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0. Introduction

Particles play an important role in physics. For instance matter contains atoms which in
turn are built up by particles such as leptons and hadrons. Moreover gauge bosons are
nowadays understood as the carriers of the fundamental forces of nature. Even for certain
phenomena concerning light the particle model is needed.

In modern physics Quantum Field Theory (QFT) seizes on the particle concept to de-
scribe relativistic systems. In this context particles come across as excitations of a funda-
mental quantum state. In absence of matter this special state is the Minkowski vacuum
state. Therefore it was surprising when in 1973 Fulling found out that the Minkowski vac-
uum differs from the natural vacuum of an uniformly accelerated observer [Fulling, 1973].

As is well known there exist two different types of constant accelerated motion, namely
constant linear and constant centripetal acceleration. In the first case particle creation
appears so that the Minkowski vacuum looks like a heat bath in the accelerated frame.
This is the so called Unruh effect. But in the second case the Minkowski vacuum does
not contain particles, although accelerated motion is still present. For the latter reason it
must still be expected that the rotating observer detects some kind of radiation. Indeed a
simple detector model introduced by DeWitt predicts a non-trivial spectrum [Letaw, 1981].
What makes this effect in rotating frames physically so exciting is the opportunity to verify
it experimentally [Bell and Leinaas, 1983].

Besides this motivation a recent paper [Parikh and Wilczek, 2000] offered a different
approach to the subject. By using the quantum mechanical method of tunneling they
described the Hawking radiation which is related closely to the Unruh effect. Thus the
quantum field theoretical detector model is no longer needed to understand Unruh radia-
tion.

In the present thesis both the already known detector model as well as the not yet
investigated tunneling approach will be used for the description of the Unruh radiation in
rotating frames.






1. Rotating frame of reference

In this chapter we introduce the natural frame of reference of an observer sitting in the
origin and rotating constantly around an axis. The free particle worldlines of the corre-
sponding system are discussed using Killing vectors.

1.1. Killing vectors and line element

In standard cylindrical coordinates = = (¢, r, ¢, z) the line element of Minkowski spacetime
has the form:
ds? = dt? —dr? —r2dy? —dz%. (c=1) (1.1)

The world line of an observer traveling in a circle with radius r = r4 and constant angular
velocity €2 in Minkowski spacetime is given by

at(t) = (¢, rq, 2, 0). (1.2)

The tangent vector ¢ is a Killing vector ¢:

0 0
= — +0Q—. 1.3
=a %%, (1.3)
This is obvious since (1.3) is a linear combination of two Killing vectors %, 3@. The
coordinate transformation
p=p-—0, (1.4)

defines a system ¥ with coordinates z = (¢, r, @, z). According to (1.4) the Killing vector (1.3)

is given by
0
S ot

in the new coordinates. Hence ¢ is tangent to the world line of an object at rest in %

13 (1.5)

[Letaw and Pfautsch, 1982]. In addition (1.4) transforms the line element (1.1) (by replac-
ing dy — dg + Qdt) into:

ds? = (1 — Q*?)dt? — 2Qr2dtdp — dr? — r2dp? — dz2 (1.6)

From (1.6) we can read off the components g,, of the metric tensor g = g, dz* @ dz¥ of the
rotating frame. This metric is stationary but not static (a global, nonvanishing timelike
Killing vector field cannot be found). Special attention must be given to the gy component,
which is the norm g,,,£"¢” of the Killing vector (1.5). It has the property that



1. Rotating frame of reference

>0 ifo<r<g
goo = =0 ifT:%

<0 ifs<r<oo
Thus ¢ is:
(i) timelike for r < &,
(i) spacelike for r > &,
(ili) null for r = % .

(iii) is the reason why % is sometimes called light cylinder radius.

Because ¢ is the four velocity of a stationary object in the rotating frame, ; marks the
stationary limit of the system. Hence a physical object (for instance a patricle detector)
resting in the rotating frame is always located inside the light cylinder. Note that there is
no event horizon in the rotating system in contrast, for example, to the Rindler frame, the
natural frame of an uniformly accelerated observer [Rindler, 2006].

In the following we need also the inverse metric g=! = ¢"*-2- ® 2. It can be obtained by
inverting the matrix (g,,). After an elementary calculation [Rizzi and Ruggiero, 2004] one
finds that the inverse metric components are

1 0 -0 0

, 0 -1 0 0
(") = L 0 1= . (1.7)

0 0 0 -1

1.2. Particle orbits in the rotating frame

There are several ways to study the world lines of free particles of a system. For instance
one could form the geodesic equation and try to solve it. Or one makes use of the sym-
metries of the metric. Since the the first method is cumbersome! we choose the latter
approach and follow [Raine and Thomas, 2010].

1.2.1. Constants of motion

Let X = X*0, be a Killing vector and u" = ddi: the four velocity of the particle (i.e. s denotes
the proper time). If there are no other forces than gravitation present, the world line of the
particle z* is a geodesic of the spacetime. Thus u* is the tangent of the world line which
is paralell transported along the path z*. This implies that [Ellis and Hawking, 1994]

u’'Vyut = u"u“;u =0, (1.8)

1t needs the explicit form of the Christoffel symbols T'*,,,.



1.2. Particle orbits in the rotating frame

where V, is the covariant derivative.
Now we consider the rate of change of the quantity X*u, along the geodesic:
u (XHuy), = vy, X* +uu X, =0+ %u”u“(XW, +X,.,)=0
The last term vanishes due to the defining property of the Killing vector X,
Lxguw = Xpw + Xo; = 0.

Therefore X*u,, is a constant of motion. In the following we investigate X*v,, for all Killing
vectors provided by the rotating system.

1.2.2. Conserved energy

Energy is the constant of motion associated with time translation symmetry [Scheck, 2002],
thus the Killing vector (1.5) defines the conserved (specific) energy ¢ as measured by the

rotating observer of the free particle. Using the abbreviation #* = % we have

€:=guf'u’ = goou’ + goou® = (1 — L®rH)t — Qr’¢ = constant
and because of uy = gg,u” We obtain
up = e =1 — 0% — r?p. (1.9)

1.2.3. Conserved angular momentum

Due to the fact that the vector 6%) is a Killing vector the (specific) angular momentum I,
with respect to the z-axis is constant. We obtain

—1, = gou’l = goguo + 922U2 = —Qr?i — 1“232

Sy =~ = —r2(Qi + ) (1.10)

1.2.4. Conserved momentum

Similarly the Killing vector % implies that the motion in z- direction is conserved. Hence

u3:_]52:_2.:7 (1.11)

where —p, := g, 3u”.



1. Rotating frame of reference

1.2.5. Radial motion

To finally find the radial component of the four velocity u; we make use of the line element
(1.6) and divide by ds. This yields

1= (1-Q%2) - 20r%ip — 2 — 2@ — 22 = 72 =12 — 22 — 1 —r2(Qf + )2 (1.12)

ks

Combining (1.9) and (1.10) we conclude that f = & + QI and 7?(Qf + ¢)? =
quantity

. Defining the

)

T

3= (e+ Q)% —p2 -1, (1.13)

inserting (1.11) into (1.12), the last missing component of the four velocity is:

. [ 12
up = gnt =F 2*72- (1.14)

The '~ stands for a radially outgoing particle? and the positive sign for an incoming one.
In the following we consider the negative case only by droping the + sign. Further note
that motion with

@r? < 2, (1.15)

is forbidden and therefore

rr o= — (1.16)

marks the classical turning point of the radial motion. This will be confirmed in chapter
2, where we consider the quantized system.

Summarizing the results above we have for the four velocity the following expression

2 -
u, = (€, —\/ ¢ — T—Q —l.,—p2). (1.17)

1.2.6. Four momentum of the free particle

The covariant components of the four momentum p,, of the particle are related to those
of the four velocity by p, = mou,. Where m, denotes the rest mass of the particle. Hence
using (1.17) we have

_ L, 2 _
pM = (moe) —mo q2 - 7'7;, _mOZZ7 _mopz)'

The mass shell condition p,p* = mg follows from u,u* = 1.
The zero component of the four momentum has dimension of energy. Because m, has
dimension of energy in natural units, € is dimensionless. Thus ¢ has the meaning of the

2Because for outgoing motion we have u! =7 > 0, therefore u; = gi1u! < 0.



1.2. Particle orbits in the rotating frame

specific energy (energy per rest mass) of the particle. Analogous interpretations hold for
l., p-~ and q.
We introduce the symbols E, L., P., Q to denote the corresponding observables for ar-

bitary values of the rest mass. Due to
N2 =24 P2
Q°=p] + (1.18)

we can regard () as the absolute value of the momentum in the (r, ¢)-plane. Thus physi-
cally the reality condition (1.15) tells us that the radial coordinate of the particle is always
larger than its angular momentum divided by its momentum in the (r, ¢)-plane.

1.2.7. Geodesics of the rotating system

Particles travel along geodesics through spacetime. Geometrically the four velocity of a
particle represents the tangent to the geodesic [Ellis and Hawking, 1994]. Hence the cor-
responding integral curves of v are the geodesics of the system. By raising the indices
with the inverse metric (1.7) according to #* = u" = g"Yu, we obtain:

. 1 - _

i=—(E+QL,) (1.19)
mo
1 ~ L2

P=—1/Q2 - =2 (1.20)
mo r

) 1 (/L _ _

p=— (; —Q(E+QLZ)> (1.21)
mg \ T
5

== (1.22)
mo

The integration of this system of ordinary differential equations with the initial values
t(0) = 0, (0) = rz, $(0) = @0, 2(0) = 0 gives

= " (E+QL 1.2
t(s) mo( + 2) ( 3)
L2 )2 )
r(s) = 0 + m—gs (1.24)
52
o(s) = @0 — ﬂ(E’ +QL,)s + arctan @ 5 (1.25)
mo moL,
2(s) = st. (1.26)
mo

Fig. 1.1 shows a typical trajectory of a free particle in the (r, ¢)-plane, where all parameters

3, except P, =0,Q = 3¢ = (24 x 10"s7!) and ¢y = . The dashed

green curve represents the radially incoming and the blue curve indicates the radially

are set equal to one

— 2
3As measured in natural units (c = 1 = #). In SI units we have £ = 1leV = 1.6 x 10*19’“95%, mo = 155 =
1.8 x 10730kg, [, = 1h = 1.1 x 10-345am% | § — 1eV — 5.3 5 10-28 kam,



1. Rotating frame of reference

outgoing particle. The region inside the red circle is classically forbidden, i.e. it is the
region where Q%r? — L2 < 0. As Q — 0 the particle path tends to a straight line (blue —
solid gray, dashed green — dashed gray). This is the corresponding free particle trajectory
in the inertial frame of reference.

4

Figure 1.1.: Particle trajectory in (r, ¢)-plane

1.3. Energy defined by rotating observer

It is important to point out that the energy E defined by the rotating observer can become
negative in contrast to the energy of a free particle in an inertial frame (F is not bounded
from below). This can be seen by using p,p" = m? to express p, = E in terms of the spatial
momenta pi, pa, p3:

— 2 — — —
E:\/m%—kp%-i—fg+p§+Qp2:\/m3+Q2+P§—QLz. (1.27)

For Q positive and sufficiently large angular momentum L., E becomes negative. The

corresponding particles satisfy

- Lz _ 2,
E:\/m3+p§+§+P§—QLZ <0<=mj+pi +—= + P2 < L20°.
T T
Because the Lh.s. of the last expression is always larger than L?/r2, we have

51 - 1 1
20> _ 02 2 - 2 -
LZ(ﬂ Q)<O,LZ>O:>T2<Q =r> g



1.8. Energy defined by rotating observer

Thus all particles with negative energy are located outside the light cylinder. They are
not allowed to exist inside the stationary limit 1/Q. This is in contrast to positive energy
particles* with £ > 0 which can be located inside r < 1/9.

Note that

2
. & p3
lim E = \/ 24 22 2
S B = \fmo 4 75 408

reproduces the relativistic Hamilton function of the free particle in the inertial frame
[Scheck, 2002].

4Another way to see this is to consider the turning point r,. For large energies, r, is shifted arbitrarily close to
0.
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2. Quantum mechanics of free particles in
rotating frame

In the previous chapter we studied the classical free point particle in the rotating frame.
In the following we want to investigate the corresponding quantized system and focus
on relativistic quantum mechanics of free particles. Although a more profound theory
of relativistic particles needs the concept of field (which is discussed in chapter 3), the
heuristic approach made in this chapter gives valuable results.

2.1. Klein-Gordon equation and Inner product

In Quantum mechanics the wavefunction i carries the entire physical information. ¢ is
the solution of a wave equation. For relativistic particles with spin 0 (which we consider
in the following) this is the Klein-Gordon equation (KGE). In order to find the KGE of the
rotating system we make use of the first quantization rules [Bjorken and Drell, 1964] (A
different derivation is performed in B.2).
We start with rewriting the relativistic energy momentum relation of the rotating system
(1.27) into
E* + L*Q0? + QL.E+ QEL, — (Q* + P%) —m? =0. (2.1)

This must hold for the eigenvalues of following operators

o Energy operator: H = i2

1o}

e Angular momenutm operator: iz = —ig;

. 1H2 . p2_ 10 _ & 1 _ o
e Square of spatial momentum operator' Q° + P, = -5 — 55 — 957 ~ 97

The conservation of angular momentum translates in operator language into [H’ , Ez] = 0.
Taking this commutation relation and the first quantization rules into account the Klein-
Gordon equation in the rotating frame reads

U o PU p U U 10y 10w 0%

— —_— —_—— 2 =
oz T 0p Vo Tar Trar Tirage to M0 2-2)

IThis is essentially the negative Laplacian operator —A according to the first quantization rules. In cylindrical
coordinates (r, ,z) we have A = 19, + 92 + £ 02 + 02 [Bronstein et al., 2008].

11



2. Quantum mechanics of free particles in rotating frame

The solutions of (2.2) need to be normalized. The usual non-relativistic scalar product

(Whn ) = / B ()5 () 2.3)

is not conserved for solutions of the KGE. An appropriate covariant inner product is given
by [Parker and Toms, 2009]

(1, 0n) 1= i /Z A8 5, (2.4)

flgu)fZ = fi (gii) - (afl)fz

The integration is performed over a spacelike hypersurface ¥;. For simplicity we choose

where

the {t = 0} surface, which is the usual choice in every inertial frame [Scheck, 2007]. The
corresponding vector valued hypersurface element d¥* takes the form

de# = d3xy/—g¢®™ = dzd@drrg®

This implies that the inner product (2.4) in the rotating frame reads
00 2m 0 <_>
(hr,02) =i [ dz [ d / arryi ( o - ) e 2.5
—00 0

(2.4) is sometimes called charge form of the KGE. The reason for this is that in the case of
a charged field with coupling e the conserved 4-vector

gH = ieql)*yw

is interpreted as the electric 4-current density rather than the probability current density?
[Bjorken and Drell, 1964].

2.2. Wavefunction in the rotating frame
The general separating solution of (2.2) is [Bronstein et al., 2008]
¢(t, r, 3, z) _ aJm(qr>e—i@t+i7?z¢+iEzz + Bym(qr)e—iwt+im¢+i1§z, (2.6)

where J; denotes the Bessel function of first kind and Y;, the Neumann function of mth
order. The constants a, b are needed for normalization and will be fixed later on. In general
they depend on the eigenvalues g, m, k., @ of the operators Q, Lz, Pz, . By inserting the
solution (2.6) back into the Klein-Gordon equation we obtain the dispersion relation in the

2Note that in non relativistic QM u)*‘?w is the probability current density with ||? the corresponding proba-
bility density.

