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Abstract

Microtubules are highly dynamic elements of the cytoskeleton of eukaryotic cells. In this
thesis a model for the length distribution of microtubules in consideration of GTP caps
is introduced. The presence of a GTP cap prevents a microtubule from depolymeriza-
tion. Therefore, the dynamic of GTP caps plays a crucial role for the length distribution
of microtubules. Under the biological motivated assumption that a microtubule that
loses its GTP cap immediately starts to depolymerize, the length distribution of micro-
tubules is investigated. It will be shown that the numerical approximation of the model
developed in this thesis corresponds with molecular biological observations and with a
different modeling approach which considers protein-induced severing of microtubules
instead of GTP caps.
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Chapter 1

Introduction

1.1 Microtubule Structure, Function and
Organization

Microtubules are stiff, hollow cylindrical tubules which form together with actin filaments
and intermediate filaments the cytoskeleton (see figure 1.1) of all dividing eukaryotic
cells and most differentiated cell types. In nondividing cells (interphase) microtubules
position the nucleus, direct the intracellular transport of organelles, vesicles et cetera
and build as bundled structures the flagellum and cillia (locomotion /sensory organelles).
During cell division (mitosis) microtubules form the mitotic spindel and physically seg-
regate the duplicated chromosomes.|[1, 2, 3|

(a) Microtubules (b) Actin Filaments (c) Intermediate  Fila-
ments

Figure 1.1: Cytoskeleton [1]

Microtubules are built up by the protein complex af-tubulin, a heterodimer of 8nm
length consisting of the globular proteins a-tubulin and S-tubulin. af-tubulin dimers
are arranged in linear chains thus forming protofilaments with subunits (a-tubulin, -
tubulin) alternating down. This provides a polar structure of microtubules with a-
tubulin exposed at the (-)end and S-tubulin at the (+)end. 13 parallel arranged protofil-
aments form the wall of a microtubule whose external diameter is about 25 nm.|[1, 2|
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Figure 1.2: Build-up of a microtubule [1| (modified)

In contrast to intermediate and actin filaments, microtubules are not randomly dis-
tributed throughout the cell. Microtubules radiate from a microtubule organizing center,
MTOC (see Figure 1.3). Whereas the (-)end of a microtubule is anchored at the MTOC.
In animal cells the centrosome plays the role of a MTOC where the microtubules are
nucleated in a radial array. A centrosome consists of a pair of orthogonally arranged
centrioles and pericentriolar material in which hundreds of nucleation centers are em-
bedded. A nucleation center is formed by a y-tubulin ring complex where afg-tubulin
can assemble.[1, 2]

J-tubulin
ring complex

pair of
centrioles +

+ pericentriolar
material

Figure 1.3: Microtubules growing from ~v-tubulin ring complexes of the centrosome
(MTOC)
[1] (modified)

Like actin filaments, microtubules are highly dynamic structures. They change their
length by assembling and disassembling of af-tubulin subunits, i.e. polymerization
and depolymerization respectively. In principal polymerization and depolymerization
occur at both ends of a microtubule but the kinetic rate constant for assembling and
disassembling is much greater at the (+)end of a microtubule [1]. Thus in this thesis
the (-)end of microtubules will be assumed as stable while the (+)end can undergo



phases of growth and shrinking. The frequent alternating between prolonged phases of
polymerization and depolymerization is referred to as dynamic instability. A detailed
description of dynamic instability and its consequences is given in the next section.

A more detailed description of microtubule structure, organization and functions can be
found in various educational books on molecular cell biology like |2, 1| and an elaborate
view on microtubule polymerization is presented in [3].

1.2 Dynamic Instability

While in cells nascent microtubules nucleated at the centrosome show persistent growth
toward the cell margin, they display frequent fluctuations between phases of growth and
shrinking when they have reached the cell margin.[4] These fluctuations are known as
dynamic instability.

Since the (-)end of a microtubule remains anchored at the centrosome and thereby gets
stabilized, the (+4)end undergoes these phases of polymerization and depolymerization.
Thereby the transition from growing to shrinking and vice versa is referred to as catas-
trophy and rescue, respectively.

The dynamic instability of microtubules is governed by the presence of a GTP cap.

GTP (guanosine triphosphate) is a nucleotide bound at each « and 8 monomer. The
GTP molecule bound to the a-tubulin monomer is physically trapped and never hy-
drolyzed. The nucleotide at the S-tubulin monomer may be in either the GTP or the
GDP (guanosine diphosphate) form. af-tubulin dimers which assemble to a microtubule
are in a pure GTP state, i.e. the a- as well as the S-tubulin monomer have bound a GTP
molecule. A certain time after the assembly of an af-tubulin dimer to a microtubule
the GTP bound to the S-tubulin will hydrolyze to GDP. If the assembly of afS-tubulin
dimers is faster than the hydrolysis of GTP to GDP, a GTP cap is generated at the
(+)end of a microtubule.|2]

Studies have shown that single protofilaments containing GDP are curved while protofil-
aments with GTP are straight. This leads to the conclusion that GTP of newly added
dimers forming a cap prevents the single protofilaments from curling. If this GTP cap is
lost due to hydrolysis a catastrophy occurs. The protofilaments building up a microtubule
will peel away and the microtubule starts to depolymerize (see Figure 1.4).[1]

Still af-tubulin dimers can assemble to depolymerizing microtubules. And if the assem-
bly is fast enough a GTP cap may be regenerated. However, this rescue is a rare event
compared with the polymerization rate of a microtubule containing a GTP cap.



GTP cap

less stable
region of
microtubule
containing
GDP-tubulin
dimers

GROWING SHRINKING

Figure 1.4: Scheme of growing and shrinking microtubule [1]

The basic properties of microtubules as part of the cytoskeleton, nucleating from the
centrosome in a radial array and undergoing dynamic instability, results into a searching
of the cytoplasmatic space. If a microtubule encounters a structure or organelle, it will be
captured by a capping protein. Thereby the (+)end of the microtubule will be stabilized,
i.e. its length stays constant. Whereas unattached microtubules will remain in a state of
dynamic instability searching the space. This intrinsic property of Search-and-Capture is
part of the mechanism to determine the overall distribution of the microtubule network
in a cell.[1]



Chapter 2

Model

The aim of this chapter is to derive a system of partial differential equations and corre-
sponding boundary conditions which will describe the length distribution of microtubules
in an unconfined domain.

As described in Section 1.2 microtubules are either favoring polymerization or depoly-
merization depending on the presence of a GTP cap. Hence the length distributions will
be modeled separately for microtubules containing a GTP cap and those lacking one.
For this approach two different lengths will be taken into account: on the one hand the
microtubules’ length itself and on the other hand the length of GTP caps.

As for every modeling approach several assumptions and simplifications have to be in-
troduced.

