy—_indices. Let fi, be the m-th partial sum.
Then fy, is holomorphic in P (even in all of C™) and the sequence of (fm),,
functions converges uniformly in P. to the function f. By the Weierstrafy’
Theorem (Theorem 3.2.16.), f is holomorphic in P. -

3.2.18. Proposition:

Let U € C" be open and f: U — C holomorphic. Then all the partial
derivatives fz,1 <j <mn, are also holomorpic in U.

(0.0
If P C Uis apolycylinder around 0 and f(z) = Y aez® in P, then
o=0

1

< 01 0j— On
fz;(z) = Zoag(sz] ez cezptin P
o=

j
Proof:

o0 .
(a) First we show that the series ) aqojz;’ "-zf’
=0

o=
TakeweIP’withwj #0forj=1,...,n,0<g<Tandv: =q-w. Then
we can estimate as follows:

—1
...z converges.

o; o;
=1 |C10VG’ =1 |C10WG| -]
v v

01,0
AgOvy’ v,

on o
...'\)n

(0.¢]

Since Y agw? converges, the set { |agw?|||o] > 0 } is bounded.
o=0

Furthermore

(0. 9] (0.9] o0 o0
o=0 G]ZO 0‘]'20 (Yn:O

o0 o0
Now 3 q°is a geometric series for k # j. The series 3 05q%
Gk:O 0')':0
converges too. One has

(o5 +1)qo "] o5+ 1)
lim = =q- |lm
0j—00 G]q ) 0j;—00 Gj

=q<1
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Form the ratio test it follows that this series also converges. Thus

Z 0j - q° converges , and in particular, the set { 0yq/°! ‘ o] > O} is
o=0

also bounded. From Abel’s lemma it follows that the series

On

00

(op) 0j—1
Zao-o'jz_l ...Zj ...ZTL
o=0

convergesnormally inPy ={z € C" | |z;| < [v],1 <k <n}. Since P can
be covered by polycylinders Py, , the above series converges in P to
a holomorphic function gj.

(b) We now show that g; = fz;. We put hg(z): = agz®. Then

(e.¢]

Zho‘ and 9] ) Z(ho‘)zl (Z).

o=0

Next we consider
zj

/ 9j (z],..,z]-q,&,zjﬂ,..,zn) dé& +f(zq,.4,0,..y2n)
0

Zj 00
:/ (Z(hg)zj (Z)<z1,..,zj1,£,zj+1,..,zn)) d& +ho(zqy.,0y..y2n)

0 o=0
= ().
We are dealing here with a conventional path integral; the path is the
interval from 0 to z; in the z -plane and must lie completely in P. Since
this path is a compact subset of P, the series under the integral sign

converges uniformly there. We can therefore interchange summation
and integration to obtain

0o [ H
(*)_Z /(ho‘) ()<Z]> >Z] ]>£> j4+T1s >Zﬂ>d£+h0‘(z]> 0,..,Zn)
o=0 0

St

Therefore, fz; =g; (z) forallze P.
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Let U € C™ be open, f: U — C a holomorphic function. By Proposition
3.2.18., f is arbitrarily often (partially) complex differentiable. For w € U
and a multi-index o we put

am—i—...—i—onf

0°f = —— .
() = 5o (W

Then

3.2.19. Proposition:

Let U C C™ be open, f: U — C holomorphic. Then for every w € U there
IS @ power series expansion

f(z) = Zao‘(Z_W)G
o=0

around w in a neighbourhood of w, with coefficients

_ 3%f(w)

(e¥s; '
o!

Proof:

Let P = {z € C™: |z —wj| < 15,1 <j <n} beapolycylinder around w with

P C U. Furthermore, let T: = Ty(w). By Corollary 3.2.15,, there is a power
o0

series expansion f(z) = Y aq(z —w)? around w with
o=0

_ (" f(£)
do = (H) /(51 —wy)O T (Ey — wp ) Ont] dé,
T

1 1 1 1
:Z_T[i / (En_wn)0n+1 5 / (E] _w])(ﬁ‘f’] d&q| - dén.

|£n|:rn |EJ |:T1

By Cauchy’s integral formula for a single variable we now have

1 ] ] 1 991 £(&/)
o = oy 7 / ot | 2 / (&5 —wp)o2 T 22T dé,| - dén
|E»n|:Tn |£2|:T2
_ 09f(w)
ol

)
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where & = (wq,&,,...,&n). u

Many familiar results from the theory of functions of one variable can be
generalized easily to functions of several complex variables.

The identity theorem is such an example. It is, however, not true that two
holomorphic functions f,g: Q — C, Q € C™ a domain, must agree if the
set{z e Q| f(z) = g(z) } has an accumulation point in Q. Even for n=2 this
is false in general:

Consider Q C C2, f(z): =2z, g(z): =2zjz). Then{ze Q|f(z) =g(z)} =
{zeCz‘q =0o0r2zy) =1 },butf#gon@z.

However we do have the following results.

3.2.20. Proposition (Identity theorem for power series):
Let QO € C™ be a domain with 0 € Q and let f agz® and f byz® be two

o=0 o=0
power series convergent in Q. If the set

o0
{ZEQ
o=

Zagzg = ibgz‘T }
0 o=0

contains an open neighbourhood V of 0, then ag = by forall o.

Proof
Let f(z Z agz® and g(z Z bsz® for z € G. The functions f and g

are by Proposition 3.2.17, holomorphic in Q and by hypothesis agree on
the open neighbourhood V of 0.

Then their higher derivatives, which, by Proposition 3.2.19., exist, also
agree. Repeated application of Proposition 3.2.18. leads to

0°f(0)  9%g(0)
ol ol

—bg

Qg =

for all o. n

3.2.21. Proposition (Identity theorem for holomorphic functions):

Let QO C C™ be a domain, f,g: Q — C holomorphic. Let U C Q be open
and not empty, and assume f|;; = gly. Then f =g on Q.
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Proof:

Let M be the interior of the set {z € Q| f(z) = g(z) }. Then M is an open
subset of Q, and M # @ since U € M. It is enough to show that M is
relatively closed in G. It will follow that M = G, since G is connected.

Soletwe QnM. Take r € R,r > 0, so small that for the polycylinder
Po(w) around w with p = (r,...,1) we have Po(w) C Q. Since w € M,

there exists a w € M with ‘w) wJ’ < 5 forj =1,...,n If we put

gz (%,...,%),thenwGP%(w’)andIP’%( ') CPp(w') C Q. Thenfand gare
o0

holomorphic in IP’% (W'). Let f(z) = Y ao(z—w')9and g(z Z bolz—W')
o=0

be the power series expansions of f, resp.g in P%( w) . These power

series converge in P%(w’) and their values agree in a neighbourhood of
/

W,
By Proposition 3.2.20. ag = bg for all o. Thus f(w) = g(w), and sow € M.
We have shown that M is relative closed in G as required. n

From the definition we know that every holomorphic function f can be
expanded as a power series, even as a Taylor series (cf. 3.2.15.) and one
consequence from this fact is that the power series can be rearranged
arbitrarily.

Thus, if the coordinates zq, .. S Zj—1yZj41y-- - Zn Are given some fixed val-
ues by,...,bj_1,bj11,...,bn, then the power series can be rearranged as
a convergent power series in z; — b;.

That is to say, a function f € H(U) is holomorphic in each variable
separately throughout U in the sense that f(b1)...,bj_1,zj,b]-+1,...,bn)
is holomorphic as a function of z for any fixed values b;, whenever
(b])---)bj_])ijb]'_H’---)bn) e U.

The converse is also true:

3.2.22. Lemma (Osgood’s Lemma):

If @ complex-valued function is continuous in an open set U € C™ and is
holomorphic in each variable separately, then it is holomorphic in L.
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Proof;

Choose any point a € U and a closed polydisc

P(a,r): {z e C". )zj — aj‘ <m,1<j< n} C U. Fix any point z € P(a,r).
By 3.2.14., we obtain

OV et
f(z’)_(ZT(l) S(/) (E’]_Z])"'(E»n_ln) dE,] dén (%)

where S(a, ) is the compact set defined by

S(a,r) = {&e@“: ‘Ej—aj‘ =715, 1 <] gn}

[We can use 3.2.10: Since f is holomorphic in each variable separately, it is
holomorphic in an open neighbourhood of P(a, 1), a repeated application
of the Cauchy - Integral formula for holomorphic functions of one variable
leads to the formula

AR din  di,
@W=(g) [ = [ e T ©

E1—ail=r1  [E&n—anl=Tn

forall z € P(a,r).

For any fixed point z the integrand in (x) is continuous on the compact
domain of integration S(a,r) , so the iterated integral in (x) can be re-
placed by the single multiple integral (x*) by Fubini’'s theorem.]

Furthermore, the series expansion

(0.¢]

1 Z (11_01)01"'(Zn—an)

- (&1 — ap)O T - (En — an)Ont]

On

(& —z) Enmzn) =
is absolutely and uniformly convergent for all points & on the domain of
integration in (xx), and thus it can be integrated termwise.

So, upon substituting this series expansion into () and interchanging the
orders of summation and integration, it follows that f(z) has a convergent
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series expansion of the form

0.9]
flz)= > Copyon(z1 — )% - (20— an)Om
O7yeeey0n =0

inP(a,r), where

o ] n f(((-.])---)‘(-»n)
COtrenn = (z_m) / (& =)ot (& — am)ontT O
S(a,r)

That completes the proof.

3.2.23. Remark:

The hypothesis that the function f be continuous in U is actually inessential,
but this stronger theorem (see below) is surprisingly much more difficult.

Hartogs' Theorem:
If a complex - valued function is holomorphic in each variable separately

in an open set U C C, then it is holomorphic in U.
For detailed study on this matter see [Gun90, chapter 4, page 28].

One corollary which can be drawn from Osgood’s Lemma is an extension
of the familiar Cauchy - Riemann equations, as a criterion for holomorphy.
AS a convenient notation, introduce the first-order linear partial
differential operators

0 1( 0 . 0 0 1( 0 . 0
2o ) (o) @

where Xj,y; are the underlying real coordinates in C™ and zj =X + 1y;. It
should perhaps be remarked that the left-hand sides in (#) are defined
by that equation, and have no separate meaning. However, note that

o _1<1_11>(X.+iy.) iy
62)- ) 2 aX] ay) ) )
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and hence that

0 n_ ...n—1I
a_Z)-Zj =Nz
therefore, when applied to holomorphic functions, the operator a%-
)

coincides with the familiar complex derivative of a holomorphic function.

3.2.24. Theorem (Cauchy - Riemann Criterion):

Let f: U — C, U € C™ open, that is continuously differentable in the
underlying real coordinates of C™. f is holomorphic in U if and only if it
satisfies the system of partial differential equations
9 1) =0,7=1,2,...,n (317)
aZ_J ) y e )
Proof:
At any point of U, consider f(z) as a function of the single variable zj,
holding the other variables constant. Decomposing f into its real and

imaginary parts by writing f(z) = u(z) + iv(z), note that

2 Dy (v (3w oy

Therefore (B17)) is equivalent to the classical Cauchy - Riemann equations
for each variable separately; and, as is well -known, this in turn is equiva-
lent to the function f being holomorphic in each variable separately. The

desired theorem then follows immediately from Osgood’s lemma. .

3.2.95. Remark:

For any open subset U € C", H(U) is a Frechét - space (see [Gun90,
chapter4 , page 31).
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3.3 HOLOMORPHIC MAPS & THE lIMPLICIT FUNC-
TION THEOREM

Next we consider holomorphic maps.

3.3.1. Definition:

Let Q € C" be a domain. Amap f = (fq,...,fn): Q — CM,
f(z) = (fy(z),...,fn(z)), is called holomorphic if all the component
functions fy, are holomorphic in Q.

Let O € C" be a domain, f = (fy,...,fn): Q — C" a holomorphic map.
The matrix

=1,...n
(ot NPT d(f(w), .., (W)
Jefw): = <_azj (w)) = ) (3.18.)

j=T,...,n

is called the holomorphic functional matrix or the Jacobi matrix of f at
w e Q.