12



2.2. Wavefunction in the rotating frame

rotating frame

©=+/md+ ¢+ k2 - Qm. 2.7

It is convenient to choose the positive root, so that for 2 — 0 (inertial frame) @ is always
positive. Nevertheless the energy® still becomes negative for sufficiently large angular
momentum m, as mentioned at the end of Chapter 1. In order to obtain a realistic wave
function we need to impose boundary conditions.

We are searching for a solution, which is regular at the origin. Hence the coefficient
b must vanish, due to the divergence behaviour of the Neumann functions at » = 0
[Bronstein et al., 2008]. Additionaly we demand 27-periodicity of ¢ (, i.e. ¥|s—0 = ¥|z=24).
Thus /m must be an integer. This quantizes the angular momentum L. of the particle. We
do not consider spatial boundaries at this point (this will be done in 4.6), which means
that ¢ and k. are continuous. Consequently the unnormalized free particle wavefunction
is

Vet 1, @, 2) = @ (qr)e” @Mtk g o (g m, k). (2.8)

(2.8) is not square integrable and therefore cannot be normalized with respect to (2.5)
in the usual Way4. It must be treated as a distribution [Mukhanov and Winitzki, 2007].
Because m is an integer the orthogonality relation for the wavefunction is
8¢ —1q)

(Vz,0z) = Omme (K — kL) 2.9)

In the following we use (2.9) to find the normalization constant a.
Inserting (2.8) into the r.h.s. gives:

() L 27 o, e’}
dzet* Kk / dge?(m=m) / drr T (@) T (qr)
0

(g hz) = a*a' (&' 4+ Q' + @ + Qm) /
0

— 00

278(k, —k.) 2761 m,

=a*ad (@ + Qm+ o+ Qm) (2m)26 (K, — k2)0mim / drrJm (@) Jm(qr)
0

5@ —a)

q

In the last step the orthogonality relation of the Bessel functions was used (see B.5). This
is allowed since the Kronecker symbol ¢,;,.; turns the Bessel functions into the same order
of m. The presence of the delta functions allows us to set @’ = @ and &’ = @, so that after
comparison with the r.h.s. of (2.9), we have

UL N S (2.10)

21 \/2(@ + M)’

3In natural units we have the trivial relation E = & between the energy and the frequency. The same holds for
angular momentum L, = m, momentum in (r, ¢)-plane Q = ¢ and 3-component of momentum P, = k..

41t is the analogue of a plane wave in Cartesian coordinates. If one wants to study finite norm solutions, wave
packets of the form ¥ = 7> [ dk. Jo° daaf (@) 7(Z) must be considered. A Gaussian-like function f

would yield to a Gaussian wave packet for instance.
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2. Quantum mechanics of free particles in rotating frame

Therefore the normalized wave function of the free particle is
Vilt, 1, 0,2) = 5 — e S (qr)e TR, (2.11)

where

meZ,0<qg< oo, —oo<l%z<oo,@=\/m8+§2+l;:§—9m.

2.2.1. Vdlidity of the single particle interpretation

Conservation of relativistic energy-momentum allows the particle number of a relativistic
system to be non-constant. This phenomenon (in particular pair creation) must be taken
into account by the theory describing relativistic quantized systems®. Therefore it is clear
that a single particle interpretation of the Klein-Gordon equation cannot be completely
consistent. This is shown for instance by the Klein Paradox, where ambiguities appear if
one tries to interpret ¢ as a single-particle wavefunction [Klein, 1929]. However one can
show that these ambiguities become negligible if the characteristic scale of the system A
becomes very large compared to the Compton wavelength \. = n’% (e.g. for a KG particle
penetrating a step potential A is given by the penetration depth of the wavefunction in the
forbidden zone). Indeed if this scale is large (with respect to \.) Klein-Gordon solutions
can be considered as single-particle wavefunctions [Wachter, 2005]. Thus we expect that
(2.11) describes the wavefunction of a single particle® in the rotating frame for large rest
masses mg compared to A~L.

2.3. The possibility of tunneling

In 1.3 we found that the interior of the light cylinder is classically forbidden for negative
energy particles. Nevertheless, due to the existence of tunneling phenomena in quantum
theory, particles with negative energy will be found inside the light cylinder with a certain
probability. Based on this fact, it is conceivable that a particle with negative energy @ < 0
and certain quantum numbers (q,7,k.) may tunnel from r > & (more precisely from
r=rp, cf. (1.16))tor =14 < é This tunneling process should be closely related to the
excitation of the following quantum system: We assume that the system (called detector
in the following and located at r = r;) has two energy eigenstates |Ey), |E;) with associated
energy eigenvalues FEy, Eq, (E1 > Ey). The detector is coupled to the field ¢ (consisting of
free particle wavefunctions of the form (2.11) (cf. chapter 3)), via a monopole moment u.
The corresponding interaction Hamiltonian is

Hi =Mi®®, (2.12)

5Even if there is not enough energy present (E < 2m,), many-particle states appear in second-order pertubation
theory as intermediate states. They can be thought of as states appearing for very short time according to the
uncertainty relation AEAt > h.

6In QM one should work with wave packets rather than plane waves in order to describe particles. A KG
wave packet describes a single particle if the spatial extension A of the wave packet is much larger than the
compton wavelenght \. of the particle. Nevertheless for our considerations it is sufficient to work with (2.11).

14



2.3. The possibility of tunneling

where )\ is a coupling constant, /i the monopole moment operator of the detector and &
the field operator of the field ® (cf. chapter 4). The tensor product ® indicates that H; is
the Hamiltonian of a system consisting of two subsystems (field and detector).

If the detector is initially in its ground state |E,) there are two possibilities for it to get
excited:

e by absorbing a field quantum (particle) of positive energy @ = AE where AFE := E; —
Eo >0,

e or by emitting a particle with negative energy’ @ = —AFE < 0.

We assume that the field is initially in its ground state too. Hence we focus on the emission
of negative energy particles. This process is possible if those particles are located at r,; < é
Therefore we expect that the excitation probability of the detector is proportional to the
probability of a particle with energy @ = —AFE to tunnel from r = r;, to r = r,4.

In order to find this tunneling probability we need to associate a probability measure
in position space with a KG wavefunction. As the probability density we take the charge
density j° = z‘w;b—gwi. For the wavefunction (2.11) we get

J2(qr)
472

According to our choice the probability P for the particle to tunnel from r; to r; is the

40 zgo“wg; ::2w—|—mQ ”(/J‘

(2.13)

fraction of the corresponding charge densities at these points [Schiff, 1968]. Writing g
in terms of energy, angular and spatial momentum (1.13), the probability for finding a
particle with negative energy w = —AFE at ry in the rotating frame is given by

§%(rq) = an ( \/(—AE +m)2 — k2 — mg> . (2.14)

The same particle is located at r; with the probability

. J2 (m)
0 _Ym
Jore) = =3 (2.15)
Hence the tunneling probability is given by
J2 (rd\/ —AE +mQ)2 — k2 — mg)
P= (2.16)

T (m)

The formula above describes the tunneling of a particle with fixed values of m and k.. Due
to the degeneracy of the energy eigenstates there exist other combinations of m and k.
(and ¢) which have the same energy w. Since we are interested in the total probability we
need to take all states with energy @ = —AF into account. In order to find the allowed
combinations of m and k., we make use of the results found in 1.3.

For E = —AF the relativistic energy-momentum relation (1.27) can be rewritten as (Ez =
m, P, =k,,Q = q):

(~AE —mQ)? — k2 —m2 = ¢°.

“This is possible due to the existence of negative energy particles in the rotating frame.
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2. Quantum mechanics of free particles in rotating frame

Because the r.h.s. is always positive we have

—J(CAE +mQ)2 —mE < k. < \[/(-AE +mQ)2 — m3, 2.17)

Due to —AFE + m2 > 0, which follows from the choice of the positive root in (1.27), we
conclude that k, € R if

(—AE +m0)% > mg < m > w. (2.18)
Taking (2.17) and (2.18) into account and using the abbreviation
am = /(- AE +mQ)? —m,
the total tunneling probability, denoted by I', is given by
r.— i ﬁ /a k. T2, (rd\/(—AE MmO — k2 — mg) . 2.19)
P O

The symbol [] indicates the ceiling function®. It is possible to evaluate the integral analyt-
ically:

Note that the integrand is symmetric in k,. Hence we are allowed to replace the inte-
gral by 2 ["". The variable substitution ¢ := /a3, — k2 turns the integration measure dk.
into —~dg——=1— and the integration limits into fg so that we obtain for the integral in

A —4a
(2.19)
/ d q 7}'L
Vo — ¢

This integral can be written in terms of the hypergeometric function ; F; (cf. [Prudnikov et al., 1983],
p- 212):

o p2m (2m +1 2m+3

1o | ——————

m_ Td_ oM+ 1;
2m +1)! 2 g T ard)

The final expression for the tunneling probability I" is therefore

B s ((fAE +m)? — m2) 5 r2m
raR = A

AE+4mg -‘
Q

X

m=[

2m+1 2
Py < m; : m; 3 o+ 1 —(—AE +mQ)? mo)rd) (2.20)
This gives the probability that a particle with fixed energy & = —AE tunnels from rq < &
to the classical turning point 7, = 2 > L. Note that by replacing J2 (m) — 272 in (2.20) we

8This function is defined as [z] := inf {n € Z|n > z}.
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2.3. The possibility of tunneling

obtain the total probability p of finding the corresponding particle at r,:

Consequently I' and p do not match as one can see in the following table® (v = r4):

oo

Pt 1

(~AE +mQ)? —m3) 7

2m
r
d><

AE+mg -|
Q

155 <

@2m +1)!

2m+1 2m+3
2 2

,2m+ 1; —((—AE 4+ mQ)? — mg)r§> . (2.21)

T T
| ABeV || p(-AE)es: [ T(-AE)Y [ p(-AE)e | T(-AE)Y
0.00 3.36 x 10~° 3.46 x 1073 1.24 x 1073 1.65 x 1071
1.35 1.05x 10717 [ 294 x 107" || 584 x 10710 | 217 x 1077
2.50 421 %1072 | 1.73x 10736 || 1.69 x 10~ | 9.03 x 10713
3.75 1.50 x 10741 | 8.01 x 1073 || 1.61 x 1072' | 1.11 x 10~'8
4.95 1.70 x 10723 | 1.09 x 107°° || 2.68 x 10727 | 2.20 x 10~2*
Q=7% v=01c Q=2 v=05c

Table 2.1.: p and T for different values of v and Q.

The physical reason for the mismatching of p and I' comes from the finite extension of
the tunneling region. Thus the normalization of the free particle wavefunction is crucial
and therefore the probability of finding a particle at a certain distance from the origin is
not equivalent to the tunneling probability (If we had the case where the forbidden region
extends to infinity, the two probabilities would be equivalent).

Nevertheless it can be expected that the probability p(—AFE) for finding a negative energy
particle at the position of the detector is a good measure for the excitation of the detector.
Indeed an approach using quantum field methods shows that p(—AF) is proportional to
the detector’s excitation rate (see Chapter 4).

9We have taken only the first 100 terms of the series (2.21), (2.20) into account due to their rapid convergence.
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3. Quantum field theory in Minkowski
spacetime

In this chapter we consider a quantized scalar field seen by an inertial and rotating ob-
server in Minkowski spacetime. We introduce the Bogoluibov transformation and calcu-
late the Bogoliubov coefficients between rotating and inertial frame. This implies that the
vacua defined via canonical QFT in the rotating and inertial frame coincide.

3.1. Field equations in general coordinate systems

The consistent mathematical approach to relativistic quantum systems is given by field
theory [Peskin and Schroeder, 2007]. In this way ambiguities do not occur in the physical
interpretation of relativistic quantized systems.

The field equation for a real scalar field ¢ follows from the variation principle of the
action [Birrell and Davies, 1984]

S[®] = /d%\/Tjg (9" (V@) (V, @) — mi®?) =: /d4x£ [®,0,9], (3.1)

with condition 6S = 0. This is equivalent to the Euler-Lagrange equations for the La-
grangian density £

oL oL
For the Lagrangian above this yields
1
——9,, (V=g¢"0,®(z)) + m2d(x) = 0. (3.3)

This is the same equation as for the relativistic wavefunction (B.2). But the solution needs
to be interpreted as a field ¢ rather than a single particle wavefunction . Hence we have
a system with infinitely many degrees of freedom.

3.2. Field for inertial observers

We want to solve (3.3) in an inertial frame. In Cartesian coordinates (¢, ), where the metric
components of the Minkowski spacetime are g,, = diag(l,—1,—1,—1), the Klein-Gordon
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3. Quantum field theory in MinkowskKi spacetime

equation (3.3) reduces to the simple form

2 2 2 2
<3aai+m§> ®(t, %) = 0. (3.4)

A complete! set of solutions of (3.4) is given in terms of plane waves:

fg(t7f) — nEe—int-i-iEf’ wr = A /EQ + m(?) (35)

where nj; is a normalization constant and will be fixed in 3.2.1.

Next we study cylindrical field modes. For this purpose it is helpful to have the solution
of (3.3) in cylindrical coordinates (¢, r, ¢, z). It can be obtained by either inserting in (3.3) for
the metric components in cylindrical coordinates g,, = diag(1, —1, —r?, —1) or using the fact
that the KGE in the rotating frame (2.2) reduces to the correponding KGE in the inertial
frame in the limit 2 — 0. By using the latter and replacing @ — ¢ and ) — ® the correct
form of (3.3) in cylindrical coordinates reads:

2 2 2 2
(5252_71"57‘_;7‘2_7’128?02_38224_”18) O(t,r,0,2) =0. (3.6)
Instead of solving this equation, for instance with a separation ansatz, we again take the
limit Q@ — 0 of the rotating wavefunction (2.8) and replace ¢ — . Moreover we denote the
corresponding quantum numbers by (w,m, k., ¢). Thus a complete set of cylindrical field
modes is given by:

ug(t,r,p,2) = Nme(qr)e*i“’t“mW“kzZ, wi=/2+k2+m2, 7:= (¢, m, k). (3.7)

We see that due to the absence of the Qm shift the frequency w of the mode is always
positive.

3.2.1. Normalization of field modes

The field modes are normalized with respect to the scalar product (2.4), defined in Chapter
2. The normalization condition is carried over by every field mode such that the orthogo-
nality relations for the two sets of field modes { f;}, {uz} are

(g frz) = 6°(k — ) (3.8)

(u(fv utf’) = 5mm’5(kz - k/z)(;(qq_q/) (3.9)

As in the rotating frame the spacelike hypersurface ¥, in (2.4) can be chosen as the
{t = 0} surface. This gives d%* = d3x,/—g = dzdydz for Cartesian coordinates so that the

!Completeness of { fE} for the one-dimensional case means that any square-integrable function F : R D
N
la,b] — C can be approximated by a series F(x) = Y. cxfr(z) so that the mean square error vanishes, i.e.
N

2
b N
lim [dz|F(z)— > cxfx(z)| = 0.This can be generalized to arbitray dimension (cf. [Titchmarsh, 1958]).