The tubule geometry of microtubules built up by protofilaments is reduced to an one-
dimensional rod formed by subunits. Those subunits can be in two different states (GTP
and GDP) corresponding to the different states of S-tubulin monomers described in the
previous chapter, cf. Figure 1.2 and Figure 2.1.

GTP cap

I I I
! T

subunit in subunit in
GDP-state GTP-state

Figure 2.1: Schematic representation of a microtubule

Further assumptions are that

o sufficient, equally distributed tubulin is available, i.e. the probabilities of polymer-
ization and depolymerization are constant throughout the whole domain,



e the nucleation center of a completely depolymerized microtubule will immediately
be used to form a new one,

e spontaneous hydrolysis can occur in the interior of a GTP cap [5].

2.1 Derivation of model equations

In this section the model equations for the length distribution of microtubules are derived
by first formulating the fundamental biological behavior of microtubules, i.e. polymeriza-
tion and depolymerization of tubulin as well as hydrolysis of the GTP cap, via difference
equations and second using Taylor series and a limit transition to get the corresponding
differential equations.

As described in the previous chapter a microtubule shows distinct behavior depending
on the presence of a GTP cap. A microtubule containing a GTP cap is highly favored to
polymerize and protected from depolymerization. In contrast, an uncapped microtubule
is rapidly depolymerizing, cf. Figure 1.4.

This fact suggests a seperate description of capped and uncapped microtubules. Whereas
the transition from one state to the other, i.e. capped microtubules lose their cap
(catastrophy) and uncapped microtubules restart polymerizing (rescue), will be taken
into account via boundary conditions.

2.1.1 Capped microtubules

A microtubule containing a GTP cap is characterized via two different lengths. On the
one hand the microtubule’s length itself denoted by the variable x, on the other hand
the cap’s length y, whereas y < z. Both variables are discretized into parts of equal
length denoted by Ax and Ay, respectively.

As the cap length describes the state of connected subunits at the (4)end of a micro-
tubule it is reasonable to use the same discretization increment for micrutubule and

GTP cap length, i.e. Ay = Ax.
At last a discretization of time ¢ via At is introduced.

Summarized, the number of microtubules with length z; = jAx containing a GTP cap
at its (+)end with length y; = kAy at time t; = nAt is denoted by C7.
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Figure 2.2: Polymerization of a microtubule and hydrolysis of the GTP-cap

To deduce the equation for capped microtubules from polymerization of subunits and
hydrolysis of the cap an auxiliary timestep is introduced, where polymerization occurs. A
capped microtubule grows by addition of one subunit with a constant rate a represented
via

n+i n ~n ~ n
C],k} 2 — j,k + OéCj*l,k*l - O[C]’k. (21)

After this auxiliary timestep the GTP cap hydrolyzes with a constant rate ¥ at its left
end represented via

n n+1 _ g+l _ n+i
Ciut =0y > +9C5, 0 =70, " (2.2)
Substituting 2.1 into 2.2 leads to

Ciit =C + @ (Cy iy = C) + 7 (Clr — C)

+ay (Cm—l,k —C g+ — Crfk-&-l)

J J J

forevery j — 1>k > 1.

To derive a corresponding differential equation for (2.3) additional calculations have to
be done. First C7) is substracted from both sides. Further the right side of (2.3) is



extended to split the term related to & into parts for microtubule length and cap length,
respectively.

n+1 n _ = n n n n — n m
CE& - jk'_a( j—1k-1 " jﬁ—l*‘chk—l"Cﬁk>*‘7(61ﬁ+1“ka)

J J D>

+ay (C]T'L—Lk —Cl o+ — C]T'fk:—i-l)

(2.4)

Now, (2.4) is divided by At and the differences on the terms on the right side are
extended by the corresponding length increment. Finally, the difference equation for
length distribution of capped microtubules becomes

n+1 n n n n n n n
Cj,l—: B Cj,k _,&Cj—1,k—1 B Cj,k—l @%Cj,k—l - Cj,k _Ay (C',k+1 - Oj,k

J

AL YA Az At Ay AT Ay
+ @_% Cj—l,k - Cj—l,k—l + @_% Cj,k - Cj,k“
VAt Ay TAtT Ay
Using the following notation
i =C (nAt, jAz, kAy) = C (¢, ,y)
the terms of (2.5) can be expressd via Taylor series as follows:
n IC(t, z,y
QFZC@%M+AFJ§—J+O@ﬁ (2.6)
oC(t, x, oC(t, x,
Clyp1 = Clt,z,y) - AI% - Ay(a—yy) +0(Az) + O(Ay?)  (2.7)
n oC(t,z,y
Cipr =Cltm,y) — Ay% +O(Ay?) (2.8)
oC(t, x,
i =Cltz,y) + Ay% + O(Ay?) (2.9)
n oC(t,z,y
ik =Clt . y) — Ax% +0O(A2?) (2.10)

Substituting (2.6)-(2.10) into (2.5) and summarizing the residuals of the Taylor series
(2.5) can be rewritten as



oC _ _ jArdC  AyoC AydC

ot~ “Ator “Atay At oy
_0C 90 O(ALR)  O(Ar?)  O(A) (2.11)
Ty T ey AL T T A T Ay

[\

-~

=0

whereas for a shorter notation C' = C(t, x,y) has been used.

Now, At, Az and Ay tend to zero in a homogeneous way such that lim ﬁ—f and
At,Axz—0
lim ﬁ—? remain constant. Thus (2.11) becomes

At,Ay—0
oC oC oC
= - )= =0 2.12
o Yo Tl g, (2.12)

with a = o‘z% = @A—lt/, since Az = Ay, and v = W%.

In a final step two additional assumptions are introduced motivated by the work of Fly-
vbjerg. In [5] Flyvbjerg focuses on two experiments with contrary outcome by Drechsler
et al. [6] and Walker et al. [7] and provides a description of the GTP cap’s dynamics
which copes with both experimental data.

Drechsler et al. dealt with the correlation between growth velocity of microtubules and
their catastrophy rate. As described in previous sections the GTP cap of a microtubule
grows by microtubule’s polymerization and shrinks due to hydrolysis of GTP to GDP
from its opposite end. If the latter accidentally catches up with the former a catastrophy
happens, i.e. the cap vanishes and the microtubule starts to depolymerize. Due to this
dynamic it is obvious that the probability of a catastrophy is dependent on the growth
velocity of microtubules. Drechsler et al. show in 6] that the catastrophy frequency
exponantially decays the faster a microtubule grows.

Analogously, one would expect that the GTP cap of a faster growing microtubule must
take more time to disappear by hydrolysis than the cap of a slowly growing one if the
growth is halted by flushing out the tubulin solution. Surprisingly, Walker et al. |7] found
out that there was no correlation between the tubulin concentrations and consequently
different growth velocities and the delay time between flushing out the tubulin and the
incidence of depolymerization.