Next we put (1,j=1,...,n)

uu: %
Xt R

(fu) v = J(fu)
z J

ouy % ouy ovy
0x; dy; dy; 0x

Let us introduce the following abbreviated notation:

a_u_ B % u=I1,...n a_u - % u=I,...,n
ox’ | 9x oy’ \dy; ).

j=T,...,n

a_v- B % u=I1,...,n a_v - % u=I,...,n
ox"\ 9x oy’ \dy; ).

j=T,...,m
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o(u,v)
o(x,y)
differentiable map f: U — R2™ determined by f through the identification

The matrix = Jr ¢ is the (real) functional matrix of the real
C" — RN

(z1y.+eyzn) = (X715, X, Y1y-- -y Yn), zj = x5 + 1y

and the corresponding identification of C™ with R2". From the Cauchy -
Riemann differential equations, it follows that

o(u,v) g—‘; — %
~“\9v ou |-
0x 0x

Then,for the determinant of this matrix,

o(u,v) 2
det ' — |det ]~f|”.
o0y 19eticf]
Indeed,
Ju _ Jv
det g(u,\’) — det | 3 aé&x) (18t line +1i 2™ line)
(X>y) ox  0Ox
0 : 0 - (0 - 0
_ det o Tt (6_:: +1a—;}<>> (24 row -1 15t row)
v au
0x 0x
ou - OV
5= +iz 0
0x 0x 0x
= |d€t I(Cf|2 y

where in the last step of this calculation we used the following represen-
tation of the derivative of f: We know by the Wirtinger calculus that

of 1 /of . of

On the other hand, we have for f = u + iv that
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a1 o o 1 (o o
ox 2 \0ox ox )’ 2

Inserting this into (&) yields to

o _12uw_ .o . 0u  ov|_1/0%u .0v .0v 0u
dz 2| dx 0x dy oy | 2\ox ox 0 0

The above calculations prove the following proposition:

3.3.2. Proposition:
With the notation as in the above definition, we have det Jf = [det J¢f|*.

We next want to show an implicit function theorem for holomorphic
maps. To this end we consider

C*x CM™ ={(z,w) |z=(z1,.--,2n) €C"y w=(wq,...,Wwp) e C™}

U C C™ x C™ an open subset, and f: U — C™ a holomorphic map. Then
given apoint ¢ = (a,b) € U, the map w — f(a,w) is holomorphic at b. We
put

of of
of av\,]](a)b) awln((l)b)
_(a>b) = : . .
ow of of
a_v\r)r]L(a)b) ﬁ(a)b)

333. Proposition (Implicit Function Theorem):

Let U C C™ x C™ be open and f: U — C™ holomorphic. Furthermore, let
f(a,b) =0 and det (%‘;) (a,b) # 0. Then there are an open set V C C™ of
a and a uniguely determined holomorphic map ¢: V — C™ such that for
allzeV

f(z,0(z)) =0
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Proof:

We deduce this proposition from the implicit function theorem for real
maps f: U — R2M U C R2" x RZM, We treat f as a map f: U — R2M,

For (z,w) € U we put

Up: ={zeC"|(z,w)eU}and U;: ={wecC™|(z,w) e U}
Then the partial maps

f(z,): Uy — R2™ for fixed z
w — f(z,w)
flyw): Uy — R2™ for fixed w

z — f(z,w)

are also complex differentiable.
If we put f = u+1iv and w = x + iy then, as we have seen above,

2
det ggjlﬁ (a,b) = |det 2 (a,b)|” 0.

From the implicit function theorem of real analysis it follows that there are
a neighbourhood V of a in C™ and a continuous real differentiable map
@: V — R2M such that for all z € V, f(z, ¢(z)) = 0. If we put z = « + if
then for the derivative ¢’(z) for all z € V we have

N [(TRY IR
¢'(z) = — (a(x—,w("‘""("‘”) o (m(z,@(Z))) .

Since the partial maps f(z,-) and f(-,w) are complex differentiable, the
Cauchy - Riemann differential equations are satisfied for these maps. It
follows from the formula above that the Cauchy- Riemann differential
equations are also satisfied for the map ¢: V — R2M. Therefore ¢ is
holomorphic. n

3.3.4. Definition:

A holomorphic mapping f: Q; — Q, of domains Q; € C"*, Q, C C™
is said to be biholomorphic (or conformal) if it is one-to-one and onto
and det ]C)f(z) # 0 for every z € Qq, ie. the inverse mapping 1 is
holomorphic.

59



3.4 HARMONIC FUNCTIONS

3.4 HARMONIC FUNCTIONS
Holomorphic functions are closely related to harmonic functions.

3.4.1. Definition (Harmonic Function):

Let QO € R™ be a domain and f: Q — C a C2- function.
f is called harmonic if it is a solution of the Laplace equation:

f= Z—Zg =0on Q. (3.19)
j=1 o

Functions satisfying (B.19]) are automatically infinitely differentiable.
For details on this see for example [EvalO].

We briefly discuss the relationship between holomorphic and harmonic
functions.

3.4.2. Proposition:

Suppose f = u+ iv is holomorphic in U € C, open. Then u and v are
harmonic in U, hence f is harmonic in Q.

Proof:

Since f is holomorphic, we know from 3.1.6. that f is infinitely complex
differentiable, and hence u and v are infinitely differentiable.

In particular, u and v have continuous second partial derivatives. By 3.1.2.
Remark, uwand v satisfy the Cauchy - Riemann Differential Equations ux = vy
and uy = —vx in U. Hence in U,

Au = Uxx + U:yy = (uX)X + (Uy )y = (Vy)x + (JVX)U

= Vyx — Vx = Vyx —V XZO
Y Y Theorem of Schwarz Y Y

The proof for v satisfying the Laplace equation is completely analogous.

So, it follows now that a holomorphic function of several complex
variables is harmonic since it is each holomorphic in each variable
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3.4 HARMONIC FUNCTIONS

separately.

Harmonic functions satisfy the so-called mean value property which reads
as follows:

3.4.3. Proposition:

Let Q C R™ be a domain, u € C2(Q) harmonic in Q, then

w(x) = ][ u(y) dofy) = ][u(y) dA(y) (3.20.)

bB(x,r) B(x,r)
(3.21)

for every ball B(x,r) C Q.

So, u(x) equals both the average of u over the sphere bB(x,r) and the

average of u over the entire ball B(x, ), provided B(x, 1) C Q.

Proof:
For a proof of this proposition confirm [EvaTO].

3.4.4. Remark:

(i) Averages:
][ u(y) dA(y) = m / u(y) dAly),
B(x,r) B(x,r)

where V(B(x, 1)) denotes the volume of the ball B(x, ).

1
Foutwdot) = copy [ wwkoly),

bB(x,T) bB(x,T)

where o'is the (n-1) - dimensional surface measure of the sphere bB(x, 1);
o(bB(x,r)) denotes the surface area of the (n-1) - dimensional sphere
bB(x,r) in R™,

(i) Holomorphic functions satisfy the mean value property as well, since
we already know that every holomorphic function is harmonic.
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4.] NOTATION AND BAsIC DEFINITIONS

The theory of reproducing kernel Hiloert spaces (RKHS) interacts with
many subjects in Mathematics, e.g. complex analysis, quantum
mechanics, harmonic analysis, probability theory and statistics.

We will see that Reproducing Kernel Hiloert Spaces are spaces of
functions with the nice property, that if a function f is close to a function
g in the sense of the distance derived from the inner product, then the
values f(x) are close to the values g(x). This property has consequences
which are desirable in a wide variety of applications.

Among Hilbert Spaces of functions, RKHS are characterized by the
property that the evaluation of functions at a fixed point x, f— f(x) is a
continuous mappins.

The reproducing kernel of such a space § is a function of two variables
K(x,y) with the property that for fixed y, the function of x — K(x,y)
denoted by W or K(.,y), belongs to $ and represent the evaluation
function at the point x (this will be made precise in definition 4.2.1.).

In the following most of the results, definitions, theorems, etc. are taken
from [BTAO4].

4.] NOTATION AND BASsIC DEFINITIONS

Throughout this chapter 4, let X be a non- empty abstract set. Let §) be a
Hiloert space of functions defined on X and taking their values in the set
C of complex numbers.

$ is endowed with an inner product (, ) g:

HNxH—C
(@, 0) — (@, ) g

and the associated norm ||-|| :

Vo €H: |lollg =1/(0,9)g
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4. NOTATION AND BAsIC DEFINITIONS

411, Examples:

Q)

Let $ be a finite dimensional complex vector space of functions with
basis fq,...fn. Any vector of § can be written in a unique way as a
linear combination of fy,...fn.

Therefore an inner product (,)g on § is entirely defined by the

n n
numbers gy = <fi,fj> IT<ij<nlIfv= 21 vifi and w = 21 wif;, then
1= )=

n n n n
(W) g = <Z"ifi>Zijj> =) D ViWjg
i=1 j=1 5 i=1j=
The matrix G = <gﬁ>1,1,
1,j=
Hermitian or self-adjoint, i.e. G = G*, and positive definite
(V*Gv > 0 wheneverv # 0). A finite dimensional space endowed
with any inner product is always complete and therefore it is a Hiloert
space.

1 is called the Gram matrix of the basis. G is

A particular finite dimensional space is the space Pr of polynomials
of degree at most r. Let K, be a probability density on R, that is a
nonnegative integrable function satisfying

/Ko(x) dA(x) =1

R

Suppose that Ky has finite moments up to order 2r(r € N), i.e. the

n-th moment (n € N) of a random variable X with probability density
o0

Ko is the expectation E of X™ and is given by E(X™) = [ x™Ky(x)dx.
—00

Then the space Py is a Hiloert space with the inner product
P.Q) = [ PXIQEIKo[x) dA(X)
R

The Gram matrix of the canonical basis 1,x,x2,...,x" is the
(r4+1) x (r+ 1)- matrix (gﬁ) defined by
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4.] NOTATION AND BAsIC DEFINITIONS

g5 = [ X7 2Kolx) dAfx) (1 <55 <71,
R

That is the Hankel matrix of moments of K, (for details see [BTAO4).

(2) Let X = (a,b),—0c0 < a < b < 00, and £2(a,b) be the set of complex
measureable functions over (a,b) such that

b
/|f(x)]2 dA(x) < oo

Identifying two functions f and g of £2(a,b), which are equal except
on a set of Lebesgue measure equal to zero, we get a vector space
£2(a,b) which is a Hiloert space with the inner product

b
(f,9) £2(a,b) :/f
a
(3) Let X=(0,1) and

H= { ) ) ¢(0) = 0,¢ is absolutely continuous and ¢’ € £2(0,1) }, where
¢’ is defined almost everywhere as the derivative of ¢. § is a Hilbert
space with the inner product

1
(o, ) = /@’W dA
0

$ belongs to the class of Sobolev spaces(see [BTAO4] or [EvaTOD.
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4.2 DEFINITION, UNIQUENESS, EXISTENCE

4.2.1. Definition (Reproducing Kernel):

A function

K: XxX—C
(X>y) — K(X>U)

is a reproducing kernel of the Hilbert space $ if and only if

(D For every y, ky(x) = K(x,y) as a function of x belongs to £,
l.e. vy € X: K(.,,y) € 9.

Q) VWyeXvVpeh
e(y) = (o, ky) = (0, K(.,y)) = (@(x),K(x,y)) (4.1)

This last condition is called "the reproducing property": the value of the
function ¢ at the point y is reproduced by the inner product of ¢ with

ky ().
So, applying (BT) to the function ky at x we get

ky (X) = <ky,kx> fOI’ X,y € X (4.9.)
and by (1) and (2),
K(x,y) = (ky, kx) = (K(.,y),K(.,x)) forx,y e X (4.3)

By the above relations, for y € X we obtain

Iyl = /(ky, ky) = /K, ) (4.4)

4.9.9. Definition (Reproducing Kernel Hilbert Space):

A Hilbert space $ of functions on a set X is called a reproducing kernel
Hiloert space (abbreviated by RKHS) if there exists a reproducing kernel
K of 9, cf. 4.2.1. Definition.
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4.2 DEFINITION, UNIQUENESS, EXISTENCE

The Hilbert space with reproducing kernel K is denoted by $Hk (X).
The corresponding norm will be denoted by |||, and the inner product

Oy ()5

Let us examine the Hilbert spaces listed in 4.1.1. Examples.

4.9.3. Examples:

(1 Let(eq,ey,...,en) be an orthonormal basis in $ and define

Kioy) =) ei(x)eily).
i=1

Then for any y in E,

n

Koy) =D ei(ye(.)

i=1

belongs to $ and for any function

¢(.) = Z ajeq(.)
i=1

in $, we have vy € X

<q>,1<(.,y)>5:<Zaiei(.),zej(y)ej(.)> =) D aigly)(eney),
i=1 j

i= j=1 5 i=1j=1

= Z aiei(y) = ¢(y).
i=1

Any finite dimensional Hiloert space of functions has a reproducing
kernel.

(2) § = £2(a,b) is rather a space of classes of functions than a space of
functions, thus 4.2.1. Definition does not strictly apply in that case.
However we could wonder whether there exists, for t € (a,b), a
class of functions K(.,t) such that V¢ € £2(a,b)
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4.2 DEFINITION, UNIQUENESS, EXISTENCE

b
/ @ K(.,t) dA = @(t) as.. (4.5.)

a

The answer is negative. A theorem of Yosida states that the identity
is not an integral operator in £2(a,b), i.e. (&5]) cannot be satisfied.
Q) H = { @ ‘ ©(0) = 0,¢ is absolutely continuous and ¢’ € £2(0,1) } has

the reproducing kernel K(x,y) = min(x,y). Indeed, the weak deriva-
tive (see [Eval0] for example) of min(.,y) is the function 1(0,y) @d

Yy
(0K (y))g = [ 000 aA) = o)

4.2.4. Theorem (Unigueness):

If a Hilbert space $ of functions on a set X admits a reproducing kernel
then the reproducing kernel K(x,y) is uniquely determined by the Hilbert
space $.