N—oo g k=N
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3.2. Field for inertial observers

L.h.s. of (3.8) becomes

ingng (—iwg — iwg) /dﬂfdydzeﬁf'@*’?) = (2m)’ning, (wp + wp )6 (k — K).

After comparing this with the r.h.s. we are able to fix the normalization constant

Therefore the normalized Cartesian field modes are

—_
—_

folt, @) = e~ it T, (3.10)

The normalization constant N, for the cylindrical modes can be found with less effort
by using the results form chapter 2. Putting Q = 0 in (2.10) and replacing (o, m, k.,q) —
(w,m, k., q) gives us immediately

1 1 ) ) .
ug(t,r, @, 2) = Q——Jm(qr)e*“’t“m“’“kzz. (3.11)

™/ 2w

At this point we need to mention that besides {f;:}, {us} their conjugates { f£}7 {u}}
are a second set of linearly independent solutions with a time dependence ¢! and e™“?,
respectively. The corresponding j° component of j* is negative and would not make sense
as a probability density. This is the reason why j* is interpreted as charge density as

mentioned at the end of section 2.1. In this way the continuity equation
Ouj" =0

can be considered as conservation of charge [Bjorken and Drell, 1964]. In the special case
of an inertial observer the positive frequency solutions are equal to the positive charge
solutions and negative frequency solutions correspond to negative charge solutions. This
point of view is affirmed by the so called Feynman-Stiickelberg interpretation of relativistic
QM, where antiparticles propagate backwards in time and space? [Wachter, 2005]. Thus
fix eiwrt=ikT js the antiparticle wavefunction with positive energy w;; and momentum k.
Analogously the same argument holds for 7 in cylindrical coordinates.

Nevertheless particles and antiparticles are indistinguishable in the absence of an ex-
ternal field A4,. Therefore we only regard particles in the following®.

2This interpretation is based on the C' PT-invariance of the Klein-Gordon equation in an external Field A,,.
3Note that for neutral charged particles (such as the photon) the corresponding antiparticle is the particle itself.
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3. Quantum field theory in MinkowskKi spacetime

3.2.2. Field decomposition

Now we want to use the field modes {f;}, {uz} to decompose the scalar field . In general
the field decomposition has the following Fourier-like form:

O, 7) = /d3k< et ®) + e fi (L, m)) (3.12)
D(t,r,p,2) Z / dk, /dqq (bmq(t 0, )—|—quuq(t TP, 2 )) (3.13)
m=—o0_" 0

Since we consider a real scalar field (i.e. neutral particles), the coefficients are related by

cp = a;% and dg = b;i,
so that the field decomposition reads
B(t, 7) — / 0k (agfe(t,7) + a2 f3 (1, 7) (3.14)
O(t,r, 0, 2) = i 7 dk, /oodqq (bqug(t,r, @, 2) + bruz(t,r, @, z)) . (3.15)
m=-00_"o 0

For the quantization later on we need the conjugate momentum II, which is defined by

[Birrell and Davies, 1984] or

= O
= 0,5 = V99" 0. (3.16)
Inserting (3.14) and (3.15) in (3.16) gives:
TI(t, 7) = z’/d?’kw,; (a,;f,g(t,a?) - a;gfg(t,f)) (3.17)
I(t,r, ¢, 2) = —ir Z /dk; /dqu bpug(t,r, ¢,z )—b}u}(t,r,@,z)). (3.18)

m=—00__

3.3. Field decomposition for rotating observers

For the field decomposition in the rotating frame (¢, r, ¢, z) we use the complete set {%z} to
expand the scalar field ®. This set consists of all free particle wavefunctions of the rotating
frame (2.11). Thus we have?

O(t,r, @, 2) Z /dk /dqq Cﬂptrgo,)—i-aw(trgo, )) (3.19)

m*—oo

4The transformation from cylindrical into rotating coordinates changes only the energy of the field modes. The
quantum numbers of the inertial frame ¢, m, k. have the same values in the rotating frame. This means that
q = §m = m,k, = k.. Nevertheless we will use the symbols with a bar to distinguish explicitly between
rotating and non rotating frame.
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3.4. Hamiltonian of the field in the rotating frame

The field momentum (3.16) has the form

II=7r(00® — Q0;P) (3.20)
so that it can be expressed as
It r, ¢, 2) = —ir Z / dk. /d(j(j(d) +mQ) (cljﬂbi(t,r,@,z) — cgw(}i(t,r,@,z)) ) (3.21)
M==00_", 0

The similarity with the cylindrical mode expansions (3.15) and (3.18) is obvious. In fact
up to normalization the field decomposition can be obtained from the cylindrical one by

(w,q,m, k) = (@,q,m, k) and ¢ — @. (3.22)

Nevertheless there is a crucial difference: {17} may carry negative frequency although
the corresponding charge is always positive. The converse holds for z/)(}ﬁ. The consequence
is that the Hamiltonian H of the field in the rotating frame is not bounded from below.
This statement is proven in the following section.

3.4. Hamiltonian of the field in the rotating frame

The Hamiltonian H of the field ® is given by [Letaw and Pfautsch, 1981]

H= /dEgO”X“TW, X =(1,0,0,0), d¥ := d3z/—g, (3.23)
pop

where T}, denotes the stress-energy-momentum tensor of the field ®. In order to show
that H is not bounded from below in the rotating frame we insert the general form of 7),,
[Birrell and Davies, 1984]

T, =9,0, f%g#,, (®,, &7 — mgd?) (3.24)
and the metric of the rotating frame (1.7) into the integrand of (3.23). This yields

9" Toy = Toog™ + To29” = ©,0 ¢°° + @0 .2 ¢°° — = (9009 + 9029") (.6 ©7 — Mm§P?)

N | =

1 1
=02 -Qd, D, -5 <<I>,g —20D, 0,5 —P 2 —72@,3 -0*02 -2 —m3<1>2>

1

1
=3 <q>,3 +&,7 +72<I>,§ -0?03 403 +m3<1>2) .

In the following we use the abbreviation Y := 5> [, dk. [;° dgq so that the field de-

m=—00 J —oo

q
composition (3.19) reads ® = > (c;7 + cj%w:_ji). Consequently the first term of the integrand
a
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3. Quantum field theory in MinkowskKi spacetime

gives
2= Z Z(—ww’) (c‘;c(j/w;g/};, + R YIVE — chephEa — c(;c},lbcjﬂ/)g,) .
i 7
Note that
1 1 0o 2m o]
A b — / dzeiz(Ez+E;) /ew(mﬂh’) /drer ) T (G
Z/ Vv (2m)2 2/(@ + mQ) (&' + m'Q) ) ) (ar)Jme (@)
2m6 (k. +k.) 276 () (=1)mq-16(73—q")
_1 N
= (—l)m — (Sm(,m/)é(k’z =+ k‘;)M
201 3=(g,—m,~k.) q
= / dXyzvg
PO
1 N
/ ASYis = — S (s — K 2= _ / A8,
T Wl gk 4 e

ot T ot
Therefore the first term of the Hamiltonian gives

1 2 1 —(;}(IJ/ * ok m 7. 7./ (5((7_ q/)

B /dE(IaO =3 Z 5 mg n }}3 - ((C(;Ca/ + 6505/)(_1) §m(_m/)5(lﬂz + kz)T

3, qq

. Sla—d
_(c;icqw + cq:cg,)émmld(k’z — k’z)(q(jQ)>
712 — fm2 1 a2 ‘27& —1)™ ek
4G ( < e TR (0" (egeq +<iep)

+< mg+q + k2 +

m202

m — 2mQ> (céc(;+ cq~cq~)> .

In the next term § [ d¥®,? terms of the following type appear:
P

/dzw oy = 5771(7771')5(]7% + Elz)
J TR @+ m) (@ + mi

i / Ar L () T (7).
0

In order to evaluate the integral on the r.h.s. we use [Korenev, 2002] (p.14)

1

T (2) = 5 (Jm-1(2) = Jm41(2))

7Jm(2’) = Jﬁ,,_l(Z) =+ Jm+1(2’)7 Vm,Z S (C
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3.4. Hamiltonian of the field in the rotating frame

so that
——f r ! (= ! — (_1)m —— r — 1 — 1
@@ | drdp(qr)IZm(qr) = ~—5=—ad" | drr (Ja-1(ar)Jm-1(q7) + Tnt1(qr) Jms1('T))
0 0
2q'~16(3—q')
_ (_1)m ——/ B _ B _/ B _ B —/
10 | A (Jn1(@r) Jms(@7) + T (@) Ja-1(q'7))
0

—2q'=16(q—q')+ [ drr 222 T (qr) Ja (q'T)
0 qq T

=(=D"@a-a) - (=" / drr%Jm(éme(@’r)-

The last term appears as a factor in the third term [ dX®,, 7~? with a positive sign. Thus
we have for the second and third term of H:

1 9 1 2 1 q75m(7m’)5(]7€z + ]2’;)6((1 B (j) m * K
2 /dz (‘I’u +,a‘1’»2> =32 ( (=1)"(ezez + gz )lg=g—m.~%.)

2 1.2 =2
2 i 2vimy + k44
76 8(Fs — K)5(G — G
+ 4 (k- — k3)(q — q) (chez + czct)
2vmi +k2+ ¢ 1 e

q?

(e, B | o= ~ck
m ((—1) (cgeq + czca)lz—(q,—m,—k.) + C5C7 + cch> .

Il
I,
-1

Analogously the remaining terms yield

1 1 _ 7292 ];;2 2
3 [AD-0ed el mper) = ST Lt
mg+k2+q

¢
% ((_1)m(cq~cq~, + o)l g =(g,—m,—k.) T C3Cq T c(;c:%) .
Collecting the results above we obtain for H:

1 - m2Q 2 m202 + k2 + md
H=_->[|-\m3+k2+a+ I, =0
4~ Vmi+k2+ @ vVm2 + k2 + ¢

q

x (=1)™(czeq + cgep)lg=(g,—m,—k.)
202 =2 72 ()2 1.2 2
- m2Q —m“Q°+ki+m
mg + k2 + 2 mg + k2 + ¢

1> 77 _
—H=3 3 / dF, /dqq (\/nm— mQ> (ctez+ cget) (3.25)
Mm=—00_"_ 0

This shows that the Hamiltonian is not bounded from below in the rotating system.
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3. Quantum field theory in MinkowskKi spacetime

3.5. Canonical quantization procedure

There are many methods available for quantizing a field. For instance the quantiza-
tion procedure of Feynman and Dirac (which makes use of the path integral) provides
a physically intuitive approach to the subject. The simplest and conceptually clearest
quantization method is the so called canonical quantization. This method (developed by
Heisenberg, Born and Jordan) is close to the quantization of Hamiltonian mechanics of
systems with a finite number of degrees of freedom and is essential for practical calcula-
tions [Scheck, 2007]. This is the reason why we choose this procedure in the following.

The quantization of a field (i.e. system with infinitely many degrees of freedom) starts
with the promotion of the field obervables ®,1II to operators ®,II. These operators satisfy
the canonical commutation relations® (& = 1):

i0G3)(Z — ) for Cartesian coordinates
[@(2), T1(2)]|s=er = { i6(r —1')8( — ¢')6(z — 2') for cylindrical coordinates (3.26)
i0(r —1")o(p — @')o(z — 2’) for rotating coordinates

[@(2), ®(2)]li= = 0= [L(z), T(2")]|=r (3.27)

By inserting the appropriate mode expansions the coefficients ag, b, c; become operators
themselves. The imposed commutation relations are equivalent to the following relations
for the operators ay, 13,7, ¢z and their Hermitian conjugates aL, bl é:%:

k? q‘?
lag,at] = (fz fr) = 0@ (E—F), [ag,ap) =0=[al,al ] (3.28)
s 1] = (s ) = S0k — )29 =D) (i1 = 0 = B, 81,] (3.29)
@Yl — qr Yq — Ymm z z q ’ qr»Yq’ ] — - @ 7q *
. - 0a=q) 4
¢z, cj%,] (Vavz) = OO (kz — KL) — 6z62]=0= [cg, cj%,] (3.30)

We prove this for the rotating system (3.30) only, since for Cartesian modes and cylindrical
modes this can be found in [Scheck, 2007] for instance. First we start by showing that

= (08) - (5.)

I
X
Q)

5A classical Hamiltonian system (g;, p;) has the Poission brackets {g;,p;} = §;;. Quantization starts with the
replacements: (¢i,p;) — (¢i,P;) and {,} — —3 [.].

26



3.6. Vacuum state via canonical quantum field theory

A\ T A
The other relation follows from the hermiticity (1/}5, <I>) = — (w;ji, <I>) of the inner product.
In the following we suppress the arguments of the mode functions and field operators by
writing 1/;(’? instead of ¥-(t,7', ¢’, ) (analogously for $). Then we have:

¢z Cj;} == [(%7 é) (ME' q)ﬂ
/dX“/dE’” V2 {0_><I> 1/1;%’_>

= [azr [asrezel, <a_>a’ b, &
/ [ 5.1

@ 5)(9 )

v

/dE”/dZ’”w i ( ,ﬁ —E?—@jﬁ?+§ug’) [#,8]

/dZ“/ ds" wﬂ 9,8,0
/ asr / A" (9,020 [
/ as+ / S0l {
/ asH / A5 (9,430l [cﬁ é’}

P@O

<

[

Using the general definition for the field momentum (3.16) and the commutation relations
(3.26) we see that the nonvanishing contribution (second and third term) is:

/ A5 (=0, 5%) / A= d vl id(r — )6(% — 7)o — =)
+ [ag @) [ dedpdr(-up -0t - )5 - ¢)3(: - )

— i ( [asvpomp - | dE’"(a’yw;)w;>

—+(va vg)

With the help of (zﬂ(’% zb;) = 0 one obtains analogously the other two vanishing commuta-
tion relations of (3.30).

So far we have not mentioned how to interpret the operators ¢z, é}. physically. This is
done in the following section.

3.6. Vacuum state via canonical quantum field theory

The canonical quantization procedure for fields is done in the Heisenberg picture. In this
picture the time dependence of the considered quantum system is entirely contained in
the operators. The corresponding quantum states |¢) span a Hilbert space and are time
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3. Quantum field theory in MinkowskKi spacetime

independent [Scheck, 2007].
In inertial systems a convenient basis for the Hilbert space is the so called Fock repre-
sentation. In this representation the vacuum state |0) is defined by:

aipl0) =0, Vk (3.31)
and is normalized according to
(0] 0) =1.

This state is fundamental since every other state, even multiparticle states, can be created
out of |0). For instance the state |1 7) can be constructed by letting &% act on the vacuum
state

|17) = al10). (3.32)

Physically |1 ;) represents a particle with momentum k. Arbitrary many-particle states
may be constructed similarly by

B = I (n,;j!)_% (at )™ 1. (3.33)

(3.33) represents a state with n; particles with momentum Ky, ny, particles with momen-
tum Eg, and so on.

States of this type are the eigenstates of the number operator 7;; (counting the number
of quanta in mode k) which is defined by

A = alag (3.34)
with
A nge) = Sgimi In ), ng €N
Note that due to the commutation relation [&%,d%] = 0 the multi-particle state (3.33)

obeys Bose statistics. This means that the state (3.33) is symmetric under exchange of
two arbitrary particles. Therefore scalar fields with commutation relations of the form
(3.26) represent bosons®.