In [5] Flyvbjerg describes the dynamics of the GTP cap by assuming that the cap
increases by addition of tubulin with an average growth rate v, and decreases by the
hydrolysis of GTP to GDP at the trailing edge of the GTP cap with an average rate



vp. This together leads to a constant growth/shrinking of the cap’s length with the
average velocity v = v, —vj. In addition Flyvbjerg assumes that GTP molecules located
inside the GTP cap can hydrolyze too. Consequently, the length of a GTP cap can
abruptly reduce to any fraction. This kind of cutting mechanism proportional to the
cap’s length guarantee that the cap remains limited in its length. Furthermore the
cap’s length is assumed to be influenced by an unbiased random walk parametrized
by a diffusion constant. Finally, a GTP cap vanishes by combination of the cutting
mechanism, reducing the cap’s length to an accidentally small value, and the random
walk, decreasing the length to zero. Based on the described dynamics of the GTP
cap Flyvbjerg is able to provide a model for the catastrophy rate that fits with the
experimental data of [6] and a model for the waiting time fitting |7].

Those two effects, the cutting mechanism and the diffusion process, are integrated into
equation (2.12) for a more precise description of microtubules’ length distribution.

Under the assumption that the hydrolysis of GTP to GDP is a random event, a diffusion
term is added to equation (2.12)

oC' oC oC 0*C
ot a T g = Py 21

with diffusion constant D.

The spontaneous hydrolysis of GTP in the interior of the cap will be modeled with the
same approach as the severing of actin filaments described in [8]. In [8] the authors
develop a kinetic model that describes key details of actin filament dynamics, i.e. the
severing of actin filaments.

The basic consequence of actin filament severing, i.e. reduction of filament length to
any fraction, is similar to the assumed cutting of microtubules’ GTP caps. Thus the
formulation of the actin filament severing is used to model the cutting mechanism.

In [8] the length distribution of actin filaments (F'(L,t)) is given by the solution of the
following integrodifferential equation.

OF(L,t)
ot

o) L
= v (F(L = 5,1) = F(L.t)) +15P(L /Fstds—r5FLt/P (2.14)
) L 0

N

-~

(2) 3

=

The first term (1) represents the elongation or shortening (depending on the sign of v,
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a global (de)polymerization rate) of filaments by actin monomer addition or loss. The
terms (2) and (3) represent the severing of actin filaments. Term (2) gives the gain
of filaments of length L by fragmentation of longer filaments, and term (3) the loss of
filaments of length L by fragmentation into shorter filaments. Here r5 is the severing
rate of a specific protein involved in the fragmentation of actin filaments and P(L) is the
filament-severing probability at length L. A detailed derivation of (2.14) can be found
in [9] and [10].

This formulation for actin filament fragmentation (terms (2) and (3)) can be adapted
to the needs of modeling the cutting of microtubules GTP caps. Using the notation for
capped microtubules the cutting of GTP caps can be represented via

x Yy

/-£]5(jy)/C’(lt,a:,y’)aly’—C(t,x,y)/f-ip(y’)dy'7 (2.15)

) 0

with a cutting parameter £ and a cutting-probability to length y given by P(y).

Under the assumption that the hydrolysis of GTP to GDP in the interior of a GTP cap
is uniformly distributed along all GTP cap lengths the cutting rate £P(y) can be set to
the constant x for all y.

This assumption corresponds to [5] where Flyvbjerg suggests that the cutting of a GTP
cap is proportional to its length.

Thus, the cutting mechanism is given by

z Y

K /C(t,x,y')d@/—C(t,ac,y)/dy' . (2.16)

Y 0

Now, adding the cutting mechanism to (2.13) by using the formulation of (2.16), the
final equation to model the length distribution of microtubules containing a GTP cap
becomes

T

+ K /C’(t,x,y’) dy — yC (2.17)

Y

oC oC oc  _0*C

“~ 7~ _ N pl™
o T TG, =P

where k represents the cutting rate.
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2.1.2 Uncapped microtubules

The number of microtubules without a GTP cap can be described similarly to micro-
tubules containing a GTP cap. Using the same discretization for time and space as in
the previous subsection U" denotes the number of uncapped microtubules at time ¢ with
length  whereas t = nAt and x = jAx.

JAz ! : idz

At depoly ulrrli/(m-u k u-{w %
j ner [T T T 1] : ner [T T T T [T

a) (h)

~—

catastroply

nor T T T T ]
(c)

Figure 2.3: Depolymerization (a) and rescue (b) of an uncapped microtuble; catastrophy
(c) of a capped

The dynamics of uncapped microtubules is mainly affected by depolymerization of tubu-
lin subunits as consequence of a missing GTP cap. Although uncapped microtubules
favor depolymerization the rare event of polymerization (and establishing a GTP cap)
(rescue) has to be taken into account as well as the opposite event of capped microtubules
losing their GTP cap (catastrophy).

Summing up, the dynamics of uncapped microtubules can be represented via

UPH = U + U3 = BUY +5C — aU}- 219)

The terms related to (3 represent the depolymerization of uncapped microtubules, yCT
describes catastrophy and uncapped microtubules starting polymerizing (rescue) are
given by aU} with a < a in (2.3).

In the same way as for capped microtubules a continuous version of (2.18) is derived.

First (2.18) is divided by At and the 3 term is extendend. This leads to

12



urtt—ur _AyUR, U 5 5
J J j+1 J T m &
— 5= =_—C" — —Unr, 2.1
At p At Ay At P At Uj (2.19)
In a second step using the notation
Ui =U (nAt,jAr) =U (t,x)
the terms of (2.19) are expressed via Taylor series
ou(t
Urtt =U(t,z) + At% + O(A?) (2.20)
ou(t
Uy =U(t,z) + Az ét’ z) + O(Az?) (2.21)

Using (2.20) and (2.21) and the fact that C7, = C(t, 2, Ay) (2.19) can be rewritten as

oU (t,x)
ot

Az oU(t,x) o _a

Az?) = L A
At Oz O(Az7) = 7;C 2 Ay) =

+0(A?) - Ult,). (2.22)

Finally, the discretization increments At, Ax and Ay tend homogeneously to zero which
leads to the continuous formulation of (2.18)

ou ou .

with 8 = B%, v = % (setting ¥ = JAy), and & = £ kept constant in the limit.

2.2 Initial and Boundary Conditions

The model equations derived in the previous sections represent a system of partial dif-
ferential equations. A first-order partial differential equation (2.23) and a second-order
partial differential equation (2.17) describing the distribution of uncapped and capped
microtubules. To get a well-posed problem for this system of partial differential equa-
tions inital and boundary conditions are nescessary.

13



2.2.1 Initial Conditions

For t = 0 the initial condition for equation (2.17)

is introduced whereas Cj is a given function.
Analogously,
U(0,z) = U (x) (2.25)

is the initial condition for equation (2.23) at t = 0 with the given function U.