Proof:

Let K(x,y) be a reproducing kernel of §. Suppose that there exists an-
other kernel L(x,y) of $. Then for all y € X, applying 4.2.1.(ii) for K and L
we obtain

< L(X)y))K(X>y)_L(X)y)>
K(x y)> <K(x y) —L(x,y),L(x,y))
k ) > <K X y L(X>U)>1y(x))>

))—

_<ky(x)—ly(x))>ky( <ky —1y( ))>1y(x))>
= (ky —ly)(y) - (ky —ly)( ) =0,
hence

This means K(x,y) = L(x,y) V(x,y) € X x X. -

Riesz’s representation theorem 2.3.6. will provide the first characteriza-
tion of RKHS.
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4.95. Theorem (Existence):

For a Hilbert space $ of functions on X, there exists a reproducing kernel
K for $ if and only if all the evaluation linear functionals

evy: H — C(y e X)
© — evy(p) = o(y)

are bounded linear functionals, i.e. continuous on §).

Proof:

(=) Suppose that K is the reproducing kernel for §, then for any

(&)

y € X, we have byﬁe reproducing property

Vo €9 oly) =evp = (9, K(,,y))g. -
Thus, from the Cauchy-Schwarz inequality of the scalar product, we
obtain

(2.1
oY)l = levy(@) = [(0, K, w)g, | < I0llIK(v)l| = ol VKT, Y),

hence the evaluation at y is a bounded linear functional,
l.e. continuous on $.

More over, for ¢ = K(.,y) the upper bound is obtained so that the
norm of the continuous linear functional evy is given by

levy (@)
levy|| = sup “U-P
lolio Il

= K(U)U)

Conversely from Riesz’s representation theorem, if the linear map-
ping H — C, @ — evy(@) = @(y) is bounded, i.e. continuous, there
exists vy € X a function Ny (-) in $ such that

Ve €9H: (0, Ny) = o(y)
If we put ky instead of Ny, then
vx € X we get ky(x) = Ny(x).

Hence K is a reproducing kernel for $.
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4.9.6. Corollary:

Let $H be a Hiloert space of functions on a set X and let & be a closed
linear subspace of $. If H has a reproducing kernel then & has also a
reproducing kernel.

Proof:
In this case if y is an arbitrary point in X the functional evy: ¢ — @(y) is
continuous on & and thus the assertion follows from the above theorem.

4.9.7. Theorem:

Every sequence of functions (on)n>1 € Hx(X) that converges strongly
to a function ¢ € H¢(X), i.e. in the norm sense:

Ve > 03N(e)vn > N(e): [[on — Pllg (x) <€

converges also in the point- wise sense, that is

lim on(y) = @(y) for any point y € X.

n—oo

Furthermore, this convergence is uniform on every subset of X on which
y — K(y,y) is bounded.

Proof:
Fory € X, using the reproducing property and the Cauchy-Schwarz
inequality

lon(y) — @yl = ’<(Pn>ky> - <(P>ky>’

QN
=Kon— @, ky)l < llon —@llg, ) [kyllop

= [lon —@llgk(x) K(y,y)

Therefore,nh_)mOo on(y) = @(y) forany pointy € X.

Moreover, it is clear from the above inequality that this convergence is
uniform on every subset of X on which y — K(y,y) is bounded. -
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The aim of the following is to show that the set of positive definite
functions and the set of reproducing kernels on X x X are identical. For
this purpose a definition is needed.

4.9.8. Definition:

A function K: X x X — C is called Hermitian if for any finite set of points
{yy,...,yn} € X and any complex numbers ay,...an we have

and K is called a positive type function or a positive definite if

n n

> ) a@K(y;,y;) >0 (+)

i=1j=1

It is worth noting that condition (x) given in definition 4.2.8. is equivalent
to the positive definiteness of the matrix (K(yi, yj)i<ij<n Or any choice
of ne Nand {yy,...,yn} C X.

In brief, sometimes we will denote this by [K(x,y)] >0 on X, or
equivalently, we will say that K is a positive definite matrix in the sense
of EH.Moore.

4.2.9. Examples (Examples of positive definite functions):

(M Any constant non-negative function on X x X is of positive type since

n n n 2
S 3 a- |3 af cx*
i=1j=1 i=1
(2) The delta function
1 ifx=
(oY) by =4 Y
0 ifx#y

is of positive type.
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4.2 DEFINITION, UNIQUENESS, EXISTENCE

Proof:

Let n > 1,(ay,...,an) € CM(xq,...,xn) € X" and {ay,...,xp} the set
of different elements among x1i,...,xn. We can write

n n n P P 2

> Y amiuy =) Y am-3 3 ag-) |3 o €&
i=1j=1 i=1%=Xi k=1Xj=X{=Xx k=1 |Xi=%Xx

(3) The product oK of a positive type function K with a non - negative
constant « is a positive type function.

4.210. Theorem:

The reproducing kernel K(x,y) of a reproducing kernel Hilbert space § is
a positive matrix in the sense of EH. Moore.

Proof:
We have
n 2 n n n n
0<|I> ajky| = <Zaikyi>zajkyj> =) ) ag <k‘ﬁ>kyi>
i=1 i=1 j=1

i=1j=1

= ZZG a; K(va))

i=1j=1

hence, ZZala (yi,y;) = 0.
i=1j=

4.92.11. Remark:

Given a reproducing kernel Hilbert space $ and its kernel K(x,y) on X x X,
then for all x,y € X the following properties hold:

M K(y,y) >0vy e X

(2) K(x,y) =K(y,x) V(x,y) € X x X
(3) K is a positive type function.
(4) [K(x,y)I* < K(x,x)K(y,y)
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4.2 DEFINITION, UNIQUENESS, EXISTENCE

Proof;

(D is clear.

(3) Taking the conjugate in (%) in 4.2.8. one gets @ q K(y;,y5) e RT

I\’l;e
llvlﬁ

i=1j

(4) We use () in $ and obtain

[K(x,y) —V<ky>k><>| < ey [ el || ey || 1Tkl
= [[ky[|* kel = (Kyyy Ky ) (K k) = Ky, y)K [, %)

which is the desired result.

4,92.12. Remark:

Same assumptions as in 4.2.10. .
Let yo € X.Then the following properties are equivalent

(@) K(yp,yp) =0
() K(x,yg) =0vx e X
(© @(yg) =0vVp eH

Proof:
(a) = (b)
Let K(yg,ug) = 0. It follows by 4.2.10. (iv) that [K(x,yg)* < K(x,x) -0,

hence K(x,yp) =0Vvx € X.

(b) = (c)
Let K(x,yg) =0 Vx € X. By the reproducing property we obtain

¢(yo) = (@, K(x,yp)) = (9,0) =0 Ve.
(c) = (a)
Let @(yg) = 0Ve. Taking @(x) = K(x,yp) Sives the desired property,

since @ is in $ because the function x — K(x,y) belongs to $, and 0 =
¢ (yo) = K(yo, yo)- n
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We are now in a position to state the main result of this paragraph, from
which the converse of 4.2.10. theorem will appear as a consequence (see
below).

4.213. Theorem:

Let $), be any subspace of CX, the space of complex functions on X, on
which an inner product (., .) g, is defined, with associated norm |||,

In order that there exists a Hilbert space $ such that

(@) $Hy € H C CX and the topology defined on $, by the inner product
(- )5, coincides with the topology induced on ), by $.

(b) $ has a reproducing kernel K.

it is necessary and sufficient that

(D the evaluation functionals evy (yeX) are continuous on $j.

(2) any Cauchy sequence (fn)n in $ converging pointwise to 0
converges also to 0 in the norm sense.

4.9.14. Remark:

(2) is equivalent to (27): for any function f in $y and any Cauchy sequence
(frn)n In Hy converging pointwise to f, (fn)n converges also to f in the
norm sense.

Proof:
Proof of 4.2.13.

(=) If § does exist with conditions (a) and (b) satisfied, the evaluation
functionals are continuous on $ (by Theorem 4.2.5.) and therefore
on 5’_)0.
Now, let (fn)n be a Cauchy sequence in £, converging pointwise
to 0. As § is complete, (fn)n converges in the norm sense to some
f € $. Thus we have

vy € X fly) = evy(f) = _lim evy(fn) = nli_}moofn(y) =0

n—oo

and f = 0.
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(&) Converse, suppose (1) and (2) hold. Define $ as being the set of
functions f in CX for which there exists a Cauchy sequence (fn)n in
£y conversging pointwise to f,
§= { X5 C ‘ 3(fn)nC.S. N9y fnly) "= f(y) vy € X } .
Obviously £y € $ < CX.

The proof of 4.2.13. Theorem will be completed by Lemmas 4.2.75.
to 4.2.20. below. Lemmas 4.2.15. and 4.2.16. enable us to extend to
$ the inner product on §.

In Lemmas 4.2.15. to 4.2.20. we use the hypotheses and notation of
4.2.12 Theorem.

4.915. Lemma:

Let f and g belong to . Let (fn)n and (gn)n be two Cauchy sequences
in $p converging pointwise to f and g. Then the sequence (fn,gn)g, IS
convergent and its limit only depends on f and g.

Proof:
First recall that any Cauchy sequence is bounded vn,m € N,

(fny In)g, — (fm, 9m>5§0‘ = ‘<fn —fm, gn) g, — (fmy In — Im) g,
< ifn —fmllg, [gnllg, + [fmllg, [9n — gmllg,
— —
—0(CS) —0(CS)

by Cauchy-Schwarz inequality (1D. This shows that ((fn, gn)g,) is @ Cauchy
sequence in C and therefore convergent. In the same way, if (f;,)n and
(gh)n are two other Cauchy sequences in £, converging pointwise
respectively to f and g, we have vn € N,

(g, = (P o) o [ < =] ol + 4] on — ot

(fn—Tr) and (gn — g1,) are Cauchy sequences in £, converging pointwise
to 0. From assumption (2) they also converge to 0 in the norm sense. It

follows that ((fn, 9“>ﬁo> and ((ﬂt, 941>m) have the same limit.
|
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4.2.16. Lemma:

Suppose that (fn)n is @ Cauchy sequence in §, converging pointwise to
f and that n||_>moo (fny fn) g, = 0 ((fn)n tends to 0 in the norm sense).
Then f =0.

Proof:
vx e X, f(x) = n|i_>moofn(x) = n“—>mooevX(fn) =0, by assumption (1) in 4.9.13...

Thus we can define an inner product on $ by setting

(f, 9>3§ L= fn, 9T1>5730

Jm
where (fn)n (resp. (gn)n) is @ Cauchy sequence in $)y converging
pointwise to f (resp.g). The positivity, the Hermitian symmetry and the
lineartiy of (.,.)g in the first variable are clear because (.,.)s, has those
properties.

Lemma 4.2.16. entails that f = 0 whenever (f,f) = 0. Condition (a) in
4.9213.Theorem is satisfied for the topology on § associated with this
inner product.

4.917. Lemma:

Let f € $ and (fn)n be a Cauchy sequence in $), converging pointwise to
f. Then (fn)n converges to f in the norm sense.

Proof:

Let ¢ > 0 and let N(¢) be such that ¥n,m > N(e): |[fn — fm| g, <e.

Fix n > N(e). The sequence (fm — fn)men is @ Cauchy sequence in
converging pointwise to (f — fn).

Therefore ||f — fnllg = m|i_r>nOOHfm —fnllg, <&

Thus (fn)n converges to f in the norm sense. -

4.92.18. Corollary:
£y is dense in §.

Proof:
To show density we use the following characterization:
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A subset A € M of ametric (M, d) is dense
SVe>0vxe MIyeA:d(x,y) <e.

By definition of §, for any f € § there exists a Cauchy sequence (fn)n in
$y converging pointwise to f. By Lemma 4.2.17.,(fn)n converges to f in

the norm sense. The corollary follows.
|

4.9219. Lemma:

The evaluation functionals are continuous on $.

Proof:

As the evaluation functionals are linear it suffices to show that they are
continuous at 0. Let x € X. The evaluation functionals evy is continuous on
9o (assumption (1) in 4.2.13.Theorem ). Fix ¢ > 0 and let i such that

(Fesoand [Iflg, <) = If(x) < 3.

For any function ¢ in $ with [[@]g < % there exists by Lemma 4.2.18. a
function g in $, such that |g(x) — @(x)| < 5 and [|g — @y < 3-
This entails [gllg, = l9llg < g — @llg + lellg <m,

o ) 9 )

<3 <3
hence, |g(x)| < % and |p(x)| < «.
[ Indeed,
l(x)[ = [@(x) — g(x) + g(x)| < |@(x) — g(x)[+]g(x)| < e.]
w_/ \\/E_/
<2 <2

Thus evy is continuous on $.

4.9.920. Lemma:

$ is a reproducing kernel Hilbert space.

Proof:

In view of 4.2.19.Lemma it remains to prove that $ is complete.