The definition of the one particle state (3.32) looks similar to the first excited state of the
one-dimensional quantum harmonic oscillator. Also the commutation relations, satisfied
by &j; and aj, are similar to those satisfied by the creation and annihilation operators
of the harmonic oscillator’. Hence it seems natural to call &2 the creation operator for
a particle with momentum k and ay the corresponding annihilation operator. Indeed one
can show that the quantum scalar field can be considered as a collection of infinitely many

quantum harmonical oscillators [Peskin and Schroeder, 2007]. This mirrors that QFT is a

6The use of anticommutation relations (i.e. replacing [,] — {,}) would describe fermions
[Parker and Toms, 2009].

"The difference is that in contrast to the n-dimensional harmonic oscillator the index &, labeling the operators
&TE’ ag, is continuous. Thus instead of having the discrete Kronecker delta one has the Dirac delta on the r.
h. s. of the commutation relations.
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3.7. Bogoliubov transformation

many particle theory.

By considering (3.32) and (3.33) one notes that those particles are just excitations of |0).
Therefore the particle concept in QFT relies completely on the choice of the generalized
basis { f;} of the field decomposition.

If we choose {ug} to define the 'cylindrical’ vacuum state ‘f)> via

b710) =0, Vg,

it is a priori not clear that we are allowed to identify ‘cylindrical’ particles (obtained by
letting B; operate on fﬁ)) with Cartesian ones (3.33). Of course from the physical point
of view they should be equivalent, since the bases represent solutions of (3.3), which
separate in coordinates that differ only by a spatial coordinate transformation. Indeed the
equivalence of \6) and |0) is shown in 3.7.1.

On the other hand if |0), denotes the vacuum state corresponding to the set {¢q~}, it
cannot be expected that |0), = |0). This implies that a priori the rotating observer has
a different particle concept from the inertial one. How |0), is related to the Minkowski
vacuum |0) was discussed at the beginning of the 1980s by Letaw and Pfautsch (see
[Letaw and Pfautsch, 1980]). They found a surprising result, which we reproduce explic-
itly in 3.7.2.

3.7. Bogoliubov transformation

Two generalized bases of the field, e.g. {f;} and {ug}, are related by [Birrell and Davies, 1984]:

Z /dk /dqq a,,uﬁﬁk ) (3.35)

ug = /d% (g5 = Bealt) (3.36)

(3.35) and (3.36) are called Bogoliubov transformations and the coefficients Vo ﬂ,;(i are
called Bogoliubov coefficients. We show that they can be obtained from

apy = (ug. fr) and B=—(uj fr)- (3.37)
Proof:
Uqafk Z /dk’ /dq Ugy Qi U +BEq~,u;§,)
00 o0 00 0 00 S
= 2 / dk / dfdogg  (ugug)  + ) / dk, / dq'q' Bz (ug,uy)
m/=—o0_" Hf—/ oo —
0 5, 6(ks— '5(41 a') —0 0 0
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3. Quantum field theory in MinkowskKi spacetime

For 5/&7 we have

oo

(uz f7) = Z

/d
/d

m/=—

k/ /dq uq,a,zqvu(;/ ‘l-ﬂ];q-;u:}/)

k. /dq g (ug, ug) + Big (u},u}))
0
= B];qw
where in the last step (u}, u}) = —0mm0(k, — k) 5(" 4) was used.

As the modes are normalized with respect to the charge form (2.4) the Bogoliubov co-
efficients satisfy the relations:

> / dk, / dgq (a;g@a*vq—ﬁ,;qﬂ,}ﬁ) = 0O (k- k) (3.38)
m=—00_"_ 0
* * (5((] — q/)
/ FED (a,;qa,;(;, — ngﬁﬁ,;qv) = S (s — k;)T. (3.39)

Proof:
=1 Z /dk: dk’, /dqdq qq /dE“( u}—l—ﬁgqui) g,j (avtf,u@/ —G—Bvqﬁu},)

m,m’

= Z /dkzdk;/dqdq’qq’aziqak;qv (ug,ug)
oy ~——

O mms 0(k=—k.)d(qa—q")/q’

+ Z / dk,dk! / dqdq’qq'ﬁ,ﬁqa;;/qﬁ (ug, ug)

0
+Z/dkdk:’/dqdqqq ap By (ug,ug)
0
+ Z /dk dk., /dqdq qq Bl (ug uz)
———

—Opm0(k=—k.)d(q—q")/q’

Evaluation of the integrals with the help of the delta functions gives (3.38). The other
orthogonality relation (3.39) can be shown analogously by inserting the inverse Bogoliubov
transformation (3.36).

The Bogoliubov tranformations (3.35) and (3.36) imply that the annihilation operators
ag, 5,; and their adjoints d%, IA); respectively are related via®:

8This follows from the fact that the Bogoliubov transformation is a contragredient transformation.
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3.7. Bogoliubov transformation

by = /d3k: (aggaz + B l) (3.40)

A x 7 * 71

ag= > / dkz/dqq (b — B2 0%) (3.41)
m=—00_" 0

The relations above are useful, because they tell us how |0) is connected to [0). We simply
let 13(; operate on the Minkowski vacuum |0) to obtain:

b710) = /d3 ap g + B |o /d3k5kq\1> (3.42)

Hence we conclude that
|0) = |0) <= Bz, =0 Vk,q. (3.43)

In order to find out how the various vacua are related we need to determine the corre-

sponding Bogoliubov coefficients. This is the subject of the following subsection.

3.7.1. Bogoliubov coefficients of cylindrical and Cartesian field modes

In the following we calculate Yz and 6,55 explicitly. From (3.37) we have:

o 717 = (utfv f];/)
1 1 . . X .
_ ANk J 7zmapfzkzz <ezwt§>e*’bwk‘/t> elk T
o vl | :
wg +w /d —imp—iky 2 ik E(ryp,2)
= zdpdrrJ, (qr)e MY P
2(2m)2V 21w, [ v )
wp T w

= 2@ \/ﬂfﬁ/dzdgpdwe”(k —ks) gmime gid'r cos(p— ) T (qr)
In the last step the definition k;, = ¢'cos¥, k;, = ¢'sinY and the standard coordinate
transformation Z(r,,z) = (rcosp,rsing,z) was used. Therefore the Euclidean scalar
product k" - Z(r, ¢, z) becomes ¢'rcos(¢ — ) + klz. The z-integration gives 2wd(k, — k.).
For the factor with the cosine in the exponential we use the Jacobi-Anger expansion
[Abramowitz and Stegun, 1964]

eiq’rcos(zp—’ﬁ): Z Z"'LJn(q/,r‘)e’i”(@—'ﬂ)7 (344)

n=—oo
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3. Quantum field theory in MinkowskKi spacetime

so that the integral reads:

216 (k. — k) Z i"e ””9/ d@ei“"(”_m)/ drrJm (qr)Jn(q'r)
0

n=-—o00 N ,
270 mn

= (2m)25(k, — k,)ime™ ™Y /OO drrdy (qr) Jm (¢'r) .

0

O
q
ime " wri WS:
The factor i™e~ ™Y can be tten as follows

(iefm)m = (e -3 )
= <COS (19 - g) — isin (19 - g)) = (sind +icos )™

m
m
k; ky; 2 ky, + ik,
= | sinarctan +1 cos arctan /2 = | —/—
Kkl K~ [k + k2
ky 1
k!2 k/z
LTANES ’“ZQ \ 1+F§
Taking all intermediate results into account we have
m
1 wptw ky, + ik, dqg—1q)

o= L (K, — K,
Ckkq /7271_2\/(; T;& ( z )

N q

Because of the delta functions the fraction containing w and w; becomes 19. Thus the
final expression is:

77 op V' i k2 4 k2 q |
\ e Y

For the other coefficients ﬁqu. we have:

= — (i i) = -
1 wk)/ - w . —1 (5(q7q/)
Sk kz m ,—imd )
V 27T 2\/7\/‘*)]‘./ ( )Z ‘ q

But in contrast to ay; . this vanishes identically

B7§:07 v /aq" (346)

9Due to w‘(kz:klz,q:\/m) = \/m(z) + (k;lz2 + k;2)2 + (k‘;)Q =wg.
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3.7. Bogoliubov transformation

Hence the °cylindrical’ vacuum is equivalent to the Minkowski vacuum. This is not sur-
prising, because of the pure spatial character of the transformation between Cartesian
and cylindrical coordinates.

For accelerated observers the situation is different. Fulling [Fulling, 1973] found that
a linearly accelerated observer defines naturally a vacuum state |0), different from the
Minkowski vacuum |0). It can be shown (cf. [Birrell and Davies, 1984]) that the expec-
tation value of the number operator 7 for Rindler particles!® with frequency wr in the

Minkowski vaccum is )

ewwr -1

(0] 72z 0)

where « is the constant proper acceleration of the observer. The appearance of the Planck
—1
factor (e% - 1) indicates that the accelerated observer sees the Minkowski vacuum as

a heat bath with temperature

a h
= ——. 47
2T Ck‘B (3 )

This is the so called Unruh effect!!. In section 4.4 we use a detector model to confirm this
result. The question as to where the energy for the creation of particles comes from arises
naturally. Since energy must be supplied to keep the accelerated observer static in the
Rindler frame, Unruh proposed that the force maintaining the observer’s acceleration may
be the origin of the creation [Unruh, 1976]. Similarly a force is needed to keep an observer
onto a circular orbit. Because the coordinate system adapted to this kind of motion differs
from the rotating frame only by a translation, one might expect that the rotating vacuum
|0) , differs from |0) (like |0) . does).

3.7.2. The rotating vacuum

We consider the Bogoliubov transformation between the modes {z/);} and {ug} to find out
how the rotating vacuum |0) , defined by

is related to the standard Minkowski (or inertial vacuum) |0). Hence we have to find the

coefficients az;, 8z, which are given by

agy = (ug:¥3) (3.48)
Biz = — (ug.¥3) - (3.49)

10The frame adapted to the accelerated observer is often called Rindler frame. By Rindler particles we understand
exications of the quantum field with respect to the Fulling vacuum |0) .

Inserting the constants 7, ¢ and kp yields T &~ 4.055 x 10~?! —%; K. Thus an acceleration of a = 10%!'ms~?
corresponds to a temperature of 4K.
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3. Quantum field theory in MinkowskKi spacetime

We perform the calculation in the inertial system and use ¢ = ¢ — Qt:

1 1 P o
- t71"7 o Qt, 2) = — Jm _ efz(ermQ)tezmcpezkzz
Vet 0 )= NoCER )] (qr)
1 1 o .
Y Jm —zwt—i—zmtp-&-zkzz) =u=(t,r, P,
(35 gz m(arle = uiltne)
This yields to the trivial coefficients:
_ Slg—a
Qgg = (uiv utf) = dmmo (k. — kz}M (3.50)

(3.51) shows that the rotating vacuum |0), is equivalent to the standard Minkowski vac-
uum |0). The corresponding Bogoliubov transformation is just a relabeling ¢ — ¢ of the
mode functions. This is a surprising result. For the rotating observer canonical QFT
predicts that the Minkowski vacuum |0) does not contain particles. This can be shown
explicitly by calculating the expectation value of the particle number operator 7z = Agé
with respect to |0). From (3.51) and (3.42) we have:

Qif

2

(0] 27[0) = /d3l<; ~0.

Brz

In analogy to the Unruh effect one might have expected something different.
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4. Particle concept along general
worldlines

In the following chapter we introduce a simple detector model and consider its response
to scalar particles as it is sent on different kinds of worldlines. We show that although the
detector method reproduces the Unruh effect for linearly accelerated oberervers it gives a
different result for circular rotational motion. It is shown that if the field is confined inside
the light cylinder the detector does not detect particles.

4.1. DeWitt detector model

In this section we want to derive the results of the previous chapter with the help of a sim-
ple detector model. The model used here goes back to DeWitt [Hawking and Israel, 1979].
The detector is an idealized point particle traveling along z(7) and coupled via a monopole
moment to a scalar field. The corresponding interaction Lagrangian is given by

L= (1) @ (x(7)), “4.1)

where /i(7) is the monopole moment operator at proper time 7 of the detector, ® (z(r)) the
scalar field operator along the detector’s trajectory z(7) and A a small coupling constant.
For simplicity we suppose that the point particle has only two energy eigenstates |Ey), |E;)
with energies F; > E,. Thus this model coincides with the model introduced in 2.3. It
is assumed that the detector and the field are initially in their ground states |Fy), |0)
respectively. For a general trajectory z(7), the point particle and the field will become
excited. (The energy for such an excitation can be provided by the force which keeps
the detector on its trajectory). The transition amplitute A for such a process is given by
[Peskin and Schroeder, 2007]:

i T Ldt
A=(E|@@|T{e =  }[Eo) ®]0) (4.2)
where 7 indicates the time ordering symbol and |¢) a general state of the quantum field

d. Assuming that the coupling is small enough the amplitude is represented adequately
by first-order pertubation theory:
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4. Particle concept along general worldlines

oo

A= (B @@ Tl +ir / dris(7) @ B(a(r) + O2) b [Eo) ® |0)
= (E1| Eo) (¢ 0) +iA / dr (E1| (1) | Eo) (] @(2(7)) |0) + O(A?)

2 / dr (B1| il7) | Eo) (¢] @(x(7)) [0) + O(N?).

With the help of u(r) = e#7j(0)e~"H#7, where H is the free-particle Hamiltonian with
H|E;) = E; |E;), (i =0, 1), A becomes

A =X (E1| (0) |Ep) / drelEL=Eo)T (4| &(x(7)) |0) . (4.3)

Next we consider the total transition probability P4. Since the probability for the transi-

tion is given by the absolute square |A\2 we sum over an orthonormal basis of field states
|¢,). Using the decomposition of unity 1 =" |¢,) (| we have

PA(AE) = X2 |(E1| 2(0) | Eo)|? / dr / dr' e AET=T) (0] d(2(7)) D (2 (7)) |0) (4.4)

— 00

with AE = B, — Ej.

We restrict our attention to stationary world lines, i.e. timelike Killing trajectories, z(7)
[Letaw and Pfautsch, 1981]. For such cases the autocorrelation function (0| &(z(7))®(z (")) |0)
is effectively a function G of the form G(r — 7’) implying that the system is time translation
invariant. (One may say that the detector is in equilibrium with the vacuum fluctuations
of the scalar field). Nevertheless P4 diverges. This can be seen quickly by performing the
variable substitution s := 7 — 7/, s’ := 7 + 7/ in the integral:

oo oo p )\2 A
PA(AE) = f(Eh EQ) / dS/ / dse 1AESG(S), f(El,Eo) = ? ‘<E1‘M(0) |E0>|2 .
The integral over s’ gives an infinite contribution!. Hence we drop P4 and consider the
probability per unit proper time? s implied by the expression above

R(AE) := / dse " *AE3G(s),  G(s) = (0] @ (z(s)) ® (x(0)) |0) (4.5)

— o0

We observe that the excitation rate (per unit proper time of the detector) is constant

IThe function f depends on the internal structure of the detector, therefore it is not of interest for us.
2Another way to deal with this divergence is to consider a coupling which is adiabatically switched off as
T — £oo.
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4.2. Vacuum fluctuations of the quantized scalar field

with respect to s and is essentially the Fourier transform of the autocorrelation function
G. Before we investigate different kinds of motion of the detector we need a suitable form
for G, which is the subject of the next section.