2.2.2 Boundary Conditions

To derive boundary conditions for the model of capped microtubules the quantity C(¢, z)
is introduced. It represents the density of all capped microtubules with length z at time
t. Thus C(t,z) is given by

x

C(t,z) = /C’(t,x,y)dy. (2.26)

0

Now, equation (2.17) is integrated along y from 0 to x.

oC [ oc
/—dy—iroz/%dy%—(a—’y)/a—ydy—
0
/ dy + K //Ct:cy dy'dy — /yC’dy

J/

(2.27)

*)

14



To calculate () integration by parts is used and Leibnitz theorem for differentiation of
integral [11] is applied to interchange derivation and integration.

/ /C’txy dy'dy = /C’ta:y /ya/Ct:cydydy

70

r | roczy) (2.28)
z—/y /%dy—C(t,x,y) dy

=0

Now, substituting (2.28) into (2.27) leads to

acdvaa aOdy—i— (v —~ /a—c =

ot oz
0
z (2.29)
D/ —5dy+ kK /yCdy / yC'dy
0 g
=0
Using again Leibniz theorem [11] and (2.26), equation (2.29) becomes
oC oC - oC "=
- - _ - =D— 2.
at aa aO'y:x+(a 7)0y 0 ay =0 ( 30)

From a modeling point of view, it is reasonable to ensure that microtubules at opposite
ends of a domain do not interact. Under consideration of equation (2.30) this assumption
can be fulfilled by setting the boundary condition at y = = to

(’yC + D80>
dy

— 0. (2.31)

Y=z

15



To derive a boundary condition at y = 0 a new quantity M(t,z) = C(t,z) + U(t, x), the
density of all microtubules (capped and uncapped), is introduced.

Granted that a microtubule completely depolymerizes the free nucleation center (see
Section 1.1) will immediately be used to form a new microtubule. This behavior is
approximated by the assumption that microtubules do not completely depolymerize.
Hence, the dynamics governing the change of M (¢, z) with respect to time will occur at
the interior of the domain.

Now, differentiating M (t, ) with respect to ¢ (% = %—f + 2 and using (2.23), (2.30),
(2.31) leads to

oM oC oU oC
E%—a%%—ﬁ%: {(Q—V)C—D—}

3 +~Cyp — aU. (2.32)

y=0

By setting the right site of (2.32) to 0 the assumption of just having a flux in the interior
is met. Thus the boundary condition at y = 0 is given by

oC
(“C B Da—y)

Finally, summing up the results of this chapter, the distribution of microtubules is
described by the following system of partial differential equations and the associated
boundary and initial conditions.

= aU. (2.33)

y=0

The dynamics of capped microtubules C(t, z,y) is given by

T

oC oC oC 0?C
— ta— —y)— =D—— Ny — 2.34
8t+aa + ( )a 8y2+ /C(t,x,y)dy yC'l, O0<y<uz (2.34)
Yy
t
~O(t,z,7) + D%f’x) =0 Vo,t>0 (2.35)
aC(t,2,0) — Dac(g’ 20 _ aurt, ) Ve t> 0 (2.36)
y
C(0,z,y) = Co(x,y) O<y<az (2.37)
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and for microtubules U (t, x) lacking a GTP cap by

ou ou .
5~ Bgy = Clamo—alU t, x>0 (2.38)
U(0,z) = Up(x) x> 0. (2.39)

Here, Cy(z,y) and Uy(z) are given functions representing the initial distribution of
capped and uncapped microtubules. Note, C(t,z,y) and U(t,z) are functions with
compact support to ensure that microtubules have a finite length.

2.3 Dimensional analysis

In this section dimensional analysis is carried out for (2.34)-(2.37) and (2.38)-(2.39) to
derive a dimensionless problem and therefore reduce the numbers of parameters.

First, dimensional analysis is used to derive a dimensionless equivalent of equation
(2.34)

(9_0 +a80 % B D82C
ot ox N

and equation (2.38)

ou

ou .
o —5% =vClp=0 — QU

with a reduced number of parameters.

In a first step the dependent variables C'(¢, z, y) and U (¢, x) and the independent variables
t, x and y are scaled by reference values C, U, t, & and ¢, respectively. The variables
are nondimensionalized as follows

C—CC, U—UU, t—tt, x— iz, y— Gy. (2.40)
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This will leave dimensionless variables whereas the same notation as in (2.34) and (2.38)
has been used. From this point on C', U, t, x and y are the dimensionless variables
unless otherwise noted.

Now, to derive a dimensionless problem (2.40) is substituted into (2.34)

~ ~ ~ = o :iac~ )
%%%—a%%jt(a—v)g% :DQQ—FR /C’C(t,a:,y')dy'—y]yCC . (2.41)

gy

oC toC toC to*C . N oo
E—Fa%%—k(a—v):—:D———l—/{t(y /C(t,x,y)dy—yc . (242)

In a same procedure one derives the dimensionless problem for (2.34)

-C ,

— — f=— =t=C|— — atU. 2.43
BL S =i Clao (2.43)
Finally, the reference values C, U, ¢, & and § are determined in a way such that some co-

efficients of (2.42) and (2.43) equal unity and reduce therefore the number of parameters
for the model equations.

Setting

1

o/
Ii’yE

R
3=

¢
0

- 1 - -
t:max:\/>7y:

equals v and x to unity and leads to the dimensionless problems for equations (2.42)
and (2.43).
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ac  aC ac  _rC [
i fa-1nE = plt t ) dy — 9.44
5 Tag, T )ay ay2+/0(,x,y)y yC (2.44)

Yy

oU  oU )
or Py = Clmo =0l (249)

Here, new parameters for polymerization, depolymerization et cetera are introduced as
follows

Even though the parameters of (2.46) and (2.50) are denoted in the same way as in
(2.34) and (2.38), they represent dimensionless quantities. This has been done to avoid
an excessive number of symbols for parameters representing same the biological rates.

Summing up, by using dimensional analysis it is possible to reduce the number of param-
eters by two. With the same procedure as in 2.2 the initial and boundary conditions for
the dimensionless problem are derived. The only difference to (2.34)-(2.37) and (2.38)-
(2.39) is that the variables and parameters are meant in the sense of this section.

So the full dimensionless problem for capped microtubules is given by

T

%4—&%—1—(@—1)%:D§7€+ /C(t,x,y')dy'—yC , O<y<az (2.46)
v

C(t,z,z) + DaC(tﬁ’;’ ?) =0 Vo, t >0 (2.47)

aC(t,xz,0) — D80<2’yx’ 0 =aU(t,x) Ve, t >0 (2.48)

C(0,z,y) = Co(z,y) O<y<az (2.49)

and for uncapped microtubules by
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ou

oU .
W_ﬁa_x = Cly=0 — aU

U(O, ZL') = Uo([[‘)

t,x >0

x > 0.