Let (fn)n be a Cauchy sequence in $) and let x € X. As the evaluation
functional evy is linear and continuous (4.2.19. Lemma), (fn(x))n is @ Cauchy
sequence in C and thus converges to some f(x). One has to prove that
such defined f belongs to $.
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Let (en)n be any sequence of positive numbers tending to zero as n tends
to co. As £)g is dense in $,¥j € N3g; € £, such that Hf]- - g]-H55 < ¢. From
the inequalities

g;(x) — F(x)| < |gj(x) = F5(0)| + |f(0) = ()| <

evx(g; — f)| +[f;(x) — (%)

~"

:O —0

7 7

and from the properties of evx (4.2.19.Lemma) it follows that (gn(x))n
tends to f(x) as n tends to co. We have

‘gi_ngﬁo = ‘ 91—9;'H53 <lgi = fillg + fi_fjHﬁ+ Hfj_ngﬁ
<eitej+ fi_fi”y;
—0CS. inH

Thus (gn)n is @ Cauchy sequence in $, tending pointwise to f, and so
f e 9. By 4.2.17.Lemma (gn)n tends to f in the norm sense. Now,

=1, < 16— gslo + g~ flg

Therefore (fn)n converges to f in the norm sense and §) is complete.

4.92.21. Remark:

As £, is dense in ), H is isomorphic to the completion of $,. It is the
smallest Hilbert space of functions on X satisfying (a) in 4.2.13.Theorem.
$ is called the functional completion of §,.

Now we can prove the converse of 4.2.20.Lemma and give some
properties of the Hilbert space having a given positive type function as
reproducing kernel.

4.9.92. Theorem (Moore-Aronszajn Theorem):

Let K be a positive type function on X x X. There exists only one Hiloert
space $ of functions on X with K as reproducing kernel.

The subspace 9, of § spanned by the functions (K(->U)yex) is dense in $
and § is the set of functions on X which are pointwise limits of Cauchy
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sequences in H with the inner product

n m

(900, = DD iBjK(yjx3) (4.6)
i=1j=1

n

where f = 5 oK(., )andg—ZBK - Yj)-
{=1 j=1

Proof:

First remark that the complex number (f,g) defined by (&) does not
depend on the representations not necessarily unique of f and g: On the
one hand, we have

9)50 = <Z(XLK()X1))Z B]K(>y])> ZZOCLB] < )y])>
i=1

j=1 550 i=1j=1

:ZZ(X‘LB_]'K(‘J]'))% Z%ZBJ y],xl
i=1 j=I

i=1j=1

-~

=g(xi)

n

=Y ogl(xq)

i=1

and on the other hand, it is

This shows that (f, ), depends on f and g only through their values, and
not on the representation of f and g in $,.

n
Then, taking f = > aK(.,x;) and g = K(.,x),we get
i=1

<f,K(.,x)>f)O Zogg ZO(J(XX ) = f(x).

Thus the inner product with K(., x) "reproduces” the values of functions in
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9y, 1.e. Hy has the reproducing property. In particular
K25, = (K(x), K x)) = K(x,%).

As K'is a positive type function, (.,.)s, is a semi-positive Hermitian form
on Hy x Ny, i.e. it is linear in the first variable and Hermitian, and, since K
is positive definite, (f, f)g > 0.

Now, suppose that (f, f) g = [f[ g, = 0. From the Cauchy-Schwarz
inequality we have

e X )] = [(F,K(5x)) g | < VIR K(x,x)] =0

and f =0.

Let us consider $, endowed with the topology associated with the inner
product (.,.)g, and check conditions (1) and (2) in 4.2.13.Theorem:

Let f and g in $p, then by the reproducing property ( f(x) = (f,K(.,x)),
g(x) = (g,K[-,x)))

vx € X |evx(f) —evx(g)| = ‘<f— g,K(.,x)>m’ < [If — gllg, 1/ K(x, x)].

Therefore the evaluation functionals are continuous on ), and (1) is satis-
fied.

Let us now check condition (2). Let (fn)n be a Cauchy sequence (hence
bounded) in $H, converging pointwise to 0 and let A > 0 be an upper
bound for (||fn|g,). Let e >0 and N(e) such that

n>N(e)= HfN(s) _an530< %

K
Fix k, xq,..., and xq,...,%, such that fN(e) = > oK, x) .
i=1
So, for n > N(¢) we have

||fn||5230 = <fn —fNe) T fN(£)>fn>ﬁ = <fn - fN(E)’fn>yJo + <fN(£)>fn>5~jo

0

K
< an — g ||l + <fN(g))fn>ﬁo <e+t ;alfn(xl))
pu—
<V% <A t
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hence, limsup || fn|? < e.
n—oo

As ¢ is arbitrary this entails that (fn)n converges to 0 in the norm sense.
We are now in a position to apply 4.2.13. Theorem to $:

There exists a Hilbert space $ of functions on X satisfying (a) and (b) in
4.2.13. Theorem. $ is the set of functions f for which there exists a Cauchy
sequence (fn)n in $H converging pointwise to f. From 4.2.17. Lemma such
a sequence (fn)n is also converging to f in the norm sense: § is dense in
$. Therefore $) is unique and

vx € X f(x) = n|i_>moofn(x) = TL|i_l)“noo<fn, K("X)>5§o

= <f> K(->X)>5§ )
then K is the reproducing kernel of $. -

Theorem 4.2.22. claims that a RKHS of functions on a set X is characterized
by its kernel K on X x X and that the property for K of being a reproduc-
ing kernel is equivalent to the property of being a positive type function.
For more on this matter and further characterizations see [BTAO4].

Before we study other important properties of reproducing kernel Hilbert
spaces, we list a few examples that can also be found in [BTAO4] with fur-
ther references.

4.9.23. Examples:

(D A space of real sequences
$ is the space of real sequences u = (uy )xen Such that

i

(Au
k

(0.0)
lim u;=0and ) 5

. )

1—00 k=0
where 0 < 0 < 1 s fixed. Au denotes the sequence (uy 1 — W )yen:
The corresponding norm respectively its reproducing kernel is given
by

o0

(Au)g

il = > g
k=0
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gmax(k,j)

(ki 2
1_6 )(k)J)GN'

K(k)J) =
§ is a hiloertian subspace of the space (! (N) of absolutely summable
complex sequences indexed by N.
For details see [DJ83].

(2) Paley - Wiener space
$ is the space of u € £2(R,A) such that the support of the Fourier
transform of w is included in [—a, a]. Its inner product respectively its
reproducing kernel is given by

(W) = /uv dA

_ sin(a(t—s))

2
alt—s) ,(s,t) e R,

K(s,t)
For details see [Lar70, pp. 911 - 921] resp. [Yaob8, pp. 429 - 444].

(3) Space of the Dirichlet kernel

N .
$ is the space of trigonometric polynomials u(t) = 5 ane'™ with
n=—N
following norm and reproducing kernel:

i = [ w(hZan
Kot :_sin (N‘+ %()t _(;— s)
27tsIn <—2—)

K is called Dirichlet kernel.
For details see [Nas91, pp. 363 - 390].
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(4) Sobolev space $ =H!(a,b)
Let B > 0,C > 0, then we have the following norm and reproducing
kernel:

b
Il = 5 (w2 +uR) + 55 [ (W07 + () an)
K(s,t) = Ce Pt

This kernel is the covariance of the Ornstein - Uhlenbeck process.
For details see [Att92].

(5) Fractional Brownian motion RKHS
$ is the space of functions u on R4 such that there exists a function
P e £2(R) and 0 < H < T with

—itg _
ult) = [ E T (@A) = 16)(1)
@m0t Cullelt

TS

where Cy is a positive constant and § denotes the Fourier transform.

Norm and reproducing kernel are given by

[l = [T = 13 ge)

1
K(s,t) =5 (lIsl2H + e)2H — s — 1)

This kernel is the covariance of the fractional Brownian motion on R4,
For details see [Coh02].
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4.3 ORTHOGONAL PROJECTIONS & REPRODUCING

KERNELS

Our next aim is to prove the relationship between RKHS and orthogonal
projections and the show that a reproducing kernel is given by

Kix,y) = Z oua(x)oua(y), (4.7.)

x€EA

where {@«: « € A}, A an arbitrary index set, is an ONB of a RKHS $.

4.3.1. Theorem:

Let  be a RKHS on X and $y C § is a closed subspace of §. Then the
orthogonal projection Py : § — $ of $ onto § is given by the formula:

(Pﬁo(p)(y) = <(P,K0(.,y)>, (4.8.)
where K is the reproducing kernel of .

Proof:

By 4.2.18.Theorem and 2.1.11. Proposition, £ is a RKHS and let K, the
reproducing kernel of £),. Let ¢ be arbitrary in $ and let ¢ = @4 + P g5t

be the orthogonal decomposition of ¢ with ¢g, € £y and P g5t € fjé
(cf.2.3.4.Theorem). Then we have by the reproducing property,

<(P>KO(-,U)>5§ = <(,05730 + (pﬁé"Ko(')y)>
— <%O,KO(.,y)> + <cp%,1<o(.>y)>
= <(p5§O,KO(.,y)> = (PQO(U%

since the second term in the sum is 0, because Ky(.,y) belongs to $, as a

function of «x. .

4.3.2. Corollary:
Let $ be a RKHS with kernel K and 9t a closed subspace of §. Then the
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following relation holds:
K = Koy + Koy

where Kgy denotes the reproducing kernel of 9t and Ky, the one of
M.

Proof:

Let @ € $ be arbitrary and ¢ = @gy + @9y Le the orthogonal
decomposition of ¢ with @gy € M and @gy1 € M-

Denote by Pgy: H — M the orthogonal projection of $ onto M, and
Qopi:$H — M-+ the orthogonal projection of $ onto M-+. Then we have
by 2.3.4. Theorem,@ = Py + Qgp1 @. Thus by 4.3.1 we obtain

Pone(y) = (@, Kop(y)) and Qeui@(y) = (@, Kgpi (- Y)) -

Hence,we have by the reproducing property of K

(0,K(,y)) = o(y) = Popeo(y) + Qorre(y)
= <(p)K9ﬁ()y)> + <(p)K§)th(,y)>
= <(P,K§)jt(,y) + KgﬁL(wy)>>

thus by the uniqueness of the kernel the claim follows. n

The following theorem is the converse to 4.3.1. .

4.3.3. Theorem:

Let $ be a RKHS with kernel K and $ a closed subspace of §. Then the
reproducing kernel Kg (x,y) for $ is given by

Ko (5 9) = (Pg K, y), K, %))

= <Psﬁoky>k><> § rep. prop. P, (ky) (x) (4.9)

for the orthogonal projection Pg from § to §j.
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Proof:
By 4.3.2. Corollary , we can write ky as

S:JJ_

K(X)U) = Kf)o(x)y) + Kf)é_(xay)

Hence, we get

Kﬁo X,Y) = <k§ > - <PﬁokU)PﬁokX>
< ﬁoky’kx> pj%oip% <P~%0k ’kx>

= (Py, (K(,Y)), KL, X))

4.3.4. Lemma:

In a separable RKHS § there is a countable set Dy of finite linear
combinations of functions K(.,y), y € X, which is dense in $.

Proof:

By 4.2.22. Theorem, the subspace $ of $ spanned by the function K(.,y),
y € X is dense in .

Let {yp: p € N} be a countable set dense in § and let n be a positive inte-
ger. As §y =9, for any p € N there exists Xp in $; such that

1
P~ <=

Then the countable set Dy = J { xJ}: p € N } C § satisfies the require-
n>0

ment.
To see this, consider x in $,e >0and n > % There exists p in N such that
[x —yp| < §. Therefore, —x{}H <31 <$§and Hx—x{}H <e
We conclude that Dy is dense in $.
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4.35. Theorem:
Let H (X) be a separable RKHS and {¢@n ;21 an orthonormal basis in £y (X)

and for any sequence (an)p.q in 02 satisfying N Z !ocnlz < oo,we have
Z|ocn||<pn %) <4/K(x,%), Z|ocn|2
n=1
Proof:

For fixed y, the Fourier coefficients of K(x,y) for the system {on}3> ; are
<K(->U)> (p“>.6K(X) = <(Pn>K(->U)>55K(X) = @n(y)

Consequently,

> len(y) ZKK "y >(Pn>| HK SY1F = (KLY, KGy)) =Ky, y)
n=I1

Therefore

s Q1 | & s s
> lomllon(x)] < Jzanz-dchn(xnz«/m,x) > lon?
n=1 n=1 n=1 n=1
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CHAPTER 5

BERGMAN KERNEL
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5.1 BERGMAN SPACE AND KERNEL

In this chapter we will study the sesqui-analytic (sesqui-holomorphic)
kernel: the Bergman Kernel.

Recall, that a function K(z,w) from a domain Q x Q is called
sesqui-holomorphic/sesqui-analytic, if it is holomorphic in z, i.e.

z — K(z,w) is holomorphic yw € Q

and conjugate holomorphic or antiholomorphic inw, i.e.

w — K(z,w) is antiholomorphic vz € Q.

After introducing the Bergman kernel on a domain Q € C™ we will
compute the kernel explicitly for special domains and especially for the
unit ball D € C we will show the connection the Riemann mapping the-
orem. In the end we will discuss the relationship to the @ - Neumann
Problem in one complex variable.