4.2. Vacuum fluctuations of the quantized scalar field

We want to calculate the Wightman function G(z,y) = (0| ®(z)®(y)|0) for the scalar field
with mass m with respect to the Minkowski vacuum |0). For this purpose it is useful
to work with the Feynman propagator Gr(x,y) (see B.3) which is related to G(z,y) by
[Birrell and Davies, 1984]

Gr(z,y) = —i0(z —y")G(z,y) —iOy° — 2°)G(y, z). (4.6)
In the following we assume 2° > 3° so that (4.6) reduces to
Gr(z,y) = —iG(z,y) = —i (0] &(x)(y) |0) . 4.7)

The Feynman propagator has the integral representation (cf. (B.14))

e~ th(z—y)

1 4
GF ($7y) = (2 )4 / kk2 m% ie ( )

In order to evaluate this expression we make use of the following identities

dse’(5+ze)s = V S R
/0 i(€ +ie) ¢
/ dze'®” = F—‘ei%ﬁ, Va € R\ {0}
e V la
to obtain
; o0 e e 1 [¥ds . , (o2
GF(;L‘7y) = _(2;)4/0 dse—z(mg—ze)s/d4k€zk23—zk(1—y) _ _1671—2/0 ?je—z(mg—ze)se_zﬁ —v)
22 =i i l2gw)?

¥

s

(4.9)

In the following we drop the ie prescription with the understanding that the Wightman
function is to be regarded as the boundary value (on the real axis) of a function of m32 and
(r — y)? which is analytic in the lower half m3- and (x — y)?- plane.

In the case where the spacetime points r and y are timelike separated (i. e. (z —y)? > 0),
it is helpful to introduce new variables

Ci=mi(z—y)?*>0 (4.10)
w = 2im2§ - 21’%. 4.11)
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4. Particle concept along general worldlines

Then Gr(z,y) has the following representation

Gr(z,y) = — (4.12)

. 0 S(u—1)
S mo / du ez u
8772 / ( T — y)2 4 U2 .
The integration path can be deformed from the blue into the black line as shown in Figure
4.1. In this way the integral turns into the integral representation for the Hankel function

Hl(Q)(g) [Arfken and Weber, 2005]

q® L[ gt 4.13
1(<)_Z7T CHu u2 (« ]
This yields
Im(u)
Re(u)
Cu ‘
Figure 4.1.: Integration contour Cy for H 1(2)‘
1 mo (2) ( : )

Gr(r,y) = — H m ot —yt)(x, —y,) — i€ | . (4.14)

P(o) = g HYY oy (o — )2 = 1)

Using (4.7) we obtain the final result (x = z(s), y = x(0))

(4.15)

i | 1 Y 10V — PO — )~ TOF i)

R(AE) = — i
S0 5 V() = 2(0))? — @(s) — #(0) — ie

— 0o

This expression is difficult to evaluate for worldlines different from those corresponding
to inertial motion z(s) = (s,0,0,0). Therefore we consider the limit for massless parti-
cles. In this case we need the asymptotic behaviour of H 1(2)(0 for ( — 0. This can be
found by noting that the Hankel function can be written in terms of Bessel functions
[Bronstein et al., 2008]

HY () = 1 (¢) - iVa(0).
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4.3. Inertial motion and detector response

Ji and Y; have in turn following series representations® [Abramowitz and Stegun, 1964]:

3
Jl(g“):g—ﬁ—&—(’)(gf’)wo for¢ —0
—1-21 1
Yl(C):—W%+<m 1 202g7£2)+2 Og(o+0(c‘3)%:§, for ¢ — 0.

Thus only the contribution of Y; is important for small arguments ¢. Taking this into
account we obtain in the limit for massless particles the following two-point function:
1 1

G(z,y) =T g e ™= (4.16)

This result is confirmed in B.4 by an independent calculation. Inserting (4.16) into (4.5)
we have the following expression for the excitation rate of the detector:

1 ® efiAEs

"I | Y0~ 00) —i0? — @(s) — F0)2

— 00

R(AE) = (4.17)

In the following section we analyse this expression for three different motions of the de-
tector.

4.3. Inertial motion and detector response

For an inertial detector the frame of reference can be chosen such that the detector is
at rest. In this case the proper time s of the detector is the coordinate time ¢ and the
corresponding worldline is given by

2(t) = (t,0,0,0).

Hence the excitation rate becomes

1 o—iABt
R(AE) =~ — / dtm. (4.18)
As AFE > 0 the integration can be performed in the complex ¢- plane by closing the contour
in the lower complex ¢ half-plane as indicated in Figure 4.2. The integration along C, does
not contribute due to the exponentially decreasing factor in the numerator. Therefore the
integration along the real axis can be replaced by the closed contour C; + C,. Because the
pole at z = ie is in the upper half-plane Cauchy’s residue theorem implies:

1 e—iAEz
C1+C2

34 is the Euler-Mascheroni constant and is defined as the number v = lim, oo >Choa % —In(n)).
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4. Particle concept along general worldlines

Im()

® +ie

o Re(t)

C1

C2

Figure 4.2.: Integration contour for the trajectory of an inertial moving detector.

This is the expected result. An inertial moving detector does not detect particles in the
standard Minkowski vacuum |0).

4.4. Detector response for uniformly accelerated obervers

Now we want to find (4.17) for an uniformly accelerated detector. The worldline of an
observer (with proper time s) who experiences a constant proper acceleration « in the
z-direction is [Rindler, 2006]

a(s) = (i sinth(as), é cosh(as), 0, 0) .

Inserting the above world line into the denominator in (4.17) gives:
(2°(s) — 300(0))2 = % sinh?(as)
1 1
(Z(s) — #(0))* = ﬁ(cosh(as) —1)? = E(coshz(as) — 2cosh(as) + 1)

1 4

= (2°(s) — 2°(0))? — (&(s) — #(0))* = — (2 cosh(as) —2) = — sinh? as
a? N—— a? 2

2 sinh? %Jrl

By taking the regularization s — s—ie of the Wightman function into account the excitation
rate of the accelerated detector reads:

R(AE) =~ fdsemEs = /°°dzem3z
- 1672 sinh2 (a(s;ie)) 82 sinhz(z — ie).

In the last step an integral variable trasformation z = as/2 was performed.
In the following we use the formula [Prudnikov et al., 1986]

1 i 1
sinh?z (z —imk)?
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4.4. Detector response for uniformly accelerated obervers

to expand the integrand into a series such that

71AE z

R(AE 8772 Z /d (z — ikm —i€)?’ (4.20

k=—o0_"

As in the case of the inertial detector the integral can be evaluated by closing the contour
in the lower half-plane and using Cauchy’s residue theorem. The —ie term shifts the pole
at z = 0 into the upper half complex z-plane. Therefore the corresponding residue does
not contribute to R. The excitation rate is effectively a sum over the residues in the lower

Im(z2)

- Re(2)

Figure 4.3.: Integration contour for the trajectory of an uniformly accelerated detector.

half-plane (red points in Figure 4.3). Using the formula for a pole of 2nd order at point
2, = tkm, (k < 0) we have:

_GAE2= -
. e ! a .QAE . 2z _QAE 2k AE
(z —ikm)? : =— eTIAETE — e a

Res., =
OBz (z — ikm)2 "4 a

dz

Z=Zk

Hence

3 a ‘QAE 2rAE AE e _1.27AE
R(AFE) = —2mi <7872) Z <z ; ks ) =5 k2L
00 k=1
AL (1 . 1) _AB TP
1—e

27 1 — ef%AE

AE 1

(4.21)

The second factor is the Planck factor and indicates that the detector behaves as immersed

in a heat bath with temperature
a

%.

So far we have seen that the detector model reproduces the results of the previous chapter

T =

for the inertial and uniformly accelerated observer. This means that the behaviour of the
detector is in accordance with the frame-dependent particle concept of QFT.
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4. Particle concept along general worldlines

4.5. Circular motion of the detector

Assuming that the detector circulates around the origin in a distance r; with constant

angular velocity 2 > 0, the world line (parametrized by its proper time s) is given by

1

x(s) = (ys, rqcos(vQs), rqsin(y2s),0), = .
1 —0? v=rgqf)

For the denominator in the integral of (4.17) this gives
(°(s) = 2°(0) — ie)* — (Z(s) — T(0))” = (y5 — i€)* — (2r] — 2r] cos(702s))
2 0

= (ys — i€)*> — 4rsin

Performing the integration variable transformation = = 728 the excitation rate reads:

R(AE) = — L 2 /ood e (4.22)
( T Am? 2y x(xfz'eJrvsinx)(o:—iefvsinx)' |

We want to evaluate this integral with the help of residues. The poles of the integrand are
the zeros of f. and f_ defined by

f+(2) :=z+vsinz

f-(2) :=z —wvsinz.

Figure 4.4 shows the location (red points) of the poles and the choice of the integration

Im(z)

’: +i€e Re(z)

Figure 4.4.: Poles and integration contour C.

path C. Just as in the previous cases the contribution of the semicircle vanishes and the
excitation rate is proportional to*

AE
Q

d 677 4.23
f D) (+23)

4We can surpress the —ic term in the denominator, because the pole at z = 0 does not contribute for the choice
of our contour.
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4.5. Circular motion of the detector

From complex analysis we know that if a meromorphic function f has a simple pole at =

and g is holomorphic in z, the residue of 9 at z is given by ‘J(z) [Arfken and Weber, 2005].
We can use this for our problem in the followmg way:

i20AE
e For the residues located at z = 2z, : fi(21) = 0 we define ¢(z) := % which is

holomorphic at z = z,..

—1

2AF
e For the residues located at z = z_ : f_(z2_) = 0 we define ¢(z) := % which is

holomorphic in z = z_.
Thus the integral (4.23) can be evaluated in the following way:

c2AE 2AE

671 IO 3 3 A
dzi
f+(2)f-(2) Z f+ Z f+ Z-)
With the help of this formula the excitation rate has the form
2-yAOE Z4 ZAQE 2
R . (4.24)
@B =g 5 Z f+ Z f+ )

In contrast to the results of 3.7.2 (4.24) differs from zero. Figure 4.5 shows some numer-
ically evaluated values of R in dependence on the energy-level splitting AF for different
values of v. Due to the rapid convergence of (4.24) we have taken only the first 200 residues
into account.

RABE)eV 771
0.020

L]
0.015 - .

°
0.010 |- °
L]
° °
°
0005 ¢ .
° °
. ® e .
®e Ce,
° ® 0
,Q_A_A_A_A_‘_‘_f#_n_._._._._._._._._kz_:_:_u AE[eV]
0.5 1.0 15 20 25

Figure 4.5.: Excitation rate for the circulating detector. Blue and red points correspond to
(Q=1%,v=0.5c) and (Q = 1%, v = 0.75¢) respectively.

We examine this result by considering the situation in the rotating frame of reference,
where the detector is at rest and the Minkowski vacuum ‘rotates’. The correct autocor-
relation function needs to be evaluated with respect to |0),, the natural vacuum of the
rotating system (which is the same as |0)). With the field mode decomposition (3.19) G
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4. Particle concept along general worldlines

reads:

G((s),2(0)) = r (0] 2(z(s))2(2(0)) |0)

o0

Z 2 7de7dk’ quq/dqu ¥ (2(0))r (0] €325 10) o

=—ocom’'=

> /dkz/mdqu (2(5))63((0)).
0

7”——00

Using the trajectory of a detector at rest in the rotating frame

x(s) = (vs,rq,0,0)

and (3.19) for the modes the excitation is given by:

qu (qrd) e is(YO+AE
R(A /dk /dqq/ is(YO+AE) (4.25)
Z \/m0+k2+q

m=— oo

The s- integration yields 276 (AE +yv/mE + k2 + ¢ — me). We perfom the substitution

X = \/mZ + k2 + @2, which gives:

= X _ 2/~ ) 2
dk.dq = ————==dxdq, B%(q) =q¢ +m
X% — B2%(q) ’
- 1

5 (AE—i—’y\/m%—f—kg—kq? —7mQ> =26 (AE+X—mQ) :

Y v
Thus
qu AL _
dq / dy———==9¢ ( +x — mQ) . (4.26)

Now we note that

oo

/ dxF()O(A+X) = O (—A — B) f(—A),

B

where © is the Heaviside step function. When applying this to the x- integration above,
we have a non vanishing contribution to R only if

- (Af - mQ) > B(q) = /3> + md. (4.27)

2
Due to /¢ + m2 > 0 it follows that A—E—mQ < 0. Taking the square of (4.27) we get(% — mQ)

7P+ md = (AWE mQ) —m? > ¢*. The r.h.s. of the last inequality is always positive thus

AE
Q> mo + —
5
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4.5. Circular motion of the detector

must hold and the integration range of ¢ is limited to

AE ?

Taking all restrictions into account we obtain

Aﬁl
11 > _qJ2(qra)
R(AE) = —— dg2zm e/
(AE) o > q e

m=[ AE/;;erO 10

The integral is the same we used in 2.3 for calculating the tunneling probability. Using
again [Prudnikov et al., 1983] (p.212) we get as a final result the new representation:

2m+1

2 2
5 <(—AE + mQ) - m?)) r2m
R(AE) = L > i X
27y (2m + 1)!

_ AE
m=[ 2L tmo

2m+1 2m+3 AE ’
1F2< mrlams ,2m+1;—<(—+mﬂ) —m?))r?z) (4.28)
v

2 2

[ AEeV || R(AE)S (4.24) | R(AE)S” (4.28) [ R(AE)<F (4.24) | R(AE)S” (4.28) ||

2,5 3,18.107° 3,18.107° 1,16.10~ 13 1,16.10~13

5,0 1,84.1071° 1,84.1071° 2,16.10738 2,16.10738

7,5 1,12.10~2 1,12.10~2¢ 3,76.10763 3,76.10763
v=01c, Q=Z v=0.1c, Q=2

Table 4.1.: R evaluated for different values of ) and v = ;9 for fixed AE. For (4.28) the
first 100 and for (4.24) the residues in —200 < Re(z) < 200, —15 < Im(z) < 0 have
been summed up.

A numerical evaluation of R according to (4.28) for mo = 0 is in agreement with (4.24)
(see Table 4.1). In principle (4.28) can be used for a coupling to a massive scalar field. But
a comparison with the Green function expression is not made at this point. The Hankel
function appearing in (4.15) makes the numerical evaluation difficult. Summarizing we
may say that the result (4.28) shows that the detector at rest in the rotating frame detects
particles in the rotating vacuum |0) ,. Although the equivalence of the vacua |0) and |0)
(as shown in 3.7.2) might lead to the expectation that R must vanish (4.28) differs from 0.
Thus the detector model is not in accordance with the approach discussed in 3.7.2.

Why is it in agreement for the linearly accelerated observer? The answer is that the
accelerated detector behaves as expected, because the bath of particles in the accelerated
frame is a real heat bath. Thus the detector absorbs and emits particles (which have pos-
itive energy only) as one would expect from a system being immersed in a heat bath. This
can be seen as follows: Besides an excitation rate one can investigate the de-excitation
rate associated with the excited detector. This rate R is obtained by replacing AF in (4.20)
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4. Particle concept along general worldlines

by —AE. This gives®
RAE)= — ———. (4.29)

The ratio

Lo = (4.30)

E
T

has the form of a Boltzmann factor e~ 7 corresponding to the Unruh temperature (3.47).
The situation for the rotating detector is different. We have seen that for this case the
excitation comes from the emission of negative energy particles. In 1.3 we have shown that
the presence of those particles is restricted to the ergoregion, i.e. outside the light cylinder.
In the following section we investigate the situation, where the whole system (detector and
scalar field) is confined to a region within the light clyinder. From the argumentation

above we expect that the exciation rate R is zero in this case.