(2.50)

(2.51)



Chapter 3

Numerical Approximation

The aim of this chapter is to derive a numerical approximation of the system of partial
differential equations (2.46)-(2.51).

The first section provides the discretization of the dimensionless problem. Approxima-
tions for the derivatives are given by appropriate difference quotients and the integral is
approximated by a simplification of the trapezoidal rule.

The second section concentrates on the derivation of boundary conditions for the dis-
cretized dimensionless problem. In contrast to the continuous case the length of micro-
tubules is restricted to a minimum length z,,;,. Consequently, an additional boundary
conditon is necessary. This has to be done to avoid difficulties with the boundary condi-
tions (2.47) and (2.48) at the limit x — 0. Additionally, a maximal microtubule length
Tmaz 18 Introduced.

The resulting system of linear equations given by a tridiagonal matrix will be solved in
the last section by using a simplification of Gaussian elimination [12].

3.1 Discretization

For both capped and uncapped microtubules the same discretization of time ¢, micro-
tubule length x and GTP cap length y is used. The discretization is done by using the
following equidistant increments

T=1lpy1 —tn

h=wzi—x = Yjir1 — Yj

whereas
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tn € [0, tiax) forn=0,...,N
x; € [0, Tpaz) fori=1,...,1
y; € [0, z;] for j=0,...,4.

In addition, the discrete representatives for the number of capped microtubules C' and
uncapped microtubules U are given by

CZ]' ~ C(tnaxivyj>7

3.1.1 Capped microtubules

A discrete formulation of (2.46) is derived by first using a combination of explicit and
implicit Euler method to approximate the time derivative. The second-order derivative
is evaluated at the time step t,,1 and all others at ¢,.

x Yy
+/C’" (x,y) dy’—C”/dy' (3.1)

Y 0

Cn—i—l —_Cn N oCc™ +( B 1) oCc™ B D@Qc«n—i—l
T “or @ dy oy?

y
with yC™ = C™ [ dy’ and C™ representing C(t,, z,y).
0

Now, the first-order derivatives in x and y are approximated by using upwind differ-
ence quotients and the second-order derivative by a symmetric second-order difference
quotient.

n+1 n n n n n
Ci,j _Cij cn. — Cij_

- o2 - L) | (= ) 2 - hj=1 _
2)
Ol — 20mH 1 OnHy &
D= RIS (1, O = Ly, O
0
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The integrals are approximated by the following operator I;, a simplification of the
trapezodial rule.

Let  — f(z) be a function and zy, € [0, x,] an equidistant discretization with step size
h. Then the operator I; defined by

L(f)=h)_ fx (3.3)

where fr = f(zx) and 0 < 7 < i < n represents an approximation for the integral

ﬁf(x)dx.

To apply the operators I; and I}, which represent summations along 3, on the integrals
in (3.2) the limits of integration have to be adapted. To ensure that the value of the
integrals do not change the integrands are rewritten by using the characteristic functions
1,-, and 1, ,, respectively. This leads to

T; Y
(/quy_/quzgubp%yJ“u@qu
vj 0 (3.4)
i-1 j—1 i—1
0 5 a-Sa-n( £ a-g-ne).
i'=jt1 j'=1 J'=j+1

Whereas a discretization of 3y’ was used such that v’ = y;. Thus ¢/ = y; > y; if and
only if j' > 5.

Finally, a discretization for (2.46) is given by

n+1 n n n n n
T
Crrl _gomtl 4 ont i1 (3-5)
Z7]+1 [2¥ I’J_l n - n
j=i+1
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3.1.2 Uncapped microtubules

The dynamics of uncapped microtubules given by (2.50) will be discretized in a similar
way as (2.46). The approximation of the time derivative is derived by the explicit Euler
method and the derivative with respect to y is again approximated by upwinding.

This leads to the following discrete formulation of (2.50)

an e g Ur. —ynr
Ui ur _ s Z“h L =Cr - aur, (3.6)
- :

In the next section boundary conditions will be elaborated to complete the task of
numerically approximating the dimensionless equivalent for the equations (2.34)-(2.37)
and (2.38)-(2.39) which describe the dynamics of capped and uncapped microtubule.

3.2 Initial and boundary conditions

The initial and boundary conditions for the equations (3.5) and (3.6) are derived in a
similar way as in Section 2.2 with the additional task of formulating boundary conditions
at the minimal and maximal microtubule length.

3.2.1 Initial conditions

The initial conditions for the discretized model equations are given by the functions
Co (z,y) and Uy (z) from Subsection 2.2.1 evaluated at the discrete microtubule and
GTP cap lengths, z; and y;.

3.2.2 Boundary conditions

In Subsection 2.2.2 the quantity C(t,z), the density of microtubules with length z, was
introduced to derive the boundary conditions for the continuous model equations. Here,
the discrete analogon C?, the number of microtubules with length x;, is used to derive
discrete boundary conditions. Thus CP is given by
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1—1
Cl =L(Cl) =h) Cp, (3.7)
j=1

To ensure the existence of C’[L the restriction 7 > 2 is introduced. Thus the minimal
length of microtubules is set to x,,, = X2.

In a first step the operator [; is applied to equation (3.5). This leads to

i—1
_ _ _ h cr = O
- + - —aC}" 1+(oz—1)\ - /:
1- @ (3.8)
h Z (Crfh —200 " + Crfy) i1 i1 i1
Jj= 2 n n
D h2 +h ( Cly =Y (j—1)C7 )
~ ~ J=1j'=j+1 Jj=1
(2)
Wherehz 1]—h2 ;+hCr = CPy +hCPy,;_ has been used.

Using the fact that the sums in (1) and (2) are telescoping sums, (3.8) simplifies to

C.nfl Cerl Cn+1 . Cn+1 ] i—1 (39)
D(z,z - zzl_ 7,1 - z,O)_i_hQ ZZ Z]—l)C" '

Jj=1j'=j+1 J=1
N e

(%)

Similarly to (2.27) it can be shown that the second term on the right-hand side of (3.9)
vanishes. Extracting () leads to
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Jj=lj'=j+1
=1 Oty + Oty + CPy + - +C”2+C”1
+ J=2: s+ Oy + -+ Oy A
+ j=3: 2?4+-~-+C“2+ Z”‘u (3.10)
+ j=i—2: 0&72"‘0&71
+ Jg=1—1 isi—1
=1
= 2 U= G
J'=

The discrete analogon to (2.30) is derived by substituting (3.10) into (3.9).

C?+1_é? Czn_ i— n n n
T + o h 1 —CKC —1,i— 1+(Oé_1)<021 1 iO):

Cnfl Cm+11 Cn+1 Cm+1 (311)
D 0,0 0,0

Now, the same argument as in the continuous case, i.e. microtubules at opposite ends
of the domain will not interact, leads to the boundary condition for j = i.