5.1 BERGMAN SPACE AND KERNEL

Let QO C C™ be a domain. We already know that since holomorphic
functions are harmonic they satisfy the mean value property (cf.3.4.3.
Proposition). Using the mean value property we show that estimates for
holomorphic functions in £2(Q) imply estimates in the supremum norm.
5.1.3. Corollary then guarantees that A2(Q), the so called Bergman space,
is a Hiloert space, and 5.1.4. Corollary shows that evaluation at a point is a
continuous linear functional on A2(Q). These facts allow us to apply the
Riesz representation theorem (see 2.3.6. Theorem). And thereby define
the Bergman kernel function in this section.

5.1.1. Definition (Bergman Space):
Let QO € C™ be a domain. Define the Bergman space

( 3\

=

AZ(Q): = { f holomorphic on Q | /|f(z)|2 d\(z) | <03, (5.1)
o)

NS

= fv
L ” ”AZ(Q)

where A denotes the Lebesgue measure of C™.
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5. BERGMAN SPACE AND KERNEL

5.1.2. Proposition:

Let K € Q) be a compact subset of OO . Then there exists a constant Cy
depending on K and n, such that vf € A2(Q)

suplf(z)l < Cx (M)IIfll a2
zeK
Proof:
Since K is compact, there exists an r(K) = r > 0 such that for any
ze K,B(z,7r) C Q.
Therefore, for each z € K and f € A2(Q), the mean value property of
harmonic functions (cf. 3.4.3. Proposition) implies that

3.4.3. 1 1
&1 ey / £(t) dA(t) s—lv(mz,% | / )|f(t)| (1)

(z,m)
__ 1 .
" VB (/ )1 [F()] dALt)

NI—

1
2
(21) 1 2
< 1 dA(t f(t)]© dA(t
< Wt | [ 1| | [ e
(z,71) (,7)
—VIBE) <Ifllp2(qy
1 - _
< m Hf”AZ(Q) < Cm)r ™ HfHAz(Q) = Cx(n) Hf”AZ(Q)
—_——
<C(n)r—m
This proves the desired inequality. n

5.1.3. Corollary:

A2(Q) is a closed subspace of £2(Q) and hence a Hilbert space with the
inner product

(.9 2= [ F2)91) AA(2). (59)
Q
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5.1 BERGMAN SPACE AND KERNEL

Proof:

Clearly, A%2(Q) is a subspace of £2(Q).

The issue is to show that it is closed. To do so, let (f)-)]-21 be a Cauchy
sequence of holomorphic functions in A2(Q) C £2(Q) .

Applying, 5.12. Proposition, to fj—fi we conclude that (fj)j21 converges
uniformly on compact subsets of Q . Indeed, let K € QO compact and we
obtain

suplfy(z) — fiz)| < Cx
ek

5.1.2. hi~ fk”Az(Q)J Vz e K

NG

=0
By 3.2.16. Theorem, the limit function f € A2(Q) exists and is holomorphic.

On the other hand, (f;);converges to a limit in £2(Q), and since £2(Q) is

. - . . £(0
complete there exists an £2(Q) - limit function g, i.e. f; # g.
)—00

So,finally we have to show that f = g. To do so, we use a standard argu-
ment from measure theory which can be found e.g. in [Rud916] and reads
as follows:

If (fn)n is @ Cauchy sequence in £2(Q) with limit g, then (fn)n has a
subsequence which converges pointwise almost everywhere to g(x).

From this theorem equality of the £2 - limit and A2 -limit function follows,
since g can be changed on zero sets because £2 consists of equivalence
classes and the inclusion A2 C £Z is viewed modulo them. n

5.14. Corollary:

Choose z € Q fix. Define a mapping

L: A%2(Q) - C
f— f(z).

Then L, is a bounded linear functional on A2(Q).
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5. BERGMAN SPACE AND KERNEL

Proof:
Linearity:
Lf+9)=(f+9)z) = fz)+g(z) = Lo(f) + Lz(g) ¥f, g € A%(Q)
addition inC
Lo(cf) = (cf)(z) =  cf(z) =cLy(f) Vfe A2(Q)vceC
multip. inC

Boundedness:
Since the singleton {z} is a compact subset of Q , 5.12. yields
ILZ(f)] = If(z)] < C{Z}||f||A2(Q) < oo hence, L, is bounded. N

Since A2(Q) is a Hilbert space of functions on a domain QO and by 5.1.4.
the evaluation linear functionals are continuous, we know by

4.95. Theorem, that A2(Q) possesses a reproducing kernel, hence A2(Q)
is a RKHS.

We may now apply the Riesz representation Theorem 2.3.6. to see that
there is an element ky € A2(Q) such that the linear functional Ly is
represented by an inner product with ky, . If f € A2(Q), then forallw € Q
we have:

flw) = (f, kw>A2(Q) (5.3)

5.15. Definition (Bergman Kernel):

The Bergman kernel of A2(Q) is the function

K:QOxQ—C
K(z,w): =kw(z),¥(z,w) € Q x Q (5.4.)

5.1.6. Remark:

Usually, someone defines K(z,w) by k;(w), but to be consistent with the
notation of chapter 4, we define it by kw(z) . We will see below that
this in fact is just the same.

5.1.7. Remark:

K(z,w) = kw(z) is indeed a reproducing kernel of A2(Q). To verify this,
we show that the two properties of 4.2.1. are full-filled:
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5.1 BERGMAN SPACE AND KERNEL

(i) Letwe Qand f e A2(Q)

flw) =, (k) = [ Hlknlz] dAz) = [ KTz w) dAz)
Q Q

(i) For w e Q fixed, kw is in A2(Q) as a function of z .
Therefore, z — kw(z) = K(z,w) is holomorphic on Q for fixed w.

5.1.8. Proposition:

The Bergman kernel K(z,w) is conjugate symmetric, i.e. K(z,w) = K(w, z)

resp. kw(z) = kz(w).

Proof:

We know this from 4.2.11. Remark (2), but we will show it here explicitly
asgain, to get used to the formulas.

By its very definition for each fixed z € Q K(.,z) € A2(Q), i.e.

w i kz (W) = K(w, z) € A2(Q)

Therefore,the reproducing property of the Bergman kernel gives

Taw) = / K{wwiks (1) dA(u) = / K, wikz(w) dA(w)

Q Q
- / K, WK1, 2) dA(u) = / K, 2 k(1) dA(w) = Ky 2),
Q Q
hence: ky(z) = kz(w) resp. K(z,w) = K(w, z). -

From this, it follows that
2 kw(z) = K(z,w) is a map in A2(Q)

i.e. the Bergman kernel is holomorphic in the first variable, and

w = kz(w) = kw(z)

i.e. the Bergman kernel is anti-holomorphic in the second variable.
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5.1.9. Proposition:

The Bergman kernel is uniquely determined by the properties that it is an
element of A2(Q) in z, is conjugate symmetric and reproduces A2(Q).

Proof:
Let K/(z,w) be another kernel of A2(Q) with the same properties. Then
the following string of equalities holds:

K(z,w) = /K’(u, 2)K(u,w) dA(u) = /K’(u,z)K(u,w) dA(u)

o o ,
:KE;\),Z)
_ / Kow, WK (z, 1) dA(w) = / K(w, wK/(z,u) dA(u)
ol O Kz K(uw)
=K/'(z,w)

As we have already seen in chapter 4, there is an intriguing formula
connecting the Bergman kernel function with the notion of complete
orthonormal system. We will use this to compute the Bergman kernel
function for the unit ball in C .

Since £2(Q) is a separable Hilbert space, then so is its subspace A2(Q) .
Thus there is a complete orthonormal basis {cp]-};i] for A2(Q).

5.110. Theorem:

Let M be a compact subset of Q, {(pj};i] an ONB of A%(Q). Then the
series

Z(pj (z)@5(w) (5.5.)
=1

sums uniformly on M x M to the Bergman kernel, i.e.

K(z,w) =) @j(z)9;(w) (5.6
j=1
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Proof: -
Suppose f € A2(Q) Then, by orthogonal expansion ,f = > (f, PP«
a=1
(0.¢]
Since evaluation at z is continuous , it is f(z) = > (f, e @«(z).
a=1

By the Riesz-Fischer Theorem 2.3.6. we obtain

sup ¢ | Y loa(z)fize M 3 =sup {||@a(z)3 |z € M}

1

00 2
I M(Zb(xz = 1) b = (f, 9a)
oa=1

C(M) (x)

= Sup

= sup {[f(z)l: z& M, [fllg, =1} _<

=

2.

for some constant C(M) > 0 which depends only on M. For fixed z € M,
the sequence of complex numbers @q(z) is in ¢2.

This inequality (x) yields the uniform convergence on compact sets of
the diagonal (that is where z = w). Since the sequence @«(z) is square
summable, we may use the (B1)) on ¢2 to estimate

Y ealzloaw)| < J kaa(zw > loalw)l
oa=1 oa=1 a=1

~~

<Cim <Cxm

Therefore uniform convergence on the diagonal implies uniform conver-
gence on Q x Q.

We have established the uniform convergence of the sum Z ©al(z)ea(w)

a=1
on compact subsets of Q x Q, and convergence (in the first variable) in
AZ2(Q), ie. Z va(z)pa(w) € A2(Q) as a function of w.
It remains to show: K(z,w Z xlz w).

For each f € A2(Q), the series converges in the Hilbert space A2(Q) and
thus it converges uniformly on compact subsets of Q) (Hilbert space
convergence dominates pointwise convergence).

In particular, if we Q
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5. BERGMAN SPACE AND KERNEL

(0.9]

= (foxealw < Z(Poc >

Since Z Pa(W)ea € A2(Q), the uniqueness of the Riesz representations
oa=1
using the reproducing property shows that

f(w) = (f, kw) :< Z(Poc >:>kw( = K(z,w Z(Poc

5.111. Remark:

It is worth noting explicitly that the proof of the 5.110. Theorem resp.

shows that Zcp] (w) equals the Bergman kernel K(z,w), and that
j=1
the representation is independent of the choice of the ONB {cpj}]?’i] for

A2(Q).

5.112. Remark:

Since A2(Q) is a closed subspace of £2(Q) it is worth looking at the
orthogonal projection from A2(Q) onto £2(Q) .

5.1.13. Theorem (Bergman Projection):
If O is abounded domain in C™, then the mapping P: f — [ K(z,.)f(z) dA(z)

Q
is the Hilbert space orthogonal projection of £2(Q) onto A2(Q).
This is called the Bergman projection.

Proof:

9.3.4. Theorem guarantees the existence, since A2(Q) is a closed
subspace of £2(Q). By, 4.3.1.Theorem, the orthogonal projection of £2(Q)
onto A2(Q) is given by the formula Pf(w) = (f, K(. >A2 Where K is
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the Bergman kernel of A2(Q). So, it follows that
Pf(w) = / f(2)K(zw) dA(z).
Q

Moreover, P is idempotent and self - adjoint:
idempotent:

P(Pf)(w) = Pf(w) since Pfis in AZ(Q).

self-adjoint:
Let g € A2(Q). Then we have taking the inner product of Pf and g in A2(Q)

<Pf> 9> = <f> P*9> .

On the other hand, it is

Pf(w)g(z)dA(w)dA(z) = K(z g(z)dA (w)dA(z)
f e
Fub|n|/f /KW 2)g(z)d(z)dA(w]
Q Q p
=Pg(w)
= [ ftw)Pgiwiantw
Q

So, it follows that
<Pf> 9> = <f> P9> .
Hence,

P=P*
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5.2 BERGMAN METRIC

The following result shows how the Bergman kernel function behaves
under a biholomorphic map. In what follows we denote the Bergman
kernel for a given domain Q by Kq.

5.2.1. Theorem:
Let Q¢,Q, be domains in C™. Let f: Q7 — Q, be biholomorphic. Then

K, (z,w) =det]cf(z)Kq, (f(z), f(w))det Jof(w) (5.7.)

for all z,w € Qj.

Proof:
From 3.3.2. Proposition we know det Jrf(z) = |det ]Cﬂz. Let ¢ € A2(Qy).

Then, by change of variable (f(w) =w).

/ detJof(zKo, (f(2), fw))detofw)d(wld Alw) =

O

— / detJef(zKa, (flz), widet Jof T (w)b(f~ ())det Jpf ! (W A(w)
Q;

By 3.3.2. Proposition, this simplifies to

—1

det]cf(z) / Ko, (f(z), W) { (detJef(F' (W)

(05)

¢(f—‘(vv))}dm~v),

because

Jrf ' (W) = |detJcf ! (%) ]2 =detJof'(W) - detJcfT(W)

= det (Jef(! (Vv))>_] det (Jof(f (W)
1 1
~ detJcf(F (W) detJof(—1(w))

By change of variables, the expression in braces is an element of A2(Q).
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5.2 BERGMAN METRIC

So, by the reproducing property of Kq , the last line equals:

detJof(z)(Jof(z)) " d(F (f(2)) = d(2)
Indeed,

~ 1/~ —1
det]@f(z)/KQz(f(Z),w){(det Jof(f (w)))

O,

= det Jf(z) <det (et ()))

(! (wn} AA() =

o(f (VN\’))>KQ2(f(z),Vv)> _
AZ(Q,)

= det]@f(z)<det <]Cf(f_1 (f(w)))>_1¢(f—1 (f(w))),KQZ(f(Z),f(w))>A2(Q |
1

= detcf(z) (detJef(F 1 (f(2))  o(F ! (£(2))
= ¢(2)

By the unigueness of the Bergman kernel 5.1.9. Theorem, the theorem
follows.