4.6. Detector in confined region

In this section we want to consider the detector moving in a confined background. More
precisely we consider a real scalar field ¢ restricted to a cylinder with radius R, and
infinite height satisfying the boundary conditions:

P|,_, finite (4.31)
®f,_p, =0 (4.32)
Dl = Plpgy- (4.33)

The apropriate modefunctions are the same as in the unconfined case with one impor-
tant difference. Due to the boundary conditions (4.32) the continuous eigenvalue g gets
discretized and is replaced by “z=, where oz is the nth zero of J;. Consequently this
changes the dispersion relation (2.7) to

2
wn:\/<o‘}§m> +k2+mE—-mQ, neN,meZk, cR. (4.34)
0

Hence the mode functions satisfying the boundary conditions are

Yr(t,r,@,2) = Ny, <O‘R§Lm r) e~ inttimetiksz (4.35)
0

The appearance of the discrete eigenvalue “z2 changes the orthogonality conditon (2.9) to

(V7. v5)

Smme O (K — KL, (4.36)

(4.37)

5For this case the integration must be closed in the upper half-plane.
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4.6. Detector in confined region

We evaluate the 1.h.s. of the first relation in order to fix the normalization constant N.

27 00
(=, =) = N*N' (@ + @) / dpeie(m’—m) / dzet=(Fi=ks)
0 —00
276t m, 2n8(k! —k2)

Ro

/drer (Oé]g;n r) I (ag;ﬂ r)

0

Ry

= N*N'(@5 + ) (27)20mmd (K, — k) / drrdp (2270 ) g, (220,
Ro Ro
0

2
San’ o (

2
J.:;L+1(a'ﬁ7ﬂ))

In the last step the orthogonality condition for the Bessel functions J;; on a finite integral
was used [Korenev, 2002] (p.96)

/dTJm(aﬁmr)Jﬁz(aﬁ’ﬁzr) = 2 ( 1/ﬁ+1(0‘ﬁﬁz))2~
0

Due to the Kronecker deltas 6,5, 6nnv and the Dirac delta §(k, — k) the Lh.s. reads
(2m)2 | N|* 205 B ( 7/n+1(0¢nm))2 Smm Onmr0(k. — k.). After comparison with the r.h.s. of (4.36)
the normalization constant is

1 1 1
27TRO VWa ’ Qnm |
Hence the normalized mode functions in the cylinder are
1 1 1 Qi P
=(t,r,p,2) = — I D) ) g iontFimetik.z (4.38)
valt:r %) 2mRo vwn ‘J;ﬁ-‘rl(aﬁm)’ ( Ro )
and the field decomposition is
®(t,r, @,z Z Z / . (Vzca, +ies ). (4.39)

The canonical quantization procedure is straightforward (analogously to 3.5) and gives
the following commutation relations for the annihilation and creation operators:

] = G s 0 (ks — L) (4.40)

—
>
3u
>

3=+ 33—+

], (4.41)

>

—
o>
3u—+
I\—l
\
o
I
o
3
>
31

The vacuum state defined by the annihilators ¢; is identical to the standard Minkowski
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4. Particle concept along general worldlines

vaccum |0)6. Thus the two point function G with respect to |0) , takes the form:

Glay) = r O D@B) 0= 3 3 / dk s, ()05, (v).

m=—ocon=1_"

For a detector at rest in the rotating frame” the excitation rate (cf. (4.25)) is

J727L (aﬁ;n Td)
R(AE 7r2R2 Z Z / dk y 2 a2 _ 7.9 2 X
m=—oon=1_" ’Jrh+1(06ﬁm)‘ 1/137'(2:”+]€Z +m0

[
—is| AE+~4/ aﬁﬁ‘ +k2+m m
/ dse < K o ) (4.42)

— 00

The integration over s gives a factor 27§ (AE + 74/ O‘;’”—;’ + k2 + mi — ymﬂ). A nonvanishing
0

contribution to the integral is given if the argument of ¢ is zero. Because v, AF > 0 the

detector responds under the following condition:

2 _
it K2+ m3 —mQ < 0. (4.43)
0

Rewriting (4.43) we get m?Q? > ‘ﬁ—g + k2 +mi = RZ(m2Q% — k2 —md) > a2,
0
Now we use the property aqm > m of the zeros of J; [Korenev, 2002] (p.95). This yields
m2R20? — m2 — k% > m?, which can be rearranged according to

0+M

RoQY>1/1+ — Ry > 1. (4.44)

This means the detector stays inert as long as the field is confined inside the stationary
limit » = Q. Thus our argumentation at the end of 4.5 is confirmed and answers the
question raised in [Davies et al., 1996]. The detector fails to detect, if the region where the
negative energy particles are located is excluded.

As R, increases the region where negative energy particles may exist becomes larger. On
the other hand the existence of these particles allows them to be found at the position of
the detector with a probability different from zero®. This in turn makes it possible for the
detector to get excited by emitting particles with energy w = —AE.

Indeed a comparison of (2.21) with (4.28) shows that these two probabilities (i.e. the
probability for finding a particle with energy w = —AFE at r = ry and the probability (per
unit time) for the detector to get excited) differ only by a constant®.

The nonvanishing excitation rate (4.28) implies that the rotating detector ’feels’ some

6The vanishing of the Bogoliubov coefficients 3 is not affected by the discretization of the radial eigenvalue.

70Or rotating in the inertial frame.

8This region is forbidden for negative energy particles since the detector must be located inside the light cylinder
atrg < % in order to have a timelike worldline.

9Setting v = 1 in (4.28) gives the excitation rate per unit coordinate time ¢ rather than unit proper time s of the
detector.
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4.6. Detector in confined region

kind of Unruh radiation. In contrast to the linearly accelerated frame the spectrum of this
radiation is non-thermal. This follows from the fact that the ratio R/R (where R is the
de-excitation rate obtained by replacing AEF — —AF in (4.22) or (4.25)) has not the form
of a Boltzmann factor. Nevertheless one is able to assign an effective temperature T, by
demanding that R(AE)/R(AE) = exp(~AE/T.;¢), so that

Bell and Leinaas suggested that (4.45) could be used as a measure for the Unruh radi-
ation in the rotating frame and that this may be verified experimentally with the help of
electrons in storage rings. More precisely they proposed in [Bell and Leinaas, 1983] that
the effective temperature (4.45) could be related to the (experimentally verified) depolar-
ization of electrons in magnetic fields'®. But in a second paper they raised doubts about
their idea [Bell and Leinaas, 1987]. More recent work [Unruh, 1998] showed that it is too
naive to expect that a thermal approximation of the Unruh radiation in rotating frames is
sufficient to describe the residual spin polarization of the electrons.

10This depolarization, called Sokolov-Ternov effect, is due to the synchrotron radiation coming from a spin flip
transition of the electrons [Sokolov and Ternov, 1964].

49



50



5. Conclusions

The aim of the present thesis was to intepret the excitation of the detector as a tunneling of
particles with negative energy. In this context the tunneling picture (RQM) was compared
with the detector model (QFT).

¢ Tunneling Method

The tunneling probability I" of negative energy particles in the rotating frame was
investigated (see 2.3). Thereby the probability of a particle to propagate from the
classical allowed ergoregion r > Q~! to the location of the detector 7, was considered.
In order to find an appropriate expression for this probability the exact radial wave

o= ()

and its semiclassical WKB approximation

o) =) L1 L VE-Q@r\ " . e
U Ve @

function

were examined.

e Detector model

The DeWitt detector model (cf. 4.1) was used to show that a rotating observer detects
particles in the Minkowski vacuum. The corresponding excitation rate R in both
the inertial as well as the rotating frame was calculated. First for a detector in the
background of a unconfined scalar field 4.5 and second for a field confined in a

cylinder 4.6.
The results can be summarized as follows:

(i) The exact quantum mechanical tunneling probability I" is not equivalent to the exci-
tation rate R found with methods of QFT:

> (FAE+mQ)2—m3) = r3™
J2,(m)(2m + 1)!

2m+1 2m+ 3
1F2< ;

B 2m + 1; —((—AE 4 mQ)? — mg)r3> (5.1)
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5.

Conclusions

2m+1

2 2 B
) oo ((—Af + mQ) - m%) p2m

2m + 1)

AE/y+mg
—

2 4+ 1 2m+3 AE 2

m=[

(ii) The semiclassical tunneling probability I'yy x5 does not match R either (cf. Appendix

A.5).

(iii) The excitation rate R of the detector is the same in the inertial and the rotating frame.

This was shown numerically in Table 4.1.

(iv) The excitation rate R was found to be proportional to the total charge density p of a

negative energy particle at the position of the detector (see (2.21) and (4.28)).

(v) It was shown that the detector stays inert as long as space is confined within the light
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cylinder (Ry < 271!). In this case the absence of negative energy field modes leads to a
vanishing excitation rate R (cf. 4.44).



A. Appendix A

A.1. WKB approximation of the radial Klein-Gordon
wavefunction

The aim of this section is to find a semiclassical expression of the radial Klein-Gordon
wavefunction with the help of the WKB method. This approximation method uses % as
semiclassical parameter so that the wavefunction is expanded in powers of 4. Thus we
consider the Klein-Gordon equation with units such that ¢ = 1, but # appears explicitly
and being treated as an expansion parameter. This change of units has the effect that

moﬁ%and
2
qz:(@+mQ)2—I%§—@:hQQQZ(EJFLQF—Pf—mﬁ =: Q%

Here we have used the well-known relations E = hw, L, = hm, P, = hk, between energy,
angular momentum, spatial 3-momentum and their corresponding quantum numbers.
As shown in chapter 2 the exact radial wavefunction ¢ is given by the Bessel function
o(r) = Jm (qr) = Js (%r) and satisfies the differential equation [Korenev, 2002]

T2
$(0)+ 1000+ 5 (@ - 5 ) o) = @A

The WKB method is best applicable to ODEs of the form u”(r) + ;5 x(r)u(r) = 0. Here the
function « is nearly constant in the validity region of the WKB expansion. Setting

the radial Klein-Gordon equation reads:
1 (., I2-12
’U,H("') =+ ﬁ <Q2 - 724 U("') = 0

2

It is useful to introduce a parameter \? := [? — % and to define k) (r) :== 1/Q? — 2;. Thus
we obtain the following ODE for u:

u”"(r) + —ra(r)?u(r) = 0. (A.2)
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A. Appendix A

The ansatz )
u(r) = exp %S(T), (A.3)

implies an ODE for the phase S of the wavefunction u:

) - 570+ = 0 (A4

The WKB approximation starts with the expansion of S in a power series of 4 [Dunham, 1932]':

S(r) = i <7Z)n Sp(r) (A.5)

n=0

TS (4) sio. 0= 3 (%) sio.

n=0 n=0

Cauchy’s product formula for infinite series [Meyberg and Vachenauer, 2001]

(£ (5) - Z ()

57 =3 <_ (%) i ;,_k<r>> .

n=0

applied to S”? gives

Putting this into (A.4) yields

i {_ (;i)”“ Sp(r) — (?)ngs,;m ;k(r)} +K3(r) =0

n=0

= (B)" (S (MR =g S (r) S, ()= SE(r)

The L.h.s. is zero iff the coefficients in front of each power of 4 vanish. Taking into account
that k) € O(h") we obtain the following set of equations:

—S¢(r) +r3(r) =0 (A.6)

()Y Si(r) S,k (r) =0 A7)
k=0

These equations allow us to calculate arbitrary orders of the WKB expansion (A.5) and to
obtain the WKB-solutions u,,, defined by

i n A k
un(r) == Cpexp (h <Z> Sk(r)) , (A.8)
k=0

IMore about the convergence of the WKB series can be found in [Kevorkian and Cole, 1996].
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A.1. WKB approximation of the radial Klein-Gordon wavefunction

where C,, is the normalization constant.

We integrate (A.6)

So(r /dr Q- = =+ (\/Q%Q — A2 — \arccos 5) , T>TNi= =, (A.9)

r

Q| >

to obtain the lowest WKB approximation of the radial wavefunction

ug(r) = C’ exp{ (\/QQ’I“Q — M arccos C;)} (A.10)

The +(—) sign corresponds to a radial outgoing (incoming) wave. In the region r < r,,
where the phase S, becomes imaginary, the wave function u, becomes real. Thus uy has
an exponentially decreasing (increasing) behaviour for » ~ 0 depending on which sign of «
in (A.6) is chosen. The explicit form of S, for r < r) can be obtained by using the definition
of the inverse cosine in terms of complex logarithms [Abramowitz and Stegun, 1964]:

A A2 T AN Q2
arccosQT 2+ZIH<Q7’ 1_Q27’2> :2+zln<z Or )

A A2 — (Q2r2 A \2 — 022
:g—i—ilni—i—iln( + 5 QT>:¢1n< + 5 QT).

Thus in the region r < r) the WKB solution u, has the following form:

_ F2
2 _ 2,2 —
uo(r) = G (H AQ QT) SRV (A.11)
T

In order to obtain the decreasing behaviour of the semiclassical wave function for large r
we take the next higher order of (A.5) into account. Putting n =1 in (A.7) we get

LS
0= "3 5m

1
= S1(r) = -3 In |Sg(r)| + const. (A.12)

Absorbing the integration constant into C; (respectively C}) we get for the first order WKB

approximation
ui(r) = % exp {i;i (\/QQTZ — A2 — \arccos CT;;) } , T >T (A.13)
Q==
cy A+ A2 — Q2T2 :F% 1 2_ 022
ui(r) = L = eFRVA QI e (A.14)
Vo e o
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A.1.1. The validity of the WKB-solutions

The expansion (A.5) can be turncated at order n if |S,,| >> %|S,,+1|. For n = 0 the condition
is |Sp| >> A|S1]. For n = 2 the condition |S;| >> £|S2| may be rewritten into A|Sj| >> | S]]
(for more details see [Nolting, 2006] (p. 198)). Thus we expect that (A.8) turncated at n =1

gives a good approximation to u if
/

S
h|ZL
S0
Using the equations (A.6) and (A.12) the validity condition for the WKB solutions can be
written as

<< 1.

_3
2

f << L. (A.15)

2

k| g
2|57

!
x

2
KX

_hx

)\2
_27"73 _

r2

QQ

This is fullfilled if:

o 7 >>2andr >> Q(hA)5, or

A

h
° ﬁ<<1andr<<Q

A.2. Langer correction

In the following we want to modify the parameter ) in the WKB approximation. The idea
is to make use of the second validity condition above. We compare the ODE for « with the
ODE satisfied by u,, in the vicinity of r = 0. This will yield an algebraic equation for A in
terms of m. Near the origin (A.2) behaves according to:

u(r) — <m2 - 1) iu(r) =0. (A.16)

A.2.1. Zeroth WKB order

The zeroth order WKB solution satisfies

) 1
uf(r) — <;sg(r) - hng)?(r)) uo(r) = 0. (A.17)
(A.6) implies that Sj(r) = £,/Q2 — 25 and S{/(r) = :F/T\%ﬁ For r ~ 0 we have Q? — ’T\—i ~
vz
—i—;. Thus the asymptotic form of (A.17) for r =~ 0 is
1. 1.,)1
ug (r) — <:Fh)\ + ﬁA > 772“0(7”) = 0. (A.18)

In order to match u with u near the origin the parameter A needs to be a solution of

1 1
F-A+ A =m? —

A.19
ZAt s (A.19)

A~ =
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A.3. Connection with classical mechanics

r

Thus for ug(r) = Cpexp <j:;L J Ea (r’)dr’> we obtain

(A.20)

Where the upper sign? corresponds to the upper sign in the exponential of u.