Cnfl Cm+1
n n n 2,7 i,0—1
o ii—1 Ci,—l,i—l) - Om‘—1 - D—h

=0 (3.12)
To compute the boundary condition for j = 0 the number of all microtubules at time
step t, with length z; is introduced, cf. 2.2.2. It is given by M = C" + U*. As in
2.2.2 the assumption that the dynamic governing the change of M with respect to time
occurs in the interior of the domain will be used.

The differentiation of M(¢,x) in 2.2.2 can be approximated by using the difference
Mrtomp  ortiogr | untl_yr
1 - 2 e 1 - 3 + - 1 )

quotient ( . Hence,

M — My (aCF - BUL,) — (aCfy = BU) _
. h (3.13)

Cm+1 Cerl
(0= 7) Gl = D= =10 €y — GUT
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whereas (3.6) and (3.11) have been used.

Now, to ensure that the assumption of just having a flux in the interior of the domain
holds, the right-hand side of (3.13) is set to zero. This leads to the boundary condition
for j = 0.

crit — ot
ol 0 A (3.14)

n D
aCZ,O h 7

In a final step the boundary condition for x,,;, and Z,,., i.e. for i = 2 and i = I,
will be derived. For this purpose the quantity N(t) representing the total number of
microtubules at time ¢ is introduced. Thus N(¢) is given by

N(t) = 7MM(t, z)dz. (3.15)

Tmin
Now, it is assumed that the total number of microtubules is preserved, i.e.

Tmax

%N(t) = / %M(t,z)dz =0. (3.16)

Tmin

T1—1

The numerical approximation of (3.16) is done by using the operator I; (= h > fi) and
k=0

a difference quotient. Before applying I; on (3.16) the lower limit of integratfon has to
be set to zero and thus the integrand has to be modified by the characteristic function
to preserve the value of the integral, cf. (3.4).

Tmazx d Tmazx d I—1 Mn"rl n
—M(t,z)dx = —1,sz ~ h 1
Tmin 0 =

The boundary contitions for ., and Z,,., are now derived by summing (3.13) from
i=3toi=1—1and using (3.14) and (3.17).
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-1 -1 ~ g
MZ-TL+1 o Mln B (O[C[:l — OéCzn) - (BUZn - B 11:0#1)
h;f—hizzz h (3.18)
— aCg — BUY — (aCy, — BUT) = 0 |

-~ -~

(1) (2)

Finally, (1) and (2) are set to zero to get the boundary conditions at %, and %,
respectively.

aCy = pUy  with Cy = hCYy (3.19)
U = aCt, (3.20)

Here, the same argument which gives the boundary condition (3.14), microtubules at
opposite ends of the domain do not interact, has been used.

Still a boundary condition for one point, Cy',, is missing. It is set to

Cyy = O (3.21)

3.3 Solution

In this section a rough overview of the techniques used to solve the discrete model
equations derived in the previous sections is presented. The full algorithm implemented
in MATLAB can be found in the appendix.

Starting with the uncapped microtubules, (3.6) can be rewritten in the form of an explict
expression for the discrete solution at each point at time n + 1 in terms of the solution
at time n.

ur,=Up

Uin—&-l _ Uin =+ T(ﬂ% + ;‘0 — @U.”) (3.22)

(2

The initial condition (2.51), U? = Up(z;), is used as the starting point.
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By rearranging (3.5), (3.12) and (3.14) C’[ffl can be expressed for every ¢ > 3 in terms
of solutions for capped and uncapped microtubules at the previous time step n by the
following system of linear equations

Qp,0 Ao 0 0 T 0 0 0 CZ(—]H b()

ao a1 aip 0 - 0 0 0 Cffrl by
0 a1 a2 asz --- 0 0 0 CZ?H _ b.2  3.23)
0 0 0 0 o Ai—14-2 Ai—1,4-1 Ai—14 CZ}E b — 1
0 0 0 0 ce 0 Aii—1 a;; C-n~+1 b,

where the entries of the tridiagonal matrix A are defined by

{—h—% for 0 <1<i—1,
aii-1 =3 p )
T for [ =1,
% for [ =0,
a; = %—i—Qh—g fOI‘lSlSi—l,
D o
7 for [ =1,
—D for [ =0,
ari+1 = "
’ —% for1 <I<i-—1,

and the vector b is given by

alj" —aCly for [ =0,
cr CH—Cp . cr—Cry »
b )7 oo lam ) forl<i<iol
i—1
+h < v Cip — (1= 1) znl>
La(CF, = C ) — CF, for | = .

Due to the tridiagonal structure of the matrix A, (3.23) can be solved easily and fast
by using a simplification of Gauss elimination. The algorithm is expressed as MATLAB
code in the appendix.
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Again an initial condition (2.49) will be used as the starting point to derive the solution
for (3.23).

In a final step the boundary conditions (3.19), (3.20) for capped and uncapped micro-
tubules are used to complete the approximate solution for (2.46)-(2.51).
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Chapter 4

Results

This chapter focuses on the qualitative behavior of the microtubule length distribution
which results from the full model given by (2.34)-(2.39).

The first section presents the evaluation for the numerical approximation of (2.46)-(2.51)
done in the previous chapter. The results are illustrated by a series of figures displaying
the time evolution of the microtubule length distribution.

In the second section the results of this thesis will be compared to the biological obser-

vations in [13] and to the results of a different modeling approach for the microtubule
length distribution given in |[14].

4.1 Numerical evaluation

In this section the numerical approximation of (2.46)-(2.51) for one specific choice of
parameters will be illustrated. The values of the parameters are given in Table 4.1.

The choice of parameters for the dimensionless problem (2.46)-(2.51) is arbitrary in the

sense that the values do not reflect measurements of biological experiments. Nontheless
the chosen parameters meet two assumptions:

e the polymerization rate of capped microtubules is greater than the hydrolysis rate,
le. a>ry

e the polymerization rate of capped microtubules is greater than polymerization rate
of uncapped microtubules, i.e. a > &

Now, the results of the numerical approximation are given in Figure 4.1. The figure
displays the resultant microtubule length distribution at the four time steps ¢, = 100,
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dimensionless parameters

polymerization rate a 1.5
depolymerization rate 6 1.5
rescue rate a 1.1
diffusion constant D 1
discretization increments

time 7 0.1
microtubule length h 0.5
GTP cap length h 0.5

Table 4.1: Overview of the values for the dimensionless parameters and the equidistant
increments used for the discretization

t, = 150, t, = 200, and t, = 275, where the dashed line represents the uncapped
microtubules, the point-dashed line the capped microtubules, and the solid line the
total number of microtubules.

Both types of microtubules, uncapped and capped, show a similar behavior in their
length distribution apart from the boundary at length = 0. Here, the number of capped
microtubules is strictly increasing until a preferred microtubule length. In contrast, the
number of uncapped microtubules show a decreasing behavior for very small lengths
until a local minimum is reached. After reaching this local minimum the uncapped
microtubules show the same behavior as the capped microtubules.