5.2.2. Corollary:

Let f: Q7 — Q, be a biholomorphic map between two domains Q; and
Q, in C", and let P;, P, be the Bergman projection operators on Q1,Q,
respectively.Then vg € L2(Q,)

Py ((det]cf) - (gof)) = (det]cf) - (Pa(g) o f). (5.8.)

Proof:

The proof follows directly from the transformation law of the Bergman
kernel functions. For g € 12(Q,), (det]¢f) - (gof) € [2(Q4). Hence, from
5.2.1Theorem,

5.1.13
(OF

P ((det]ef)-(gof) = / Ko, (2, w) det Jewg(fw)) dA(w)

5 [ detieieIKa, (1(z), fw)) detJerow) glfw)) dAlw
(O}

103



5.2 BERGMAN METRIC

—det]efz) [ Ko, (flz)nlghn) dAn) , = det]cf(z) (Pa(g) o )

Q;
This proves the corollary. .
5.2.3. Proposition:
Forze M C O, M compact, it holds that Kn(z,z) > 0.
Proof:
Now Kq (z,z) Z ‘d)] ‘ > 0. If, in fact Kn(z,z) = 0 for some z, then
b;(z) =0, vj, hence f(z) = 0 for every f € A2(Q). This is absurd. .
5.2.4. Definition:
For any Q C C™ we define a Hermitian metric on Q by
aZ

gij(2): b % logK(z,z), z€ Q (5.9)

This means that the square of the length of a tangent vector ¢ = (¢y,...,(n)

at a point z € Q is given by
I . ZZQU 2) GG (5.10.)
i=1j=1

The metric gy; is called the Bergman metric.

5.2.5. Remark:

(D In a Hermitian metric {gij}{‘j:] the length of a Cl-curve v: [0,1] — Q
is given by ’

Uy) = /1 '%—Z(t)
0

1
2

1
_/(Z 9y (v ()it t )) B
0

L)
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5.2 BERGMAN METRIC

(2) If pand q are points of Q, then their distance in the metric is defined
as dg(p,q) = dg:
do: = inf{ £(y) ‘ all piecewise C! — curves s.t.y(0) = pandy(1)=gq }
The distance dg, is called the Bergman distance.

(3) The Bergman metric is in fact a positive definite matrix at each point
if Q is a bounded domain (see [Kra08)).

More importantly, the distance dg is invariant under biholomorphic map-
pings from Q to another domain.

5.2.6. Proposition:

Let Q4,Q, C C" be domains and let f: Q7 — O, be a biholomorphic
mapping.
Then f induces an isometry of Bergman metrics |C|B,Z = ‘(]{C‘f) ¢

allze Qq,0e C™.
Equivalently, f induces an isometry for Bergman distances in the sense that

dg,(f(p),f(q)) = dg,(p,q).

for

f(z)

Proof:
From the definition, it suffices to check:

Zg ) (Jcf2)w); JcfzIw); Zg ()

forallze Qyw = (wy,...,wn) € C". But by 5.2.1,

2
9{}‘(2)262627 logKq, (z,z )52—1 azl_log{\detlcf 2)|? -ng(f(Z),f(zn}
02
= 5205 108 K0, (1) 1(2)) + 55 a— Iog{\det]@f 2)*}

Since 0g {\det J(Cf(z)|2} is locally log(det Jof) + log(detjof) + C, and
hence is annihilated by the mixed second derivative. So, it follows that

2
0§ 2) = 557 109K, (12, (2)
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and the right hand side of the last equation is nothing other than

of(z) 0fm(z)
aZi aZ_,J

982 (f(2))

lm
L,m

and () follows, where we used the definition of Jof (confirm (3.18.))in
the last computation. u

5.2.7. Proposition:
Let M C C™ be a compact. Let z € M. Then

K(z,z) = sup 'fz(—z)': sup  |f(z))? (5.11.)
feA2(M) [Iflazvy  IFlaziq) =1

Proof:
Let {(bj}]?’i] be an ONB for A2(M).

Dbzl

j=1

2
)— sup  |f(z)?

Hf”AZ(M):1

K@@—waﬁ—(sw
=1 [{aj}|2=1

2
This equals  sup “:(2;)'
fGAZ(M)HfHAZ(M)

5.2.8. Remark (Lu Qi - Keng Conjecture):

In 4.2.12. Remark we showed equivalent conditions for a reproducing
kernel being zero. So it is worth looking at possible zeros of the Bergman
kernel, since we have already noticed in 5.2.3. Proposition that

Kal(z,z) > 0 for all z € O, Q bounded, i.e. the Bergman kernel function of
the ball in C™ has no zeros along the diagonal.

s it true that for every bounded domain the Bergman kernel has no zeros?
Lu Qi - Keng raised this question in 1966 in his article "On Kaehler manifolds
with constant curvature, Chinese Math. 8 (1966), 283 - 298 ". Subsequent
authors, attributing a positive opinion to him, called the affirmative
answer "the Lu Qi - Keng conjecture".
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The Bergman kernel for the annulus was studied by M. Skwarczynski in “The
distance in the theory of pseudo - conformal transformations and the Lu
Qi -Keng conjecture, Proc. AM.S. 22 (1969), 305 - 310" and was seen to
vanish at some points. It is shown in N. Suita and A. Yamada "On the Lu
Qi-Keng conjecture, Proc. AM.S. 59 (1976), 222 - 224 "that if Q C Cis a
multiply connected domain with smooth boundary, then Ko must vanish
- this is proved by an analysis of differentials on Riemann surfaces.

By using the fact that the Bergman kernel for a product domain is the
product of the Bergman kernels, we may conclude that any domain in C2
of the form H x Q, where H is multiply connected, has a Bergman kernel
with zeros. It is known (REE. Greene and S.G. Krantz, "Stability properties
of the Bergman kernel and curvature properties of bounded domains,
Recent Developments in Several Complex Variables, Princeton Univ. Press,
Princeton, N.J., 1981) that a domain that is C* sufficiently close to the ball
in C™ has non-vanishing Bergman kernel.

Harold P. Boas showed 1996 in "The Lu Qi -Keng Conjecture Fails
Generically, AM.S., Volume 124, Number 7 " that the Lu Qi - Keng
conjecture fails generically. He showed that the bounded domains of
holomorphy in C™ whose Bergman kernel functions are zero -free form
a nowhere dense subset (with respect to a variant of the Hausdorff dis-
tance) of all bounded domains of holomorphy.
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5.3 CALCULATING THE BERGMAN KERNEL

The Bergman kernel can almost never be calculated explicitly; unless the
domain Q has a great deal of symmetry - so that a useful orthonormal basis
for A2(Q) can be determined - there are few techniques for determining
K. Restrict attention to the unitballD C C ,i.e. D={z e C: |z] < 1}.

For simplicity we first calculate Bergman kernel for the unit ball D € C and
then generalize to the n-dimensional case.

5.3.1. Theorem:

The Bergman kernel of the open unit ball D is given by

1 1

K - 5.12.
]D)(Z)W) 7_[(] —WZ)Z ( )
for w,z € D.
Proof:
We divide the proof into 3 steps.
Step 1.

Forn e Ny, it is clear that the monomials z™, are in AZ(D), since they are
holomorphic and their norm is less than infinity.

Claim: The functions fn(z): = \/“—;g]z“ from an orthonormal system in
AZ(D). Let 2", z™ € A2(D),n, m € Ny.Then we have

1 2 27 1
(2 2™) = //rneiemrme—iem dor dr — /eie(n—m) de/rn—i—m—H dr
00 0

21 271
270 [e®do=[1d0=2r m=n
_ /eie(nm) do 1 0 0
0

Trngm o o
/ eld(n—m) 4¢ = 0 m#n
0 (n—m)EZ
_ 2m : noomy 2m
_—n+m+25nm,l.€. <Z yZ >——n+m+25nm
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Thus,

n+1 m+1
fmfm :< >

:\/n+1¢m—|—1<zn Zm>:\/n+1\/m—|—1 2n

T n+m-+2
{(m—H)Z_] n—m

dnm

2m+-2
0 n#=m

hence, (fn, fm) = dnm, and so {fn(z)},>¢ forms an orthonormal system of
AZ(D).

Step 2: Next we show that {fn(z)}

n

-0 is total in A2(DD).

Consider any function f € A2(ID). By the definition of the Bergman space,
fis holomorphic in D and so we have the Taylor series expansion of

fas f(z Z anz™ (cf. 3.1.2. Remark). Then we get
n=0
n+1
(f,fn) = <Z aQz ,\/ >:an T<z“,z”>
=1
_a n+1
= an/ ——

Therefore, if f is orthogonal to all of fy , i.e. (f,fn) =0, then an = 0vn > 0.
In other words, all Taylor coefficients of f vanish and that gives f = 0.
Hence, {fn},> is total in A2(DD).

SO, {fnly > is an ONB of AZ(D) and by 5.1.10. Theorem the Bergman kernel
is given by

w) =) fn(z)fn(w), ¥z,w e D

Step 3: The Bergman kernel for D is Kp(z,w) = %(]]—_)2
- —WZ

109



5.3 CALCULATING THE BERGMAN KERNEL

Inserting the values of f,, and f, into the above equation leads to

anl)fn Z\/n—i—] n\/n—HWn

n=0 B n=0 E=zw
_d n
-+(59)]_,
1d /1 1
B %d_a (ﬁ) ‘E,:zw N ;[ “ - 5)2 E—zw
1
(1 —zw)?

Now let B C C™ be the ball. Similarly, to the proof of 5.3.1, step 1,one
can show that the functions { z* | « is a multi -index } are each in A%(B) and
are pairwise orthogonal (by the symmetry of the ball).

By the uniqueness of the power series expansion for an element of A2(B),
the elements z* form a complete orthogonal system on B (their closed
linear span is A2(B)). Setting

. / 2% dA(2),
B

Zo_ . is @ multi-index } is a complete ONS in A2(B).

we see that { A

Thus, by 4.3.8. Theorem,

2w
Yo

KB(Z)W) -
0.4

So, if we want to calculate the Bergman kernel for the ball in a closed
form, we need to calculate the vy« 's . This requires some lemmas from
real analysis. These lemmas will be formulated and proved on RN and
By: {XGRN |x|<1}
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5.3.2. Lemma:

We have that [ e~ ™" dx =1,
RN

Proof: o
(N =1): We have got to show that [ e ™ dx=1.

—0o0
To do so, we use the method of substitution and the fact that
o0
/ e dx = V1. By setting y: =x -/t we obtain
—00

(0. 0] (0. 0]
dy=dxy/m VT T
—00 Xz_ﬁ —00

(N-dimensional:) For the N-dimensional case, we write using Fubini’s

formula
2 2 2
/ e ™" dx = / e ™1 dxqy - / e "N dxy
RN R R
and apply the one-dimensional result. -

Let o be the unique rotationally invariant area measure on Sy_1 = bBy
and let wy_1 = o(bB) (see [Kra08, Appendix II]).

5.3.3. Lemma:
We have
N
wn_g = 292 (5.13)
(%)
o0
where T'(x) = /tX_1e_tdt denotes Euler’s gamma function.
0
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5.3 CALCULATING THE BERGMAN KERNEL

Proof:
Introducing polar coordinates we have

o0

1= /e_7T|X2 dx = / do /e_mer_1 dr
RN SN,] 0
o0
or ] :/e_m‘erg
wN_1 T
0
Letting s = r2 in this last integral yields
1 T 11 1 1 T 1 1 T
— [T N_ _ L [ s DV a1 [ —ms 1
o / fz—\/_\/_d 2/ szsds z/e s2 ' ds
0 0 0
o0
_ T /e T r(N>
oy 1) 22 \2
f— ] ~ v o
(ZWJ% :r(%)
||
Now we return to B € C™ . We set:
n(k): = [|z;** do, and N(k —f|z1|2k dA(z) (k=0,1,..).
bB
5.3.4. Lemma:
We have
2(k!) (k!)
_n_&R) o
nik) =y A N =7

Proof:

Polar coordinates show the relationship between n(k) and N(k):
n(k) =2(k+n)N(k). So it is enough to calculate N(k).

Let z = (21,23, ...,2n) = (21,2/). We write
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5.3 CALCULATING THE BERGMAN KERNEL

N(k) = / 2,2 dA(z) = / / 2% dA(z;) | dA)

!
|z|<1 |Z/|<1 124]< /1—|z’|2

27 ]_|Z/|2

:/ / / 2% dr do dA(Z)

|z/]<1 | O 0
-z’
:Zn/ / 2t ar [ an(z)
|z/|<1 0

dA(Z)

72k+2 V-l ) (1 —|Z/‘2)k+1
:zn/ dA(z :27'(/
; 2k+2] / 2k +2
Z'|<1 |z/|<1
T 2
=7 | 0= ax) =)
|z/|<1

For further calculations, we use the relationship between C" and R2™, |f
z e Cv 1 =R2V2 then wC | =wh .. Hence,

1 1

__T LR _ 2\k+1 .2n-3 _ T R k1 ono1ds
(*)—k+1w2n 3/(1 o)y drrz_:s —k+1w2“—3/“ s)<t s F
0
1 d
)kt gn—288 5 T
Zk—H T T 3/1 s) S 2(k+1)w2n 3B(n—Tk+2),

0

where { is the classical beta function of special function theory.