A.2.2. First WKB order

The next higher order in (A.8) is u; = Cy exp (£So + S1). For the corresponding differential
equation we need its second derivative, which is

1 )
W = | -5+ 57 4+ (2SS1+55)+ ST uy.
h ~— h —_—— ~—~
S//2 :0 S/// S//2
= 459{32 - 22‘6 + 23(’)2

1 3542 18y
" 12 0 0 _
:>u1_<_h2 0 +1562 _256> Ul—O

RN G D WP S RS © G SR P S S D
1 K2 r2 47,6(@2_:%)2 27,6(@2_%)2 27”4@2_?7: 1=
3\ 1

1.5 5
:}’U/{(T‘) — (ﬁ2)\ + Z — 2) ﬁul(r) = 0, ra~0
A comparison of the last equation with (A.16) yields

=2 (A.21)

Hence we see that the replacement m? — % — m? improves the accuracy of the first order
WKB-solution.

The necessity of the modification of the centrifugal barrier term to improve the accu-
racy of the first order WKB approximation was mentioned first by [Kramers, 1926] and
proven by Langer [Langer, 1937]. Therefore (A.21) is often called Langer correction. It
must be expected that for higher orders a different choice of X\ is necessary. Indeed
[Beckel and Nakhleh, 1963] showed that for us (A.21) is no longer justified. How the cen-
trifugal term must be chosen for arbitary u,, can be found in [Vasan and Seetharaman, 1984].

A.3. Connection with classical mechanics

The WKB approximation gives an elegant way to check Bohr’s correspondence principle
(Bohr, 1920), which states that for large quantum numbers and 7 — 0, QM reproduces

2Equation (A.19) gives a second solution A = h(—m + %) In the following we choose the positive definite
solution, since the corresponding WKB solution gives a better approximation to the exact wavefunction.
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classical mechanics®.

Now we consider the WKB-ansatz (A.3) in the limit # — 0. In this case the semiclassical
radial wavefunction is dominated by the zeroth WKB order u(, which in turn is determined
by

A2 ., IL?
- = SQ*— =2, h—D0. (A.22)

r2’

Se(r) =@Q* = =
T IN=L.+L
In the following we show that this is the Hamilton-Jacobi equation* (HJE) of the free
particle in the rotating frame. The HJE can be obtained from the classical Hamilto-
nian by replacing the momenta p, by gTSu. S denotes the classical action of the particle
[Nolting, 2010]. Applying these rules to the Hamiltonian of the free particle in the rotating

frame (1.27) we obtain following partial differential equation®:

s | , (aS\® 1 [as\* [o8S\® oS
atW*(ar) +(3) (%) -5 429

Due to the cyclicity of ¢, ¢ and z the following ansatz is allowed [Nolting, 2010]:

S=FEt+L.p+ P.z+ Sy(r). (A.24)
Thus (A.23) reads
2 72
E—ym2+ (20) 4 & L p2_or (A.25)
or r2
95\ P F\2 P2 , L2 o, L2
‘:’<ar> = (E+9L.) —P-mi- 5 =0 -3 (A.26)

and shows that indeed the phase of the lowest WKB-order satisfies the HJE.

A.4. Comparison with exact solution

Essentially u; can be written as

ul(r):C(T)exp j:% / Atrm(t) S . (A.27)

3More precisely the limit means that as /i — 0 and @, m, k, — oo the products E = h@, L, = hm, P, = hk, stay
finite.

4The HJE provides an equivalent description of a classical system which is determined by the Hamilton equa-
tions.

5Note that H = pg.

58



A.4. Comparison with exact solution

Where r; indicates the classical turning point of the point particle (1.16). The general
WKB wavefunction is a linear combination of outgoing and incoming solutions:

ot » o~ w
ui(r) = T(r)exp —|—%/dt/€m(t) —|—T(T)exp —%/dtﬁm(t) . (A.28)

To fix the coefficients C* we compare u; with the exact solution u = \/rJ (%r) in the
asymptotic region r — co. Here we expect that the WKB soultion gives a good approxima-
tion (cf. (A.15)). A comparison between the asymptotic behaviour of the Bessel functions
[Bronstein et al., 2008]

Vs (%27“) R~ \/gcos (C%r — g — Z) , TR (A.29)

ui(r) ~ —— (c%“i“”’S“ +C*e““ir+""%) . T (A.30)

and (A.13)

-

shows that C* =,/ %%e*’% = (C7)*. Therefore the first order approximation is

2h 1 1 /= - L T
U =4/ ——F—=cos | — 2r2 —[2 — 77 =] -= . A.31
1(r) [4%2 Iz COS(FL\/TZ marccos( T) 4>,7’>TL ( )

To get the coefficients C'* of the solution in the classically forbidden region we make use
of® [Bronstein et al., 2008]

Q ()" ™ (%)
~ ~ m—mlnm ~ _
Vrdm (hr) ~AT S NN e , r=0,m— o (A.32)

and compare it with the asymptotic form of the WKB solution u; (A.14) near the origin:

” (7") ~ C/+ L @ " em—mlnm + C/— L @ o e—m+m1nm (A 33)

! L.\ 2h ' '
We see that in order to match u; with « at r ~ 0 (/» — o) the coefficients C'* and C’~ must
be 1/% and 0 respectively. Thus we have”

[l
n N
Qi
©
S
[V

1 I.+vIZ—o0m2\ . :
ur(r) =/ I = VIS @ etn . r<TL. (A.34)
2T 4 lé Q2 QT
V r2

Figure A.1 is a plot of the exact radial wavefunction « (thick red line) and its first two WKB
approximations ug, u; (grey and blue line, respectively) for the values Q = 6% and L, = 3h.

6In the last step of (A.32) we used Stirling’s formula for large values of the factorial function m! =
V2R N

7(A.34) shows that a simple analytic continuation of (A.31) into the forbidden region gives not the correct wave
function.
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It shows that u; becomes a good approximation as one approaches the asymptotic regions
r << ry and r >> r;, but fails at r ~ r;,. This is in accordance with the validity conditions
of the WKB approximation (A.15).

Ug,Uz,U
1.0

05

-05

Figure A.1.: WKB Approximation of radial wavefunction.

A.5. WKB approximation and quantum tunneling

The WKB method can be applied very successfully to the quantum mechanical phe-
nomenon of tunneling of particles through classically forbidden regions. Figure A.2 shows
a typical potential barrier®, drawn as a function of the radial coordinate.

V()+Ves ()

VAN

r
I 1 2

Figure A.2.: Potential barrier with classically forbidden region v < r < rs.

The corresponding semiclassical transmission cofficient [Brack and Bhaduri, 2003]

—2Im (}2dr\/(EfV(r))zfmgfvcf(r)>
YWKB (E) ~ e "1 s (A35)

describes the probability for a particle with energy E to tunnel from r < ry to r > r,. This
formula is very useful since it can be applied to all kinds of tunneling processes. For in-

8The effective potential is the sum of the original potential V(r) and the centrifugal term V_¢(r) which in
2_h2
cylindrical coordinates has the form V¢ (r) = Lzrz 4.
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A.5. WKB approximation and quantum tunneling

stance Gamow described the alpha decay via tunneling using (A.35) [Gamow, 1928]. More
recent papers show that the semiclassical treatment of particles in gravitational back-
grounds makes it possible to understand Hawking radiation of Black Holes as tunneling
of particles through the event horizon [Parikh and Wilczek, 2000]. Recent attempts in ap-
plying the same method to the Unruh effect (cf. [de Gill et al., 2010]) motivated the autor of
the present thesis to describe the excitation of detectors in rotating frames as the tunnel-
ing of negative energy particles. But this failed due to reasons mentioned at the end of 2.3.

Table A.1 lists different values of the total® semiclassical transmission coefficient Iy x5
(cf. (A.35)) of negative energy particles and the corresponding excitation rate (4.24) of the

detector.

[AEeV ][ RAEF [Twrs(AE)S [ RAE)L [Twrs(-AE)S |

2.5 1.75 x 10728 1.20 x 10=%5 3.18 x 1079 5.95 x 10~ 7

5.0 3.01 x 10753 4.00 x 10790 1.84 x 10710 6.52 x 1013

7.5 5.25 x 10~78 1.04 x 1077 1.12 x 102! 5.82 x 10~19
v=01c, Q=21 v=01c, Q=11

Table A.1.: Nummerical values of I'yy x5 and R.

9The term ’total’ means that the degeneracy of the energy eigenstate has been taken into account.
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B.1. Contracted Christoffel symbols

The aim of this section is to proof the identity

1
uA:\/fg

If § denotes some derivation g can be written as!

F“ 8)\\/—9.

09 = 99" 69,

so that )
O/—q = 5,/—gg“”égwj.

Now the general form of the Christoffel symbols I'¥ |, = % 9" (Ovgar + OaGua
plies that the L.h.s. of (B.1) reduces to

1
F#;M = igua aAg#a :

If we replace § — 0, we find (B.1).

B.2. Klein-Gordon equation

(B.1)

— 8agy)\) im-

In this section we want to give a rigorous derivation of (2.2) starting form the general form

(9" V Vo, +md) ¥(z) = 0.

First we note that the wavefunction ¢ is a scalar. Therefore we have V¢ = 0,1, which

implies that the first term gives

gwjv,u,vlﬂ/} = v/l, (QWVMZJ) = V/L (guuau%/}) .

The term inside the brackets is a contravariant vector V* = ¢g*” 9,1, which has the covari-

ant divergence V,V* = 9,V* + ' ,V*. Combining this with (B.1) yields

—=0, (V=" 0,0) + i =0

1We have used Jacobi’s formula, see [Smirnov and Silverman, 1970] (p.165).

(B.2)
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This form is more suitable for us, since it avoids the direct calculation of the Christoffel
symbols. Now inserting (1.7) for ¢g*” the first term on the 1.h.s. gives us

1o [ o] 10 ol 10 A
o [81&} o [“‘“)a@] e [’“<‘Q>at] +

1o o] 10 1 Lo\ W] 10 [ o

v L) e (e B g 5] e

After using the Leibniz rule and collecting some terms we obtain

0% 0% 25)% 0% 10y 1 0% 0% 9
o Btz e rar 2o o TV =0 (B-4)

B.3. Feynman propagator

In the following we introduce the Feynman propagator G of the Klein Gordon field?. G
is defined as the solution of

(O+md)Gr(z) = —6W(x), O:=3,0" (B.5)
with the conditions [Mukhanov and Winitzki, 2007]

Gp(r) x e~ i’ forg® - +00 (B.6)

Gr(z) x i forz® = —oo. (B.7)
(B.5) shows that G is a Green function of the Klein-Gordon equation in Cartesian coor-

dinates. In order to find G we use the corresponding Fouier representation®

Gr(x) = ﬁ / ARGr(k)e ™, ke = ko, (B.8)

and insert (B.8) into (B.5) to obtain

(2;)4/d4k (f(ko)z + k2 +m§) G (ke — (271T)4/d4k(1)e“”’.

This implies the following algebraic equation:
(k)2 = w2) Gr(k) = 1. (B.9)

In the space of distributions the most general solution of this equation is given by:

1 Ch

+
(kO)Q — w]% QL«JE

S(KY — wg) + %5(1@‘0 +wy), Ch2 = constant. (B.10)

G(k)="P

2@ r appears often in QFT and describes the causal propagation of particles between two spacetime points.

3Note that G is a tempered distribution and therefore an element of the dual of the Schwartz space S. Conse-
quently G exists since the Fourier transform is an automorphism of S. The latter statement is the so called
Fourier inversion theorem (see [Reed and Simon, 1980] for more details).
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B.3. Feynman propagator

Here the symbol PW indicates the principal value distribuion. Inserting (B.10) into
(B.8) gives the most general Green function of the KGE

0 _lkm d3k —uu - T Otik-z uu 20 —ik-&
kP [ dK s 2+C = + O , (B.11)

where the factors (27)~% of the last two integrals have been absorbed into the constants
(2. The last two terms of (B.11) represent the general solution of the homogeneous KGE.
The constants can be found from the boundary conditions after one has evaluated the
principal value integral. We calculate this integral as follows:

e For 2° > 0 we close the k’-integration in the lower complex k° half-plane and subtract
the contributions coming from the paths C_ and C; as shown in Figure B.1.

e For 2 < 0 we close the integration path in the upper half-plane and subtract the
contributions from C_ and C,.

Note that the contributions around the poles are

/ dk° ek i eFiwga’
L
02 _ 2 o

Ce (K9)? — w2 2wy

which implies that

—ikx —iw~w0+ig-f iwﬂxo-i-il_c‘»f
e "t e Wi e'WwE
P / dko =0(2°) | —im + i
— wﬂ 2wy; 2wg;
@( O) ) efiwlgmoJril_c‘»:E ] einwOJrilz-i
—X 17T — T .
QOJE 2w,—€‘

Consequently the Green function satisfies the boundary conditions (B.6) and (B.7) only if
CQ = T = Cl.

Hence the Feynman propagator can be written as

2w,; 2wE

i 3 0 e—iwﬁac +ik-& 0 e~ W —ik-&
Gplz) = —W/d klo@)———— + (-2 |, (B.12)

where in the second term the transformation k — —k was performed.
Note that if we replace P [ in (B.11) by the contour integral
—ikx

Ak® —<

B.13
e, =z (B-19)

with Cr being the contour shown in Figure B.2 the constants C; » must vanish in order to
satisfy the boundary conditions (B.6) and (B.7). This choice of contour is often indicated
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Im(K°)

Re(K%)

Figure B.1.: Integration contours in complex k°-plane for evaluating the principal value
integral.

by the so-called Feynman prescription

- 1 A e—ikx
Gr(r) = oy /d b e (B.14)

with the understanding that the limit ¢ — 0 is taken after all integrations are performed.
Im(k°)

oy ‘ c
° z [ o \ Re( kO)
-/ ‘ o

Figure B.2.: Feynman contour Cr. The integration path must be closed either in the upper
(for 2° < 0) or lower (for z° > 0) half-plane.

The correct form of the Feynman propagator Gr(z,y) between two spacetime points z
and y is given by replacing = — (z — y) in (B.14). This follows from the fact that G is a
Lorentz scalar and that other combinations would destroy Lorentz invariance.
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B.4. Wightman function of the massless scalar field

In this section we show how one obtains the result (4.16) for the massless Wightman
function directly from the definition of G. From (4.7) we have for massless particles

G(xay) =

1 / A3k e—ilFl(z°—y°)+ik-(F—7)
@2r)3 ) 2 7 -

Now we introduce spherical coordinates (r, 9, ¢) such that k - (Z — ) = |k||Z — | cos 9. Then

the integration measure becomes d3k = —depd|k|d(cos¥)|k|? and yields

1 27 00 ]; 1

) /d@/d\m%e*“kl(‘”o*yo) /d(cosﬂ)eilk‘lf*m cosJ
s

0 0 1
2 "\EH%"*"I (eilRllz=71 ——ilElIZ-7])
1 1 T = T 0 0 —
= eI sin (1)) - 7)
2m)2 | — ¥ /
GrP 7= 71/

This integral does not converge in the usual sense, but converges in the distributional
sense. (The field operator is actually an operator valued distribution). It may be defined
as the weak limit obtained by introducing a damping factor e~<lkl and removing it after the
integration is done.