For lengths greater than the preferred length the number of capped and uncapped mi-
crotubules is declining to zero until the boundary at x = z,,4, is reached.

In Figure 4.1(d) the number of microtubules starts to increase again near the right
boundary. This effect only arises due to the boundary condition (3.20). This boundary
condition is necessary for the numerical approximation and thus does not reflect the
overall behavior of the length distribution given by the continuous model equations
(2.46)-(2.51).

Comparing Figure 4.1(a) to 4.1(d) a slight increase of the preferred microtubule length
as well as widening of the length distribution can be observed.

Furthermore, the four plots in Figure 4.1 show a decrease of the scaling factor. The scal-
ing factor for the "number of microtubules" - axis drops from 10~ at time step t,, = 100
to 1073® at time step t, = 275. Since this effect arises from the numerical approxima-
tion it does not conflict with the assumption that the total number of microtubules is
preserved.

32



nurnber of microtubules

—— —uncapped microtubules
——--capped microtubules
all microtubules

length

100

(a) t,=100

150

T
—— —uncapped micratubules )

——--capped microtubules
all microtubules

nurnber of microtubules

0s

%10

-2

T
—— —uncapped micratubules ||
——--capped microtubules
all microtubules

100 150

T
—— —uncapped microtubules
——--capped microtubules
all microtubules

nurmber of microtubules
nurmber of microtubules

i} 50 100 150 0 50 1
length length

(¢) t,=200

Figure 4.1: Results of the numerical approximation at several time steps

4.2 Comparison

First, the results of this thesis presented in the previous section are compared to the
biological observations in [13].

In [13] Jeune-Smith and Hess measured the length distribution of microtubules poly-
merized in wvitro. In wvitro microtubules polymerize at both ends. This is contrary to
the in vivo-like assumption of this thesis that the microtubule (-)end is anchored to a
centrosome and therefore stable. Another contrast between this thesis and [13] is the
fact that in [13]| the tubulin monomers are depleted and so a steady state of the length
distribution is reached, after which the disassembly of microtubules is inhibited by the
drug paclitaxel (taxol).

Despite these differences the measured length distribution in [13| shows a similar behav-
ior as the length distribution computed in this thesis.
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The number of microtubules increases with increasing length until the maximum is
reached at intermediate lengths followed by a slow decline in the frequency count towards
higher lengths.

0-3 ! 1 ¥ I i I I N I | I
1min | _ S min |
1 02 g 02 }
01 S o1l
€ 021 E .
3
- 0072 4 6 B loizate % 2 4 6 & 101214
E _ Length (um]) Langth {urm)
@
= [
g &
iC "'3' 30 min polymerization
§ ]
‘i

6 8 10 12 14 16
Length (um)

Figure 4.2: Length histogram of microtubules [13]

Figure 4.2 displays length histograms of the microtubules at 1 min, 5 min, and 30 min.
The curve fit represented by the solid line has been made to an asymmetric growth model
which is given in [13]. This model is based on molecular weight distributions in chain
polymerization processes described by Schulz in [15]. The dashed curve fit represents a
different length distribution proposed in [16].

Last, the results of a different modeling approch for microtubule length distribution
given in [14] are compared to the results of this thesis.

In [14] Tindemans and Mulder investigate how the occurence of microtubule severing at
random positions influences the microtubule length distribution.

The severing of stable microtubules was noted by Vale [17] and traced back to a protein
able to use ATP hydrolysis to sever microtubules. This protein was identified and
named katanin [18]. Another microtubule severing protein named spastin has also been
identified which shows a severing mechanism similar to that of katanin [19].

Tindemans and Mulder based their model on the dynamic instability model introduced
by Dogterom and Leibler [20]. In [20], similar to this thesis, microtubules exist in either
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a growing or shrinking state in which the microtubules extend with a speed vt and
retreat with a speed v—, respectively. The transition between these states is modeled by
a catastrophy rate r. and a rescue rate 7.

Now, Tindemans and Mulder modeled the microtubule severing by adding a severing
term. The formulation of this severing term corresponds to the formulation of the cutting
mechanim of GTP caps in Subsection 2.1.1.

The resulting model equations are given by

ot

2 _
ot

(l’t) =

(1) =

—remT (L) +rpm = (1,t) — v+%m+(l, t)

—rdm™(1,t) + g /m+(l', t)dl’
l

+remt(l,t) —rom=(1,t) + U+%m+(l, t)

[e.9]

—rgdm™(I,t) + s /[m*(l', t) +2m~(I',t)]dl’
1

and the boundary condition by

(4.1)

(4.2)

(4.3)

Here, m™(l,t) and m~(l,t) denote the length distribution of growing and shrinking
microtubules, respectively. The severing rate of microtubules is given by r, and the
nucleation rate of new microtubules by 7,,.

In the following Tindemans and Mulder investigated the corresponding steady state
equations given in dimensionless form
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%0 (4.4)

whereas

Fr(w) = S (). 1)
+
IO UON)
V=
_ Ty
T
revt
S = 7’2

The dimensionless steady state equations were evaluated numerically for various values
of s whereas v = 1/2 and r = 1. The results are displayed in Figure 4.3.

For s = 0, i.e. no severing of microtubules, the microtubule length distribution is
monotonically decreasing.

For s > 0 the microtubule length distribution modeled by (4.1)-(4.3) shows a similar
behavior as the length distribution derived in this thesis and the observed length distri-
bution in [13]. The number of microtubules is increasing until a preferred microtubule
length. This increase is followed by a monotonically decrease for greater lengths.

As it can be seen in Figure 4.4 this behavior is solely due to the contribution of grow-
ing microtubules. This is in contrast with the findings of this thesis where shrinking
(uncapped) and growing (capped) mircotubules have the same qualitative length distri-
bution.
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Figure 4.3: Numerically computed length distributions [14] (modified)

0.5 1.0 1.5 2.0 2.5 3.0

Figure 4.4: Length distribution for growing and shrinking microtubules (v = 1/2, r=1,
s=1) |14]
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Chapter 5

Discussion

The model developed for this thesis is a rough approach to compute the length distri-
bution of microtubules in interphase cells.

It has been shown that the numerical approximation of this model matches in a quali-
tative sense the experimental data provided by [13] and that similar modeling methods
|14] are currently used in this field of research.

This indicates that the basic model approach of this thesis, i.e. distinguish between
growing and shrinking microtubules as well as include the dynamics of the GTP cap as
described in [5], may lead in the right direction to provide a full model for the microtubule
length distribution in interphase cells.

The model given in this thesis is a first attempt to describe the dynamics of microtubules.