1
B(x,y) :/t"_]ﬂ — )Y~ at, for Re(x),Re(y) >0
0
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The beta function has one of the following standard identities:

I'x) I'y)

B(va) = F(X—f—y)

Using this identity we obtain from the above equality:

s R T'm—1TI(k+2)

N(k)IZ(k+1)w2n—3 Mm+k+1)
2! T—=1(k + 2) I (k + 2)
( Zk+1)T—1) Tn+k+1) (k+1)r(n+k+1)
ﬁ“k!
(©) (k+mn)!

This is the desired result, where we used the following identities:
2n—2
27 2 2]
533(M)=w5, 5 ;= _
—2— 2n—2 Mn—1
L2 r@%—) (n—1)

(O):Tk+2)=(k+1, Tn+k+1) =(k+n)! -

5.3.5. Lemma:

letze BCC"and 0 < r < 1. The symbol 1 denotes the point (1,0,...,0).
Then

n! 1

e RN p—r

Proof:
We still know

2%(r1)* = (zq1)k 1 &  (k+mn)!
Kg(z,11) = = = — ) (rz7)" —+=%
; Yo oo y=[1z%? dA(z) kZ:O N(k) 5.3.4. TtnkZ:O k!
B
N(k)= ﬂz1 7 dA(z)
n — (k+n)! k+n\ nl 1
—m (rzp)* Kkl T[nZ < ) - V(] — 1z, )0+
k=0 ~— 1

()
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5.3.6. Theorem:

If z,w e B, then

Kg(z,w) = - 1 (514)

where z - W = zyWq + zjw; + - - - zrvm.

Proof:
letz=r-zc B, wherer=|zland |z = 1. Also, fix w ¢ B. Choose an
unitary rotation p such that pz = 1. Then,we get

1

Kg(z,w) =Kg(rz,w) = Kg(rp~ '1,w) = Kg(r1, pW) 5 ]:2 Kg(pw, 1)

_ nl 1 _n! 1
535. (1 —r(pw) )t (T — (v1)(pw))nH!
n! 1 n! 1

(&) ™1 — (rp~ )W)+ (1 — 2. )]

(¢): Note that (r1)(pw) is in fact given by the inner product in C™ and so
the further conversion is allowed since p is unitary (p* = p~ 1), i.e.

o) 1

(r1)Tpw) = (1, pwhen = (* (1), when = (07 (1), ), = (19~ 1)w
|
5.3.7. Proposition:
The Bergman metric for the ball B =B(0,1) € C™ is given by
o+ 2 _
Proof: ' ]
Since K(z,z) = e we can compute

7(“(1 _ |Z|2)n+1 !

log AN B =log n +log S and so
T (1 — [Py o (1 — [P+
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0 0 1
a—zlog(K(z,z)) :O—l—?log N
j ) (1 — Iz )
_10 log ] —I—ililog 1
20x; (1 — |22 )0+ 2 9y; (1 — |22 )0+
T 1 T 1
=s——(2)n+1)x; +is——(=2)(n+ 1)y;
21— |22 L Y
n+1 : n+1
:—(X'+1 '):—Z'
A Y5 122

Furthermore, we get

oon+l ] ( 0 0 ) n+l
0zy 1 — [z)2”) ox  O0yp/)1— |72

2

10 n+1 ) .10 n+1 )
T T 19 T ey

1 2(n+1) ITn+1

20 P2 T 2

1 2n+1) 1 n+1
T2 e T

m—+1) __ n—+1

5.3.8. Corollary:

The Bergman metric for the disc (i.e. the ball in dimension one) is

2

gij(z) =

This is the well-known Poincaré or Poincaré-Bergman metric.

116



5.3 CALCULATING THE BERGMAN KERNEL

5.3.9. Proposition:
The Bergman kernel for the polydisc P™(0,1) € C™ is the product

] n
= _nl:[ o (5.17.)

Proof:
By 5.3.1, the Bergman kernel for the disc B(0, 1) is given by

1 1
Kpo,1)(z1,W1) = —

- , C
71— g2 M ES)

Since the polydisc P™(0, 1) is nothing other than the cartesian product of
discs, i.e. P*(0,1) = B(0,1) x --- x B(0,1),we can calculate the Bergman
kernel of P™(0,1) by taking the product of the one-dimensional kernel
and by the uniqueness of the Bergman kernel it is the one of P™(0, 1).

Kpn(o.1)(zw) = — . S
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5.4 RIEMANN MAPPING THEOREM & THE BERGMAN

KERNEL

In this section we will show the relationship between the Riemann
mapping theorem and the Bergman kernel of the unit disk D € C. One
could say: They depend on each other.

For this purpose we first repeat the definition of a conformal map as well
as the one of a simply connected domain in C, state the Riemann mapping
theorem and give a reference for a detailed proof.

5.4.1. Definition (Conformal Mapping):

Let U,V be open domains in C, and h: U — V holomorphic.

h is called a conformal (or biholomorphic) mapping if it is one-to-one
and onto. The fact that h is supposed to be injective implies that h' is
nowhere zero on U. As a result, h— ! is also holormorphic.

5.4.2. Definition (Simply Connected):

A domain U C C is simply connected if any closed curve in U can be
continuously deformed to a point.

5.4.3. Remark:

(D Two open sets U and V in C are homeomorphic if there is a one-to-
one, onto and continuous function f: U — V with f~1: V — U also
continuous. Such a function f is called a homeomorphism from U to V.

(2) There are lot of equivalent conditions to the definition of simply
connected domains. We state here only a few. For the full list as well
as a proof see [Has06, Satz 4.37, page 119].

Q c Cis asimply connected domain & Q is homeomorphic to D
& C\ Q is connected & Vf € H with f(z) # 0,Vz € Qexists a h € H
such that h? = fi.e. there exists a holomorphic square root.
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5.4.4, Theorem (Riemann mapping theorem):

Formulation (1):

If Q is an open subset, Q # C, and if Q is homeomorphic to D, then Q is
conformally equivalent toD.

That is, there is a holomorphic mapping ¢: Q — D which is one-to-one
and onto, such that ¢(a) =0 for a point a € Q.

Formulation (2):

If QO is an open subset of C, Q # C, and if Q is simply connected, then U
is conformally equivalent to D.

Proof:
For a proof and all technical ingredients see [HasO6&].

The Bergman space A2(Q) is an important tool in the study of conformal
mappings. The reason is that the Bergman kernel function of a bounded
simply connected domain is related to the Riemann mapping function as
we will see in a moment.

5.4.5. Lemma:

Let Q, Q # C, be a bounded simply connected domain. Then a conformal
mapping ¢: Q — D can be recaptured from the Bergman kernel K(z,w)
of Q.

Proof:

For fixed a € Q by the Riemann mapping theorem 5.4.4. there is a unique
biholomorphic mapping ¢: Q — D, ¢(z) =w such that

¢(a) =0and ¢'(a) > 0 (*).

For w,z € Q we know by 3.2.2. (transformation of the Bergman kernel)

Kalz,w) = d'(z) - K(d(2),d(W))p - ¢/ (w)

Hence, by (5.12.) we get

Kalz,w) =¢'(2)-
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Letting w = a in this formula and using the facts (x) lead to

KQ(Z> a) = (I)/(Z) (b/((l) ()

s
T

hence,

n-Kqlz,a) = ¢'(2) - ¢'(a)

Letting z = a in this formula reveals that

m-Kola,a) = (¢'(a)".

Since ¢'(a) > 0, we may deduce that

¢'(a) = \/mKq(a, a)

Inserting into ¢’(a) into () gives the classical formula:

#'(2) = || Kq(z )

K_Q(a) (1)
Then, if we integrate this equation we find the conformal mapping in terms
of the Bergman kernel, i.e.

] z
$(z) = “W/KQ(W, a) dw

This completes the proof. n

Thus, learning things about the Bergman kernel is going to yield information
about conformal mappings.

We now turn the tables. Since, by the Riemann mapping theorem, each
simply connected domain, which is not equal to C, is mapped conformally
onto the open unit disk D, we can find the Bergman kernel for an arbitrary
simply connected domain Q in terms of the associated conformal map-
ping function, as we will see in the proof of the following theorem.
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5.4.6. Theorem:

Let d: QO — D be a conformal mapping function, Q # C, Q a simply
connected domain. Then the Bergman kernel is given by

Ko (z,w) = ;[ '  for z,we 0 (518)

Proof:

Let f € A2(D). To show that the Bergman kernel can be described in
terms of the Riemann mapping function ¢ we introduce a linear operator
H: A2(D) = A2(Q) and show that it is unitary. Using the unitarity of H will
lead us to the stated formula of the K (z,w) above.

To do so, assign f — Hf where H is the linear mapping on Q defined by

(Hf)(2): =f(d(2))- d'(2) ()
forze Q.
We are going to show that H: A2(D) — AZ(Q) is an isometric operator.

Therefore, let z = x+1iy € Q arbitrary. We already know that the Jacobian
of ¢ is given by

5 aRg(dﬂ aRae(cb)
/
V2| =det | 500 aimle)
0x oy

Then by the formula of change of variables we get by setting ¢(z) =
waw=u-+1iv,

JJ1mnER axay = iR ¢'@)] axay
Q Q

://|f(w)|2 du dv, i.e.
D

(Hf, Hf>A2(Q) = (f, f>A2(ID))
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Similarly, take g € A2(Q) and assign g — Lg, where L s the linear mapping
on D defined by

(Lg)(w): =g (b(w))-P'(w) (G0)

for w € D and  is the inverse mapping of ¢, i.e. P(w) = z. As above
we conclude that L: A2(Q) — A2(D) is also an isometric operator. Since
d(h(w)) = d(z) =w and b(d(z)) = P(w) = z, we get combing () and
(&<¢) that H and L are inverse to each other. Thus, since they are both
isometric operators, H is an unitary one.

Now we are in the position to calculate the Bergman kernel Kq(z, w).
Therefore, we fix z € Q. Let f € A2(D). Then we get, using the reproduc-
ing property of the Bergman kernels k2 and kP

£(b(2)) - ¢'(z) = (H)(2) = (HF, k)

= {(f,H%2
H unitary < o >A2(D)

A2(Q)

= (f H_]k?>A2(D)

and

F(d(2)- () = (1 Kg(z) ) o, ¢'(2)

_ <f,m : k[&'i(z)%z(m '

Hence, combining these formulas implies

H_] kg - W : Ig(z)

or equivalently by using the unitarity of H we get

K = Ho/(z) - k[(%(z).

It remains to calculate Kq(z, w) by using the last formula and (5.12.) with
unitarity of H. For z,w € Q we get
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Kalzw) = k‘(”Vl’]<g>/1\2(0) - <Hm'kg(W)’HW'kId?(ZJ>AZ(Q)
= &(2) - O] (K )0 K)o ) = ¢ (2) - &) 1<D1(¢(zv),1d>(w))
T (1—e(0m)
_ 1 ¢ 9w
2
T(1-obW))
|
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5.5 BERGMAN KERNEL OF THE FOCK SPACE

5.5 BERGMAN KERNEL OF THE FOCK SPACE

In this section we focus on a weighted £2 space and calculate its Bergman
kernel.

5.5.1. Definition:

Let Q C R™, C" be a domain.
(1 A weight function or weighting function w: Q — R is a non-negative

measurable function.

(2) A weight is a positive measure such as w(x)dA(x), where dA(x)
denotes the Lebesgue measure.

(3) Let 1 < p < co. We define the weighted £P-space £P(Q, w) as the
space of all measurable functions u such that

Iullep(a,w) = /Iu(x)lp w(x)dA(x) | < oo. (5.19.)

We will focus on a weighted £2 - space.

5.5.2. Definition (Fock space):

The Fock space § = A2 ((C“, e_|2|2) consists of holomorphic functions f on
C", i.e. entire functions on C™ , that are square-integrable with respect
to the weight function e—‘Z|2 ,i.e. the functions satisfy the following
condition:

5= 82 (cn et -

= {f holomorphic on C™: /|f(z)]2 e anx) < oo} . (5.20)
(CTI

The inner product on § is defined as

(f, )5 = / f(2) - gD wndA(z) (5.91)
CTI
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5.5 BERGMAN KERNEL OF THE FOCK SPACE

with
B n n
wn=7 "V-e**andz -z = sz 'z = ijz+yj2.

j=1 j=1
If we define u via du(z): = wndA(z), we can write the inner product as
(f,g)5: = / f(z) - 9(2)dulz). (599)

(Cn

From the definition is clear that f belongs to § whenever (f, f)z. The cor-

responding norm is then given by |f|z = |/(f, f)z.