Hence

R T B

_ Aol v —ie) (k ~_~)

G(x7y) (27'{')2 ‘f_g‘/ | |€ sin ‘ HfE y‘
0

|1 f
@0 —0—io?—[7-712

1 1
472 (20 — y0 — ie)? — | — 7|2

indeed reproduces the massless limit of the massive Wightman function (4.16).

At this point we need to mention that the cutoff introduced above is not unique. There
are different methods allowed, such as e—elkl® (or replacing co — k.. and take the limit
kmaz — 0o afterwards). But all methods lead to the same result [Mukhanov and Winitzki, 2007].
The damping factor arises by adding —ie to #° — 4°. Therefore the function obtained can
be regarded as the boundary value ¢ — 0+ of an analytic function of z° — ¢° in the lower
complex half-plane.
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B.5. Orthogonality relation for Bessel functions

In the following we prove the orthogonality relation

OO -
/ dqqJm(ar)Jm(qr') = M (B.15)
0
We start form the identity
Sz —2")o(y —y) — / /d L dkqei(krztkay) e~ i(k1a'+kay) (B.16)
—00 —0O0

and introduce polar coordinates of the following type:

ki =qcos®, xz=rcosp, 1z’ =1"cosy

ke = qsinf, y=rsinp, 9 =1"siny’.

So the r.h.s. gives

27 (%)
(2711.)2 /de/dqeiqrcos(@—cp)e—iq’r'cos(é—ga/).
0 0

The Jacobi- Anger expansion e*¢ ¢ = 5> i Jm (€)e"™? [Abramowitz and Stegun, 1964]

yields
S oo .
Z Z -m—m/ /deewm m,)/dqu qr ( ) im’ o' —imep
%,_/
271'5””"’/
1 &7 —
=0 . / dqqJim (gr)Jm (qr')e™# =)
[ — 0
Thus the identity (B.16) reads
o(r—1") im(¢'—¢)
ol Z /dqu qr)Jm(qr’)e
m=—00{

Multiplication with e~*"'¢" and integration over ¢’ turns this into

0o 27
Str—v"Y) ., 1 & . ' iy /
7(7‘ , " )eilm ® :% g /dqum’ (qT)Jm’ (q,,,/)efzmgo/ dwleup (m—m’)
m=7%0 0
| ——

2mé

177.771./

o0

=e_’:m'“"/dqumf(qT)Jmf(qT’),

0
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which, after division by e~"m'? is the desired identity.

69



70



Bibliography

[Abramowitz and Stegun, 1964] Abramowitz, M. and Stegun, 1. A. (1964). Handbook of
Mathematical Functions with Formulas, Graphs, and Mathematical Tables. Dover, New
York.

[Arfken and Weber, 2005] Arfken, G. and Weber, H. (2005). Mathematical methods for
physicists. Elsevier.
[Beckel and Nakhleh, 1963] Beckel, C. L. and Nakhleh, J. (1963). Application of the

second-order WBK approximation to radial problems. The Journal of Chemical Physics,
39(1):94-97.

[Bell and Leinaas, 1983] Bell, J. S. and Leinaas, J. M. (1983). Electrons as accelerated
thermometers. Nuclear Physics B, 212(1):131-150.

[Bell and Leinaas, 1987] Bell, J. S. and Leinaas, J. M. (1987). The Unruh effect and quan-
tum fluctuations of electrons in storage rings. Nuclear Physics B, 284:488-508.

[Birrell and Davies, 1984] Birrell, N. and Davies, P. (1984). Quantum fields in curved
space. Cambridge monographs on mathematical physics. Cambridge University Press.

[Bjorken and Drell, 1964] Bjorken, J. and Drell, S. (1964). Relativistic quantum
mechanics. International series in pure and applied physics. McGraw-Hill.

[Brack and Bhaduri, 2003] Brack, M. and Bhaduri, R. (2003). Semiclassical physics.
Frontiers in Physics. Westview.

[Bronstein et al., 2008] Bronstein, 1., Semendjajew, K., Musiol, G., and Muehlig, H.
(2008). Taschenbuch der Mathematik. Deutsch Harri GmbH.

[Davies et al., 1996] Davies, P. C. W., Dray, T., and Manogue, C. A. (1996). Detecting the
rotating quantum vacuum. Phys. Rev. D, 53(8):4382-4387.

[de Gill et al., 2010] de Gill, A., Singleton, D., Akhmedova, V., and Pilling, T. (2010). A
WKB-like approach to Unruh radiation. American Journal of Physics, 78(7):685-691.

[Dunham, 1932] Dunham, J. L. (1932). The Wentzel-Brillouin-Kramers Method of Solving
the Wave Equation. Phys. Rev., 41(6):713-720.

[Ellis and Hawking, 1994] Ellis, G. and Hawking, S. (1994). The large scale structure of
space-time. Cambridge University Press.

[Fulling, 1973] Fulling, S. A. (1973). Nonuniqueness of canonical field quantization in
Riemannian space-time. Phys. Rev. D, 7(10):2850-2862.

71



Bibliography

[Gamow, 1928] Gamow, G. (1928). The quantum theory of nuclear disintegration. Nature,
122:805-806.

[Hawking and Israel, 1979] Hawking, S. and Israel, W. (1979). General relativity: an
Einstein centenary survey. Cambridge University Press.

[Kevorkian and Cole, 1996] Kevorkian, J. and Cole, J. (1996). Multiple scale and singular
perturbation methods. Applied mathematical sciences. Springer.

[Klein, 1929] Klein, O. (1929). Die Reflexion von Elektronen an einem Potentialsprung
nach der relativistischen Dynamik von Dirac. Z. Phys., 53:157-165.

[Korenev, 2002] Korenev, B. (2002). Bessel functions and their applications. Analytical

methods and special functions. Taylor & Francis.

[Kramers, 1926] Kramers, H. A. (1926). Wellenmechanik und halbzahlige Quantisierung.
Zeitschrift far Physik A Hadrons and Nuclei, 39:828-840. 10.1007/BF01451751.

[Langer, 1937] Langer, R. E. (1937). On the connection formulas and the solutions of the
wave equation. Phys. Rev., 51(8):669-676.

[Letaw, 1981] Letaw, J. R. (1981). Stationary world lines and the vacuum excitation of
noninertial detectors. Phys. Rev. D, 23(8):1709-1714.

[Letaw and Pfautsch, 1980] Letaw, J. R. and Pfautsch, J. D. (1980). Quantized scalar field
in rotating coordinates. Phys. Rev. D, 22(6):1345-1351.

[Letaw and Pfautsch, 1981] Letaw, J. R. and Pfautsch, J. D. (1981). Quantized scalar field
in the stationary coordinate systems of flat spacetime. Phys. Rev. D, 24(6):1491-1498.

[Letaw and Pfautsch, 1982] Letaw, J. R. and Pfautsch, J. D. (1982). The stationary coor-
dinate systems in flat spacetime. Journal of Mathematical Physics, 23(3):425-431.

[Meyberg and Vachenauer, 2001] Meyberg, K. and Vachenauer, P. (2001). Hohere
Mathematik 1: Differential- und Integralrechnung. Vektor- und Matrizenrechnung.

Springer-Lehrbuch. Springer.

[Mukhanov and Winitzki, 2007] Mukhanov, V. and Winitzki, S. (2007). Introduction to
quantum effects in gravity. Cambridge University Press.

[Nolting, 2006] Nolting, W. (2006). Grundkurs theoretische Physik: Quantenmechanik.
Methoden und Anwendungen. Number v. 5. Springer.

[Nolting, 2010] Nolting, W. (2010). Grundkurs Theoretische Physik 2: Analytische
Mechanik. Springer-Lehrbuch. Springer-Verlag GmbH.

[Parikh and Wilczek, 2000] Parikh, M. K. and Wilczek, F. (2000). Hawking radiation as
tunneling. Phys. Rev. Lett., 85(24):5042-5045.

[Parker and Toms, 2009] Parker, L. and Toms, D. (2009). Quantum field theory in curved
spacetime: quantized fields and gravity. Cambridge monographs on mathematical

physics. Cambridge University Press.

72



Bibliography

[Peskin and Schroeder, 2007] Peskin, M. and Schroeder, D. (2007). An introduction to
quantum field theory. Advanced book program. Addison-Wesley Pub. Co.

[Prudnikov et al., 1986] Prudnikov, A., Brychkov, 1., and Marichev, O. (1986). Integrals
and Series: Elementary functions. Integrals and Series. Gordon and Breach Science
Publishers.

[Prudnikov et al., 1983] Prudnikov, A. P., Bryckov, Y. A., and Maricev, O. 1. (1983).
Integrals and series of special functions. Science, Moscow, Russia, Russia.

[Raine and Thomas, 2010] Raine, D. and Thomas, E. (2010). Black holes: an
introduction. Imperial College Press.

[Reed and Simon, 1980] Reed, M. and Simon, B. (1980). Methods of Modern Mathematical
Physics: Functional analysis. Academic Press.

[Rindler, 2006] Rindler, W. (2006). Relativity: special, general, and cosmological. Oxford
University Press.

[Rizzi and Ruggiero, 2004] Rizzi, G. and Ruggiero, M. (2004). Relativity in rotating frames:
relativistic physics in rotating reference frames. Fundamental theories of physics.

Kluwer Academic Publishers.

[Scheck, 2002] Scheck, F. (2002). Theoretische Physik 1: Mechanik. Springer-Lehrbuch.
Springer.

[Scheck, 2007] Scheck, F. (2007). Theoretische Physik 4: Quantisierte Felder. Von den
Symmetrien zur Quantenelektrodynamik. Springer-Lehrbuch. Springer.

[Schiff, 1968] Schiff, L. (1968). Quantum mechanics. International series in pure and

applied physics. McGraw-Hill.

[Smirnov and Silverman, 1970] Smirnov, V. and Silverman, R. (1970).
Linear algebra and group theory. Dover books on intermediate and advanced mathe-

matics. Dover Publications.

[Sokolov and Ternov, 1964] Sokolov, A. A. and Ternov, I. M. (1964). On Polarization and
Spin Effects in the Theory of Synchrotron Radiation. Soviet Physics Doklady, 8:1203—+.

[Titchmarsh, 1958] Titchmarsh, E. (1958). Eigenfunction expansions. Clarendon Press.

[Unruh, 1998] Unruh, W. (1998). Acceleration radiation for orbiting electrons. Physics
Report, 307(1-4):163-171. cited By (since 1996) 9.

[Unruh, 1976] Unruh, W. G. (1976). Notes on black-hole evaporation. Phys. Rev. D,
14(4):870-892.

[Vasan and Seetharaman, 1984] Vasan, S. S. and Seetharaman, M. (1984). Higher-order
JWKB approximations for radial problems. II. The quartic oscillator. Journal of Physics
A: Mathematical and General, 17(12):2493.

73



Bibliography

[Wachter, 2005] Wachter, A. (2005). Relativistische Quantenmechanik. Springer -
Lehrbuch. Springer.

74



Abstract

The present thesis examines a new method for the description of the Unruh radiation
in rotating frames. The detection of particles in the Minkowski vacuum for rotating ob-
servers is to be described by means of tunneling of negative energy particles. In contrast
to the well-known quantum field theoretical detector model the tunneling method provides
a purely quantum mechanical approach to the subject. In order to verify this tunneling
picture a comparison with the detector method was performed. Thus the tunneling prob-
ability is compared with the excitation rate of the detector. The aim was to obtain new
insights into this fundamental effect which relativizes the particle concept.

First the rotating frame of reference is introduced and the corresponding free particle
world lines are investigated. Then the system is quantized and the charge density and
tunneling probability of negative energy particles are calculated. Subsequently the funda-
mentals of QFT both in inertial and rotating frames are briefly discussed. The associated
vacuum definitions and their correlations are analyzed with the help of Bogoliubov trans-
formations. In the following a simple detector model is introduced. In this context different
world lines and the corresponding excitation of the detector are examined. Additionally
the excitation rate of a circulating detector is compared with the tunneling probability of
negative energy particles in the rotating frame. Both the exact as well as the semiclassi-
cally approximated tunneling probability are found to differ from the excitation rate of the
detector. However it is shown that the excitation rate is proportional to the charge density
of negative energy particles.

The transmission coefficient does not coincide with the probability of finding a particle
because tunneling into a spatially finite region is considered. Therefore the normalization
of the wave function is crucial and the tunneling probability differs from the detector’s
excitation rate.
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Zusammenfassung

Diese Diplomarbeit untersucht eine neue Methode fur die Beschreibung der Unruh-Strahlung
in rotierenden Bezugssystemen. Die Detektion von skalaren Teilchen im Minkowski-
Vakuum fir rotierende Beobachter soll mit dem Tunnelvorgang von Teilchen mit nega-
tiver Energie in Zusammenhang gebracht werden. Im Gegensatz zum bekannten quanten-
feldtheoretischen Detektormodell stellt das Tunneln einen rein quantenmechanischen Zu-
gang zur vorliegenden Problemstellung dar. Um das verwendete Tunnelbild zu verifizieren
wird es dem Detektormodell gegentibergestellt. Folglich wird die Tunnelwahrscheinlichkeit
mit der Anregungsrate des Detektors verglichen. Dabei ist das Ziel neue Erkenntisse tiber
diesen fundamentalen (den Teilchenbegriff relativierenden) Effekt zu erlangen.

Zunichst wird das rotierende Bezugssystem eingefiihrt und die zugehoérigen Weltlinien
von freien Teilchen untersucht. Im Anschluss wird das System quantisiert und sowohl
die Ladungsdichte als auch die Tunnelwahrscheinlichkeit von Teilchen mit negativer En-
ergie berechnet. Im dritten Kapitel werden die Grundlagen der Quantenfeldtheorie fur
inertiale und rotierende Beobachter kurz erldutert. Dabei werden die zugehoérigen Vaku-
umdefinitionen und deren Zusammenhang mit Hilfe von Bogoliubov-Transformationen
analysiert. Anschlieffend wird ein einfaches Modell eines Detektors eingefiihrt und dessen
Anregung fur verschiedene Bewegungsarten des Detektors untersucht. Insbesondere wird
die Anregungsrate fiir eine Kreisbahn mit der Tunnelwahrscheinlichkeit von Teilchen mit
negativer Energie verglichen. Dabei stellt sich heraus, dass sowohl die exakte als auch
semiklassisch gendherte Tunnelwahrscheinlichkeit von der Anregungsrate des Detektors
abweichen. Es wird aber die Proportionalitidt der Anregungsrate zur Ladungsdichte von
Teilchen mit negativer Energie gezeigt.

Der Transmissionskoeffizient stimmt mit der Aufenthaltswahrscheinlichkeit nicht tiberein,
weil die klassisch verbotene Zone raumlich begrenzt ist. Daher ist die Normierung der
Wellenfunktion wesentlich und die Tunnelwahrscheinlichkeit entspricht nicht der Anre-
gungsrate des Detektors.
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