Thus avoidable restrictions, e.g. artifical minimum length, are contained and some
analysis, e.g. steady state analysuis, should be done in further work.
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Appendix

=

'calc_mts'. 'calc_mts'

o° o° o0 o o

'solvetridiag’'.

© 00 N O o s WoN

clear

=
[=]

taun I T

=
[

$model parameters

=
w

%$This script computes the length distributions of microtububles,
%$based on a model given by PDEs.

The numerical approximation/calculation is done by the function

produces a system of linear equations

represented by a tridiagonal matrix which is solved by the function

global alpha alpha_hat beta gamma kappa D C_init h x_max t_max x_min

14 alpha = 1.5; %$polymerization
15 alpha_hat = 1.1; $rescue rate

16 beta = 1.5; $depolymerization
17 gamma = 1; $hydrolysis

18 kappa = 1;

19 D =1;

w
[=]

21 %$discretization parameters

22 h = 0.5;

23 tau = 1/5«h;
24 xX_min = h;

25 x_max = 150;
26 t_max = 400;
27 I = x_max/h;
28 T = t_max/tau;

29
30 %preallocation

31 C_bar = zeros(I,T);

32 U = zeros(I,T);

33 N = zeros(T,1);

34 cap_length = zeros (I+1,T);
35 maxU = zeros(T,1);

36 maxC_bar = zeros(T,1);

37 data_U = zeros(T,1);

38 data_C_bar = zeros(T,1)

39
40
41 %$initial condition

41




42

44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90

C_init = zeros(I,I+1);
u = 1;
if u ==
C_init (10:21,10) = 1/(10xh"2);
else
C_init (50,50) = 1/(1+h"2);
end
C_old = C_init;
U_old = U;
for 1 = 3 I
C_bar(i,1l) = hxsum(C_init(i,2:1));
end
N(l) = h*sum(U(3:I-1,1)+C_bar(3:1I-1,1));
maxC_bar (1) = max(C_bar(:,1));
data_C_bar(l) = find(C_bar(:,1) == maxC_bar (1l)*ones(I,1),1)*h;
maxU(l) = max(U(:,1));
data_U(l) = find(U(:,1) == maxU(l)+ones(I,1),1)*h;
for j3=1:I+1
cap_length(j,1) = hxsum(C_init (1:I,3));
end
tic;
for n = 1:T-1

end
toc;

%$compute MTs

[U(:,n+1),C_new] calc_mts(U(:,n),C_old);
for i1i=3:1

C_bar (i, n+1)
end

hxsum(C_new (i, 2:1));

%cap length

for j 1:I+1
cap_length(j,n+1)

end

hxsum(C_new (1:I,7));

$identify prefered length

maxU (n+1) max (U(:,n+l));

maxC_bar (n+1) max (C_bar (:,n+1));

data_U(n+1) find(U(:,n+l) == maxU(n+l)*ones(I,1),1)*h;

data_C_bar (n+1) find (C_bar (:,n+1) maxC_bar (n+l) *ones (I,1),1) *h;

C_old

C_new;

$total number of microtubules
N (n+1) hxsum(U(3:I-1,n+1)+C_bar(3:I-1,n+1));
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$This function is called by 'compute_mts'. It produces a linear system

%$0of equations represented by a tridiagonal matrix. This system of
%$equations is solved by 'solvetridiag'.

function [U_new,C_new]=calc_mts (U_old,C_old)

global alpha alpha_hat beta gamma kappa D h tau I

%$preallocation

U_new=zeros(I,1);
C_new=zeros (I, I+1);

$depolymeriation
for i=3:I-1
U_new (i) = taux (beta/h* (U_old(i+1)-U_old(i))+
gamma*C_old (i, 1) —alpha_hat+U_old(i))+U_old(i);
end

$nucleation

C_new(2,2) = beta/ (alphaxh)*«U_new(3);
$polymerization

A = zeros (I+1);

A(l1,1:2) = [D/h -D/h];

A(2,1:3) = [-D/h"2 1/tau+2+«D/h*2 -D/h"27;
for 1i=3:1I

A(i,i-1:1+1) [-D/h~2 1/tau+2+D/h”2 -D/h"2];
A(i+1,i:i+41) = [-D/h D/h];

b=zeros (i+1,1);

b(l) = alpha_hat+U_old(i)-alphaxC_old(i,1);
b(i+l) = alphax(C_old(i,i)-C_old(i-1,1))-gamma*xC_old(i,1i);
kl = ((1/tau - alpha/h - (alpha-gamma)/h)*ones (i-1,1) -

[1:1i-1] "xkappax*h) .xC_old(i,2:1)"';
k2 = alpha/h*C_old(i-1,2:1)"';

k3 = (alpha-gamma)/h*C_old(i,1:i-1)";
k4 = kappaxhxcumsum([0; C_old(i,1:-1:3)"']1);
b(2:1) = k1 + k2 + k3 +kd(end:-1:1);

C_new(i,l:i+l)=solvetridiag(A(l:i+1,1:i+1),b(1:1+1));
end
C_new(2,3)=C_new(3,3);

U_new (I)=alpha/betaxhxsum(C_new (I-1,2:I-1));
C_new = (sign(C_new.*ones (size(C_new)))+1)/2 .* C_new;
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$solves Axx=b where A is tridiagonal square matrix
function x = solvetridiag(A,Db)
n = numel (b);
c = zeros(n,1l);
d = ¢c;
X = C;
c(l) = A(llz)/A(l/l);
d(l) = b(1)/A(1,1);
for i = 2:n-1
c(i) = A(1,i+1)/(A(i,1)-A(i,i-1)*c(i-1));
d(i) = (b(1)-d(i-1)*A(i,i-1))/(A(i,1)-A(di,i-1)*c(i-1));
end

d(n) = (b(n)-d(n-1)*A(n,n-1))/(A(n,n)-A(n,n-1)xc(n-1));

end
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Zusammenfassung

Mikrotubuli sind hochdynamische Elemente des Zytoskeletts von eukaryotischen Zellen.
In dieser Diplomarbeit wird ein Modell fiir die Langenverteilung von Mikrotubuli en-
twickelt, wobei der Einfluss von "GTP-Kappen" beriicksichtigt wird. Die Dynamik der
"GTP-Kappen"’ spielen eine entscheidende Rolle fiir die Langenverteilung der Mikro-
tubuli. Es wird angenommen, dass Mikrotubuli, die ihre "GTP-Kappe" verlieren, so-
fort depolymerisieren. Diese Annahme ist durch biologische Untersuchungen bestétigt.
Desweitern wird ein anderer Modellansatz, der ein Auseinanderbrechen von Mikrotubuli
ausgelost durch Proteine beriicksichtigt, beschrieben. Es wird gezeigt, dass die nu-
merische Auswertung des hier entwickelten Modells sowohl mit diesem Modellansatz als
auch mit molekularbiologischen Untersuchungen iibereinstimmt.
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