5.5.3. Theorem:
The Fock space § is a Hilbert space.

Proof:
F obvious is a subspace of £2 <C“, e—|Z|2)‘ The only thing left to prove is
that § is closed. But this is an analogous proof as in 5.1.3. Corollary. -

5.5.4. Theorem:

The monomials z* = z{" - 22", & = (&,...,an) @ multi-index, form an
orthogonal basis in § and

2
213 = o

Proof:

First of all, it is clear from the definition of § and the theory of complex
analysis, that z% is in §. Similarly as in the proof of 5.3.1. one shows that
the monomials are orthogonal and that each function f € § orthogonal to
all z% is O, hence {z*: « a multi-index } is a basis.

Finally, we calculate the norm of the monomials z*:
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5.5 BERGMAN KERNEL OF THE FOCK SPACE

12 1
2 = / 2P e L an(z)

/ /‘ o |2 ezl 2% }2% |Zn|2d}\(zl)..d)\(zn)

061 Xz g / otn 200 ,—|zn[*dA(zn) —
Foini 7Tn /‘ = C e *

Using polar coordinates, we get for 1 <m < n:

27 0o
1 /z‘xmz‘xme ZmZm d\(z l//r‘x roa gllm-—mje e_Tzrdrd(p
T Tt S———
C 0 0 =1
: 27 0o
s 20¢n
Tt//r e rdrd(p
0 0
o0 o0
1 206 o—T2 20t o—T2
:%27[ reme™ U rdr =2 [ re%me™ " rdr
0 0
o0
/ s®me Sds =T(om + 1) = om!
Zrdr ds 0
Hence,
(W) =0l on! = ol
]
5.5.5. Corollary:

The set {ua(z) = H§Z||,Z eC x e N{)‘} forms an ONB of §F.

Since § is a closed subspace of the Hiloert space £2 <(Cn, e—|7~|2> there
exists an orthogonal projection

Py 22 ((C“, e_|Z|2> 5§ (@n, e—|2|2>
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5.5 BERGMAN KERNEL OF THE FOCK SPACE

that coincides with the Bergman projection
Pg: ¢? (Cn, e_|z|2> — AZ ((C“, e_|Z|2) .

Hence, by 5.113. Theorem Pz is given by

(%ﬂ&%i/W%WWWMMW)
(CTL

for all f € £2 ((C“, e—|7~|2> and defines a function in the Fock space F.

So, if f € § then f has the following representation

ﬂm:/Kmewmwm

Cn

with dp(w) = e ™ dA(w) and K(z,w) the Bergman kernel of 3.

By, 5.110.Theorem K(z,w) can be written as

w) =) bi(z)dy(w)
k=1

where {$ Jr> 1 is an ONB for §.

Since K(z,w) is holomorphic in z and anti-holomorphic in w and

K(z,w) = K(w, z) holds, we can insert our specific ONB uy and then the

Bergman kernel of § is of the following form:

WOC
ZHZ“H HW“H Z\/_ Val

So, we proved the following proposition
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5.5.6. Proposition:

The Bergman kernel of the Fock space is given by

K(z,w) = ez W (5.93.)
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5.6 BERGMAN KERNEL AND THE CANONICAL SOLUTION OPERATOR TO 5

In the following section we will focus on the Cauchy-Riemann equation
( 9 -equation) and investigate the properties of canonical solution
operator to 9, the solution with minimal £2 -norm and show connections
to the Bergman kernel.

5.6 BERGMAN KERNEL AND THE CANONICAL SO-
LUTION OPERATOR TO 0

The following contains a discussion of the solution operator to 9
restricted to holomorphic functions in one complex variable as well as a
proof that the solution operator is a Hilbert- Schmidt operator.

Our aim is to solve the inhomogeneous Cauchy-Riemann equation

2—; —gordu=g (5.24)

where g € A2(D) and a% is defined as in 3.1.2. Remark.
For this purpose let S: A2(D) — £2(D) be defined by

S(q)(z) = / K(z,w)g(w)(z —w)dA(w) (595)
D

where K(z,w) denotes the Bergman kernel of A2(D).
We show that S is the canonical solution to 0 .

Using the reproducing property of the Bergman kernel as well as the
representation of the Bergman projection P: £2 — A2((D)) (see 5.1.13.
Theorem) leads to

S(9)(z) =zg(z) —P(g)(z) (5.26.)
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5.6.1. Claim:
S(g) is a solution to the inhomogeneous Cauchy -Riemann equation.
Proof:
95(9)(z) = 2 (z9(z) — P(3)(2))
0z> \9\E) = 5z A9 g
0 _ 0 0 o~
= =z9(z)+z- =9(z) —==(P(g)(z))
product 9Z 9z 2z T
rule =i =0 =0
(holomorphy  (holomorphy
ofg) of P(9))
= g(z)
hence, 9S(g) = g and so S(g) is a solution. n

In addition we have S(g)J_AZ(]D)), because for arbitrary f € A2(D) we get:

(S9,f) g2 = (g —P(9),f) =(g,f) — (P(9), )

Pf::f <g>f> - <9)f> =0
feA2(D)

,=,, @)~ (@)

5.6.2. Definition:

The operator S: A2(D) — £2(D) is called to canonical solution operator
to 0.

5.6.3. Proposition:

S is a compact operator.

Proof:

To show that S is a compact operator we consider the adjoint operator

S* and prove that S*S is compact, which implies that S is compact (see
[HasO7, Satz 7. 9, page 52] for further details).

Let g € A2(D) and f € £2(D). Then we have
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5.6 BERGMAN KERNEL AND THE CANONICAL SOLUTION OPERATOR TO 0

(S9,f)g2 = SQ(Z)f(Z)dMZ)

(595 /
D

( K(z,w)f (z—w)dA(z) | g(w)dA(w)
Fubln ~——

=K(w,z

-

_ /sz(z w)f(z)dA(z) | dA(w)
]D) D
:<g,S f>A2

Hence,

S*f(w) :/K(W,z)(z—w)f(z)dA(z)
D

and S$*f is clearly holomorphic and S$*: £2(D) — AZ(D).

Now we set for n € N

2. _ 2n _ T
c4: —/|z| dA(z) =T (5.27.)
Indeed,
27 1
m m B M2 L 2 ¢
/|Z| dA(z //r Tdrde_ZTEZn—i—ZO_2n+2_n+1
D o0

Furthermore, we define the normalized monomials by

onlz): = g (n e Ny). (5.98)
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Since {¢n(z): n € Ny} forms a complete ONS in AZ(D) (confirm 5.3.1
Theorem) we can express the Bergman kernel in the following form

o0 o0 PoatvyL!
=) dn(2)-dnw) =) =——. (529)
n=0 n—o ©n
Next we compute the Bergman projection of d)n ) = v_vvcﬁ
P(ba _ —d>\
Gu)z) = / (2, w)om (w (599) (W)
00 k=1 k™ SN 1 2
— CndA >
(<>) co_ ]Cn
n—1
= C“j ()
Cc
n—I1

(#) We can change integration and summation since we have convergence

on compact subsets of D.
(&) Since we have an ONB, every integral over D is 0, except when k = n.
Hence, we have

cnz™ 1

S(bn)(z) = zdnl(z)— 7 ,meN
(5(.%?.) (ol

Applying $* leads to:

“S(on)w) = [ Y
D k=0

Cn C

>, n—1
ka(z—w) (ZZ _tnz ) dA(z)
1

2
n_

The last integral is computed in two steps:

(1) Multiplication by z:

n—H Cn
/Z e ‘cﬁ])d””

B /Zn—H o0 szk+1 an k—k
= [ = :
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/ 121%™ dA(z
Cn

__ A2 2
_Cn—H =Cn

_ W_3 / 222 4A(z)
ONB:k=n ¢}

n+1 n+1 ‘Z|2n+2 D Tl. 1

NG 7

c2
_[n+1 _ CIn W
- 3 2 n
Cn Ch_q

(2) Multiplication by w:

x© ksk /=.n n—1
wrz zZ cnz
w/ E 2 (Cn ~ >d7\(z)
k=0 k

n—I1

= whakt e 2 koK
_w/ Z z)—w/ nz Z 5 dA(z)

2 Ch—1 k=0 Sk

o0 k—15k n—1 k—1,k—1
z wrk—1z Cnz wk—lz
=w —Z—d?\(z)—w n Z dA(z)
an1ci1 0311k1 Ck_
D = - D -1 k= -
P Wn—1zn c Zn—] Wn—1Zn—1
= w /[ ————-dA(z)—w n dA(z)
D D
—1 n—1
wwh— !¢ _ ww C
=20 TN Mg (z) — e [ 2Tz g ()
cnc? ~~ c2 .c?
R LA I e
wnwh—1¢ _ w1 I T
=2 T g aN(z) — e [ 21T A (2)
cnc’ 2 .c?
Nt n—1 D n—1"n—1 D
— ~ ~- ~
=ci =}

c2 c2

wwn—1 Cn wwn—1 Cn (w“_1 Cn w1 Cn >
n—1 n—1

It follows that

2 2
S*S(Ppn)(w) = <C§r] — CZC“ ) dn(w) (n>1). (5.30.)
n n—1
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For n =0, an analogous computation shows

C2
o). (5.31)

o

*S(dg) (W) =

Furthermore, let ¢ € A2(D). Then we can write ¢ by 2.3.11. Theorem as
(0.

b= (b, dr)az b Applying S*S leads to
k=0

S*Sh =Y (S*Sd, d) b = (S*Sb, dg) bo + Z (S*Sd, by) by
k=0

2 2
c
<¢ o) ¢O+Z Tl S ) (6, ) oy
orthonormahty c ck Ck—]
(5.32)
Since
Cﬁﬂ_ c2 _ nlﬂ_ﬁzrwr]_ n :(n+1)2—n(n—2)
c2 C%x—l (5.97) n—i] z n+2 n+1 M+2)(n+1)
n2+2n+1-n?2—2n 1 n—aoo
= = — 0
Mm+2)n+1) Mm+2)n+1)

it follows that $*S is compact and S too. (For all ingredients for the
penultimate conclusion confirm [HasO7)). u

In the proof of 5.6.3. Proposition we showed another important result,
namely the spectral representation of S*S:

5.6.4. Proposition:

Let S: A2(D) — £2(D) be the canonical solution operator for 3 and (¢ )yen,
the normalized monomials.Then

2 2 2
S*S¢ = 1 (¢, o) ¢0+Z ( ket Kk ) (d, D) by (5.33)
0 Ck k 1

5.6.5. Proposition:

The canonical solution operator S: A2(D) — £2(D) is even Hilbert-Schmidt.
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Proof:

By [HasO7/, Chapter 8] it is enough to show that the function
N: (z,w) — K(z,w)(z — w) belongs to £2(D x D). So, we have to prove
that

- 2
/ =W @) arw) < oo,

J S 2wl
since the Bergman kernel of D is given by K(z,w) = %(1—,1%)2'
First of all, the following inequality holds for z,w € D
lz—w| < |1 —zw| (&)
Indeed,
2? < 1

Sz (1—wk) <T—wP & |22 — 2% - w2 <1 —w}?
Szl <1+iz2 - WP ez —zw—wz+ W <1427 - WP — 2w —wz

Slz—w)(z—w) < (1—z2w)(1 —zw) & [z—wl* < |1 — zw)?
Hence,
z —w)? . / /
T aA(z)dA(w) < (z)dA(w).
/ 1 —zwf |1—zw|2
D D D D

Introducing polar coordinates z = rel* and w = sel® leads to
11— zv_v|2 = (1 —rsetl@=®)) . (1 — rseta—®)) =1 _2rscos(a— @) + 1252,
Inserting this into the last integral, we get

: 1 1 212w
- doade drd
//H—zv_vlz ////1 2rs COS(x — @) + 1252 P araes
D D 0O 0 00
1 1 2n2n
—//// 1—ris? Sdocdg drds (&)
B 1 —2rscos(x — @) +12s 2 1— ®
0O 00 0

_P0|sson kernel
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From complex analysis we know that integration of the Poisson kernel
with respect to « yields

27

[ et

do =27
2pCOS(ox — ) + p?
0

Therefore we have by setting p =rs

1 1 1152
. 2 TS _ - 2 TS
(&) = (2m) //—]—rZZSZdeS e (2m) / / qusdu ds
00 du=—2rsZdr 0 1
1 : 1—52] 1 :
_ 2 [ b ! - _ A —g2
= —(27) /Zs {/ udu ds (27) /Zs log(1 —s~)ds
0 1 0
F log(v) (2m)? [ log(v)
og(v Tt og(v
= (2m)? dv = / d
v=1—s? (27 / 452 vsz—1—v 4 1—v
dv=—2sds 1 1
2

=4 6§~
ie.
> a2 A
//|Z—W’4d?\(z)d?\(w) < <
11— zw| 6
D D
||
5.6.6. Remark:

In the case of several variables the corresponding operator S*S is more
complicated. To generalize the above results, we need to introduce
complex differential forms. For a detailed study on this matter confirm
[HasO1].
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